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ABSTRACT

Plasma Potential in a Magnetic Mirror
with Electron Cyclotroa Resomance Heating
Philip K. Smith

{Under the supervision of Professor J. C. Spratt)

Experimental and theoretical studies of the ECRH plasaa in
the University of Wisconsin "DC Machine” magnatic zirror have been
undertaken.

Typical plasma parasmeters fn these experiments were Te -

10~30 eV, Ti - 4 eV, qu {plasma potential at midplane} “ 20-3Q V,

midplane plasma density n, 1016 o 3, Bo {magnetic field strength
on axls at midplame) ~ .005-.0l T, mirror ratio R~ 5-20. The
principal experimental findings wexe the appearance of strong
density peaks {~ 2 x backgrourd) and notable V. dips (~E§f) in a
marrow (~ 1 cx) region mnear the axial positioas of ecyclotron

rescnance . The properties of these dips do not chaage greatly

gver the range of operating parameters, but are parrower at higher

presaures.
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NOTES ON TABLE 1.1
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“device Volume™ is the vacuum volume except when followed

"Year™ ig date of first published results.
by the letter "P", In which case the value is the plasmz volume.
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Frolee 6.2 OBSERVED POSITION OF FLOAT
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Fiewe 6.1 D<m AT RESOHANCE VS, Dﬁm.
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FIGURE 6,13 COMPARISON OF LENGTH SCALES
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Frawme 6,214 DENSITY AND POTENTIAL PROFILES FROM THE U-SPECIES MODEL {SMALL PEAK)
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Flotre 6,22 PLASMA POTENTIAL DIP AT RESONANCE ZONE
VS. DENSITY PEAK RATIC, FROM THE L-SPECIES MDDEL.
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Freure 6,73 RELATIVE PLASMA POTENTIAL DIP AT RESONANCE

ZOHE VS, RELATIVE IOM TEMPERATLRE, FROM THE 4-speCIES MODEL
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Ficure 6,24 DEPENDSNCE OF RELATIVE DEMSITY PEAK AND POTENTIAL
DIP Off FRACTION OF RESCHAICE-TURNING ELECTRONS.
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Chapeer 7. Modeling of resonance zone behavior

iIs this chapter the emphasis i3 oun obtaining the electrom
distribution function {n the presence of ECRH. An adequate
description of the observed resonance zone phenomenad tg possible
wirh relatively siople models of collisicas and loss. In the
course of the discussion the ECRH rate is derived. The chofce of
a proper aormalization cariable representing the relative efficacy
of collisions and ECRE in changing electron velocity, is also

discussad.

7.1 Simple analytic model of an ECRH mirror plasma

The objective of this secrion is to find a simple exprassion

for the electron distribution functioa for a parabolic magnetic
mirror with ECRH. The distribution functlon is determined by both
resonance absorption effects and collision effects. To iaclude
thege effects yet maintals mathematical tractability, the first
order approximation used here is to average the Boltzmann equation

aver a bouncs, assuning coastant coallision frequency v for all

electrons, and coastant heating rate W for those electrons that

nave a turniog point beyond the resonance zoae. Particles whose
turning polnts lie withla the resonmance zoae are assumed oot to be
heated. The density and “temperatura” profile are then obtained

from this solution.

196

Ome starrs with the Boltzmann equation with a Rrook type

colliston term:

At L . .
T VL AT = mu(E-E,) (7.1.1)

In steady state the first term is zerc. When averaged over a

bounce and ovar all phase angles,

vV E> = {vp7V f = 0 and
‘ 3f M af
{a*¥ - I renan
a "V £ = (v > W, v y> 5,
In the cold plasma limir the heating takes the form of tmpulsive

changes of v, at the resonance zone. If m is the mass of the

slectron and W is the comstant heating rate for resonance crossing

electrons, rhem the bounce average of this term is {a"V > =

W
— umw. The bounce average of the RHS 1s Just Alcﬁm1mouv =

WV, v,
|¢aM|muu. due to the assumptions of steady state of £ and
constancy of v. Here f_ is the equilibrioe (Maxwellfan) discri-

bution one would expect ia the absence of heatlng:

Eolvy,vy) =

- uu\N

o Go)>'? exels (o] + 9D : (7.1.2)

to (7.1.2) ny is the density at the resonance zoue, T 1s the elec—

tron temperature, and k is Boltzmana™s constznt.
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with the simplificacions just described rhe Boltzmaon

aquation for the resofance zone digtribution function becomes

LA RN S g (7.1.3)
av
4
with mmqu - - Ile (7.1.4a)
W
Vipy -
Qlv,) = g _ ! nwwﬁuwﬁmuﬁu MW?N“ + 4@_ (7.1.4D)
W

The solutlon for thls first order differential equation is
4k 4._.. ) e
£ moexp( [ P(v) dvy) [fAF)) exp(-]  B(v,") dv)) dv, * C]
where C 1s a function of v, only. From {7.l.48) oue has

exp(JB(¥,) dv,) = exp{- wdm fepdvyd

W
2 2 2
vae ) - - vkT Hdku - exp(-4 WMWV.
= exp{~ — )= expl{~ — o T

ki) W

y s a dimensionless parasetel thar {indicates the relative
effectivenesa of coltigfons as compared with rf heating in
changing the veloelity distribution functiom.

Upan integrating the aolurion iategral one chtaing

198

2

vy

mmﬂﬁq“.ﬂkv = nﬁqgumxﬂﬁlfv .N.lm....wxw {(7.1.5)

2 2 2
¥ ®m (372 _ ™ N I
+ e mg Gp?? xR ) Lo )~ eme ¢ 5]

The coundition for proper normallzaticn is that np = f adv fp. It
is found that the Integral of the second term of {7-1.5) 1s gy, S0
that C must be zero. The velocity distridution ac the resonance

zone {3 therefore

Fo(vg.v ) = (7.1.6)
2 2

¥ n 2 vy Wy E<W
s G T exels g [P o) exp (i) |

For positions exterior to the resonance zone, T > Zj, the

density is found by lotegratisag (7.1.6) over veloclity space, with

the welighting factors B{z)

By

resonance zone velocity space in which the turning polat satisfies

and <—ﬁuwu\<uﬁuv. ovet that portion of

Zr > z. The iategration is made more convenient by the intro—

N s aam Bcw
uction of the dimensionless variables x = and = B
e sionle aria T ¥ TET

Then the expression for denaity for z > zp becoues

oz} =

LORLS
B v

_M dy (77 - & ¥y | dx o7% (x-( 2 -y M2

By

N

~L)y
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3 ¥

o - By - exp((1-3 —)Y)
5 1 ng %o dy (exp( wwwu P B

¥ ....H.J
= ng 5 m
¢+ — -1

By
Nore that for % >> 1 the density approaches ng- This is what
sue would expect im 2 collision dominated plasma. The distri-
sution function is then virtually a2 Maxwellian, which in a loss—
less mirror has coastant density. Note that if the Bmmﬂwn»n fleld
intenslty contionues O increase beyoad the resonance zone, the
value of magnetlc field By ¢or which the density declines to half

of its resonance zone value ig given by

.1.8

By = Bg(y + D . (7.1.8)
For z < zy the contributions of both (7.1.6) and the
pon-resonance passing particles must be considered. The contri-

wution to density of (7.1.6) can be written im terms of dimension—

1ess variables x and y as

B v L Ty e - e ® e o~ (x( 2 -nyY2

2y (2) 5 R hc y (e e \ho %
= L Qa gy exp(- WE 4,... dy exp({l- B -on

"® B vl o By 6 B

= 3 By q1/2
-1 dy exp(~ —y) erf([{l~ 371" %)

ﬁc 7 expls o 5
oy exp((le B —9)9) erf(((1 - gI71HD) (7.1.9)

o Eg Bg

200

Applying the integrals from appendix A, one has

-2
1
.o Yo -7 - t 1- Br
anNu oy T { ( quM By { { 3
vty ot

Him 3} (7.1.10)

To this mode! particles are divided lato two classes; those that
cross resomance {class I); and those that do not {class IT).
Those particles which do not pass rasonance are assumed not to be
heated and their distribution fuaction Is raken to be a Max-
wellian. In the abseunce of electrostatic potential effects, rthe
density of such particles {s given by the familiar "loss cone”
formulas

apgle) = ny, (1= Wwvws (7.1.11)
Ia {7-1.11) Ty, i3 the density of nom-resonance passing particles
ar the midplane. In the absence of heating the “resonance zone”
is non—existent. It can be dealt with by setting By = = In this
case onme sees that o, = o,, the total midplane density. When

heating is applied to a plasma which is iolzifally Maxwellian, the

digtribuzion changes only 1ia those regions with turning peints

zp > 2zp- Thus oae is justified in retaining the identification

TP W The deasity for z € zg is then given by
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n{z) = ny(z) + nHmnuu = €7.1.12)
B
- —

a, /- 2+ g .MIHMT (- 32 - 1 - ww:MBZ

= "= 1+ Mwhflwv ¥

The requirement that the contribution of both terms glves a dens-

ity of n, at the midplane means that

1
(1- 2
-1 r _:N

wn ¥l H « L
oy, » g, e 1 TF Y Ellllxlwlﬁw.. m.. 73 } n._...w.wuv
T

where © 1s the ratlo of the rescnance magneric fleid to the mid-

plane fleld. In terms of the central density ocne has, for z < zg,

- 2
a(z) =, (1= Y2 4 (- - 2P - wm :-le,mu 13
= = L +2Cv 1)
1 B
AL
D T 17 {7.1.15)
T

Figure 7.1 shows density as a function of uwagnetic field
value for this mode. The gssential feature 13 a peak at the reso-

pance positioun whose width and height depend satrongly oo ¥

o;
Figure 7.2a shows the dependence of mw va. ¥¢. Figure 7.2b shows
a

the dependence of the full widrh at half maxisus (FWEM} in

magnetic field units, pormalized to the resonance field By,

202

It turns out that therz ts a very simple relatiom, in this
model, between FWHM, ¥, and the peak height:

Ty
P | 55 4 ﬁmm - 1) (7.1.19

B a
This is an approximation but it ts a very good one, as shown ia
figure 7.3 for various ¥ values.

The altered distributiom function will also chaange the
collaction characteristics of probes. The new paraliel electroun
£lux at the plasmza potential can be found by iategrating v, over

the new distribution fuaction. For z < 2g one finds

1 : itﬂlw
Lkt B Byl ! -1
AL i TFEED [ L] }
3 (7.1-16)
1
For z > zy: Ty =g nuwmmum 5 ¥
Bry-n
By
T |t 1 ' )..wm 1 vl
=0 (<13 (b - . (7.1.17)
e Zma R R
T B

For a probe at the resonance zose bilased at ¥ wolts ian &

plasma whose potential is qc. one finds for the parallel flux

%T 1 nn<lﬂvu
Tae(¥) = og ﬁmimnavm mxﬂlamml‘v (7.1.18)
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This {s the same as for a Maxwellian plasma of density np,
wtich is consistest with the sssumption of this model that heating
does aot chapnge the parallel welocity at rssocance. Bowvever, for
a plane whose surface 15 tangeat to the magnetic field, the per—

pendicular flux is

ravr - ,
i el{V-7,J - (v-v

.mH nm@ﬁﬂﬁ fexpl—pg— = ¥ I exp(-y e Bd] (7-10199)

(¢ # 1)
1 e(V-¥ ) e(V-¥
xT .- 3 P P .

-y 3207 4y I eXp o) (7-1.19b)

(¢ = 1)

For perpendicular flux the effect of the heated diszributiocn
13 pot only to lncrease rhe total perpeadicular currear, but to
reduce the rate of fall off with negative bias. The altered probe
response for 1., 1s shown in figure 7.5 A real probe will
generally collect a substantial parallel flux, for which the
current characteristica remalin Maxwellian. The probe fesponse &3
thus a wixture of a oormal Maxwellisn response and a perturbed
ECAH responses Use of simple probe theory ar resonance 13 1lishle

e yield aabiguous resuits without this consideration.
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7.2 Numerical simulation of an ECRH plasma density profile

In the previcus gection a simple analytical model for the
density along the axis of an ECRE mirrer was found. The two
assuaptions respousible for the great siaplicity of the
model—constancy of collision rate
and heating rate throughout yelocity space——are not realiatic.
One would like a second look {n which thesa assumptions are
ralazed, to see 1f the basic resonance features persist.

To weet this need, Fortran programs wvere written,
incorporaticag scmevwhat differenr approximations IO ionization,
scatrering, and loss. They have the followlng features in common:
(1) The velocity space is divided into an WxN grid, uon in early
models, 602 {n latter ones. The bins extended up to 3 Yep Z 3 =

Anwaa\an\N in both ¥ and  v,- Hell over 99T  of

4
Maxwellian-weighted velocity apace 1s represented here. The ij-th
bin 1is centered at parallel speed v, = vy = {i- Wv V.p 80d per—
pendicular speed v = vy {3} - Wv ent

{2) The effect of heating on particles on the ceater of each bin
is considered to deteraine the relative probability of scattering
inte adjacent bims. For this purpose "heating™ may result in a
lower ¥, depending on the relative gyrophase angle at resgnance,
go that the velocity space diffusion due teo 2CRH {s accounted for.
The earlier model naglected this. Purthermore a more realistic

model, that of Sprote and mmuoamun. god Kawaagura asnd Amnwm:nﬂmm is

used for the mean heating rate, truncated sr the maxizua possible
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v, change, that of resonance turning particles. This model
. transit through the midplame. So 1f the aidplane distribucien
assuzes that the change in c» during a single resonance passdge is )
function 1s found, the distribution fumction is known everywhere.
goverced by the constant parallel speed model of Xuckesl, adjusted :
This iz integrated numerically {simply =2 veighted supmarion of f
for the eetual speed of the particle at resonance and integrated : i3
. ijues in this model) to f£ind the density n(z), parallel particle
over the distribution of speeds. . : '
. flux T(z), mean parallel esergy W,, and mean perpendicular emergy
{3) for each bin of velocity space, 3 collision rate iy iz found
¥ . These are evaluated at several points aloog the 1s T
2ppropriate to the ciéater of the bin. Collislons of electrous ‘ & = o get &
good 1dea of their spatfal depesdence. The vwslues of mean
with ions, other electvons, and peutrals summed fo fiod Vi .
collistion rtate, mean heating rate, resonance peak sud rescnance
Ve ® Ven * Yy t Ve 7.2.1
, yidth are also found. In some later versions resoluticn of
yithin the L1j-th bin, the effect of collisions Is assumed to be an
varizbles In the resonance zone reglon was improved taking ths
exposeatial relaxation of the local distribution function walue ? by taking ¢

velocity space at the resonance zone, not the midplasze. Appendix
mwu the Haxwellian value mmwu 13 at Tate V-
E gives Ffurther details. Pilgure 7.6 shows 2z diagram of comtours
in velocity space for a resonsnce mirror ratio of 5, 2od 2 ¢ value
£ Mﬁn + ALY = mmww.wu kS nmwuanu - mmmu.nuumnnmncnonv (7.2.2)

of .755. figures 7.7, 7.8, 7.9, and 7.10 show the values of

density, mean perpeadicular energy, Sean parallei energy, &nd
where At ig the time step during which rhe distributicn functlen
parallel perticle flux for this case, reapectively.
value mwu is to be iterated.
The wean heating rate for the derived distribution fuaction
(&) The time szep AL iz chosen 30 rhaet the relative changes due to
is ipcreassed comaiderably over a Haxwellian, as shown is Figure
collisions or heating during 2£, are small. Then time is iterated
7.11 =28 a function of tack pressure. In this wmodel, as in the
ené the transfers befween blas due to heating, and collisfonal
. zodel of sectlon 7.1, the half-widzh incresses with fill pressurs,
relaxation of the perturbed distribution is applied uaotil the
ghown in figure 7.12. Figure 7.13 shovs the depeandence of denaity
worst reiaztive bin change duriag an fteration ls < 1%.
peak ratfo on systesm pressure as Che normelized tf-electric flald
(5) The parabolic approximation o the magnetic field is retalned.
is kept counstant. A summary of the results of this program,
{6} Electrostatic fields are aeglected.
DISREX, for various neutral pressures ‘is given in table 7.2.
(7) Az a result of polats {5) and {6), 2ll electroos {in the systea
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7.3 KXP distributilons.

In sectlon 7.1 the resonance zone distribution function was
found under the assumptions of constant heating rate and constant
colligfion freguency. This was useful in order to obtain explieclr,
relatively simple expressions for the distribution functlon
mAq-.<wu and derived density n(z)- In section 7.2 a procedure was
deseribed to obtain a reallstic distribution fumction, but it is a
purely numerical process, so that the numbers coming out of the
computer 4o not always make it clear what the dominant physics of
the situation Ls. It 1s desirable to treat heating and collisions
realistically, while not entirely deserting the analytilcal
process. The distributions of this section are an atrtempt €0
bridge rthe gap between the ultra aimple model of 7.1 and the
powerful but cumbersome numerical model of 7.2.

These will be denoted as KXKP distributlons. The acroaym is
short for -Minrmm heating, MWOOW relaxation with & Power law
dependence of collisien rate on velocity.”

The heatiag rate for particles passing through the resonance
zone with constant parallel speed 4 has been derived by wcn#mmwu
Sprotrt and mmsosumm. and mwan»mwmu. At each regonance zogne
transit the perpendicular energy gain, averaged over phase angles,

is

- (7.3.1)
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E {3 the magnitude of the perpendicular componenl of ‘n:m
oscillating electric field, and B~ is the absolute value of the
gradient of the magnetic field alosg the field lipes, both evalu-
ated at resonance.

In the parabolic mirror the frequemcy of Tresonance transits

for am electron of rescnance perpendicular speed v, is

v, ()7 (7.3.2)

Wy= Fe W) = i — (D7 (7.3.3)

In terms of the wuidplane magneric fileld mo and turning peint

airror ratlo B, (7.3.3) is aquivalent to

u
nm | i
- P (-1} wxmnwnlnv 1/2 (7-3.4)

]

The effective perpendicular acceleration is then

. ¥ 2y 1y
o fr ek ﬁunww?

Loaw a8 L

© .

Yoy = (7-3.5)

¥
The variable x depeuds only on the fields and device geometry, uot

on electroo vwelocity. Z, 1a the distance between midplane aud

TE8QuUance zone.
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The collislon term in the Soltzmana equation is reprasente ed

by a Kroox-type relazation to a Maxwellian distribution £, at the

M

local velocity space Tate

wm_nup = —u{@) (£(F) - £ (FN (7.3.6)

HEy = g
where w{¥} i 7.3.7)
1 is a normalizing constant and v = nqm + qmvw\N.

These assumpticns lead to a class of elactron velocity dis-
triburion functions which, is the region of velocity space

designated as I {n figure 7.5 solurionms to the equation

2
< 3f 2 2
R R S 32 (£ - £ (7.3.8)
3 1
af
0r, ——=Pf+Q (7.3.9)
oV
1
k3
whare P 2 -~ i A<m + ﬂmwM v, (7.3.10a)
A
o Mo 2 2 _ 2
and Q 3 = (w5 + qmwm v, o, NJKawM expl Mﬂmh4 + q“u_ {7.3.10b)
The solution of mﬁqw.<hv 1s given by
h Ay v,
£feexp[/ *Pdv, | {f - Qexp[-; *Fdv,]+ ¢ {7.3.11)

4] o]

The constant of integration € is chesaa so  thar the Maxwellian

1imir is obtafipned in the limit v, G and < » O:

¢ - ] uu\m expi—

.3.12
ﬂ Nawa 2T (.3 )

Within the trapped regliom of resonance zoae velocicy space the FXP

distribution of type s is glven by

2 o
- 3f2 U, (Y12 2.7
i s al - LA voR vyl >
(7.3.13)
2 W E"N i N :
P : L i PN
{i+ .Mdu nqwmiwhv exp[- TEF + Mdmuo_Ad.N— dm.u.M‘ mﬂwu Qd..._.w

The simplest case is that of 8 ~ 05 a colligfoz rtate Inde—
peadent of velocity. This Is the same assumption used in the
resistive dielectric hearing Bommw#.

For the w:nwmmln%vmm heating ooe finds that

2
mV
£ =, (23? expl- it ewpls Zvgvil
1 2
{1+ 2 Aumuvm mnommm.um‘<nw x {7.3.14)
K
?1:5% ) - ert(G u LR Ol
2 = 5= N ol Mmm

219
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Ancther case of interest is that of 8 = 1. This corresponds
to a coustant collision cross section, which 1s the limitiag case

for low emergy electrons in a peutral-dominated plasma where v =

Ven* ta this case (7.3.13) reduces to
3
N 14
172 1 4» + v t
ngu exp[- .Mﬂ» Tz —dhdw ( Y I %
N :d.
wry -} (7-3.15)

{1+ ld- qdbmd v expi- Mmm MI v v, vl ( A

for Coulomb scattering, v ~ v3. Then (7.3.13) becomes

2
- a .32 U 1Yy
£=onp } el o n¢u4H *
2
L

- +
uHﬁH NWH nd-q

:+%qu dv v 1} , (7.3.16)

The 1loss region in velocity space will be approximated with
the idealized ~hybrid simplex” form described in chapter 4. The
regions where dlffereat computational procedures must be used are
labelled in figure 7.5 as I, II, and 111. This is appropriate for
a mirror with all the electrostatice potential drop ¢ at the wall.
Particles are confined magnetieally if they turn before the

maxinum fleld position L, v, < nww - wudh. and electrostatically

nNuOVM\N

e qkoo
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Within the reglon II of figure 7.5 the Beltzmann-Krook equation

has an additional term representing outflux of particles,

8
hhm....nm (v + vBHT (£ - £ - = (7.3.17)
v L 1 M I
Vi 2
vhere T, i3 the effective loss time- 1In a parabolic mirror with-

out intermal electrostatic flelds, taking into account the fact

that the-exit time is different for positive and megative v,,

(x - SAMI%N
Auﬁaawm _w\~vn - (sia7}{ r -1 Mﬁxwvn
1.2 MW
(2 -1 r (-1
v Vi
Ty (7.3.18)
; (r :ﬁ.NLN
N ﬁWvW\N mwﬂlwﬁ R _:.NUN
T c.u N
T {— 1
H

For mathematical tractability the limiting form will be used:

—_— (7.3.19)

T
L vy L av

1f the LBAS heating term of (7.3.17) is ge:r to zero, then in

region 1Y,

- fy (7.3.20)
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The new coostant of integratioun € for regicn II ig then

vl

1 2 oy
oy Gopy = 32 expl- u.wim (7.3.21)

1+ mawnm

C =

With rhese considerations the exprassioas for the loss regfon II

distriburion functiocns are,

2
Em C.Q-<._.
£=n AM1s|uu\m expl- g — —t = wTY] %
2 (s =3)
v 'Y v . v
Lt L L g jexpl= ok * —t & avyv,i} (7.3.22)
a 7%T x i
H.fl.n.—
w
3
2 v
dv v v 1
‘= n (3/2 I I TR
e T W v avyv 14 e T
(s =1}
(v Bo it t P 7.3.23)
e - + + 3.
) e Mg dv; v exp] Tpr = av,v, ] ( 4
a
2
. 3/ e -
R e LA
(s = -3}
1 nv aqw i
i 1 -3 -
{ : Mq_hc dv, v 7 exp| T + e MM + avyv, 3l (7.3.28)
1+ mdn

5

these forms are valid up to v, .4 F v ﬁwl - wulwxn .
T
For the magnetically cenflced region 111,

f = mnuﬂwqh ?dv) ] ﬂ% 1 Q exp[-] L g oav |3+ E(v v 221(7.3.25)
Tiw V% Vi

Cudy whx (
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where mnq-.ﬂh*v is found £rom the appropriate vegion IX
expression-

A dimeusionless parameter analogous to the § 2 v WH\O of
section 7.2 is now introduced for ¥XP distributions, representlag
the relative effectiveness of collisionms 1n changing particle
velocity compared with the heating rate. When v and w vary with
particle velocity, this parameter will be generalized to
<o KH\A&V. where "¢ >” is the wveloclty space average of the
enciosed quantiry. The distribution function is expected to be
dependent op . To have ¢ unambiguously defined from the onmsecr,
Maxwellian velocity space averages wlll be wused: y =
KT/<T >y WDy -

Hers 1 ta the cellision rime- A<v1 is not used because, from

<
(7.3.7),

avl

VM il R v? mkvnl Mmmu dv

NﬂRH

ﬂl AWWMVN R dx ﬂﬁnm+Wu\~v P (7.3.26)

2kr. 2 | s+3
i r
a( VM nLMIv
For s < -3, rapid ascatrering near v = O causes <u> ro diverge. To

avold this problem it is more meaningful to use the reciprocal of

the mean collision time T:
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2%xT,5/2
t . e (7.3.27)
Nunv 2 M.Awlmu
. di

A«.«vx can be evaluated from rthe power absorption implied by
(7.3-3) and the number of particles crossing the resonance zome.
The power absorption for the energy ipcrement given by

¢7.3.3) depends ou how many particles of each ¥, cross an area AL

of resomance zone surface per secoad. For a symmetrical magnetic

airror with two resonance zones, the power absorbed is

- - v4
zel
P =24, Maqu dv, Mo 2av, dv, £Qv v} W - .NINMI\.?nun (7.3.28)

Note that this result does not depend om the form of the discri-

bution functiom. If the radial profile of density at the reso-—
=

exp{— .-}, where L is the
12

radial scale length, then the total power absorbed is

pnance zone falls off as nﬁn.uﬂn Y=

3 o

-NmmNﬁN

rE_7 "o

P = 7.3.29)
The number of particles passing through both resonance zones
across area .P_.. per unlt time ig

H=24 [ dvyv, No 23v, dv, £(v,9)) 3 2AA > {7.3.30a)

. 8%T.1/2

For a Maxwellian, z.t - bn Hp (— {7.3.30b)
L

The mean absorption per particle is
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2
ooy = B o FEE (BETy-1/2 (7.3.31)
Mo 28, m
By

The number of particles pemetratiog the resonance zone 1s

- - z dz .

f u
N HTSOd» dv .w.o dv, v, E(v,.9)) \_c N (7.3.32a)

where z, is the turning polnt for trapped particles and the wall

posirion for untrapped particles. For a parabolic mirror this

reduces to

v

N e 2 ?M.utn A n, nﬂ_.v (7.3.32%)
1

In a Maxwellian plasma, this is =2 AWVH\N A, ny {7.3.32¢)

Thus the mean rate of energy absorption is

- 2
G w P . TeE -1/2 3.
L") WM .Hwﬂ (r(r-1}) (7.3.33)

Consequently, for a Maxwellian plasma in a parabolic milrrer the

dimeasionless parameter characterizing a RXP distribution 1a

1 opr 145
a5, 1 (7 EDME
L B 3 g {7.3.34)
e£ P~

Table 7.1 liats these dimensionless paramezers for the princlipal

cages of Iloterest.



The Fortran program DISREXFl was written to numerically
obtain KXP distribution of type 1, since this gseemed to be the
power law dependence wmost appropriate for the plasmas im this
investrigation. The value of wall potential ¢ was adjusted so as
to bring the outflow particle flux In the loss regiom equal to the
{onization rate between Tesonance zone and midplane. Thig 1is
analogous to the ¢ solutions of Chapter 3, but the modeling should
be much cleser to actuality, since both scattering and ECRH
effects are inecluded. However, the results of this program did
pnot quite measure up to the hopes of its wmaker. For teallstic
walues of collision rate {evaluated for each welocity space bin
geparately), the potential at the wall tended toward zero,
signaling the breakdown of the hybrid simplex approximation. This

means that there has to be a potential Increase berween the

resonance zone and the maximum magneric field pasition, %o open up
the losa region just enough to establish egquality of fluxes. The
density peak ratios and half widths were small in thig model, as
as indicated im figure 7.l4.

To elimipate the posgiblility that unknown errovrs were
occurring 1n  the pumerical evaluation of the ZXKP type 1
distribution, the program DISREIH was writen which incoprates the

ZKP type O form. In the loss cone the value of E£(¥) was reducad
1
Valt
toss eome is filled in so that the distzribution function

by the facrer, (1 + uuw. For a highly collisiocal case, the

approaches the EXP expression of the trapped region. If the loss

time Is quite short, this factor tends to zero, and the loss
ragion 13 empty. This model was successful in predictimg the
ohserved features of the resonance zome. The deasity profile has
the correct shape, and the half width decreases with Lncreasing
pregsure, as momm the density peak ratlo. The major change

between this wmodel and those of section 7.2, which predicted an

' increase of FWHX with neutral demsity is the Inclusica of loss

tegion effects. Table 7.3 summarizes the resulets of DISREXH for a
series of runs in which the system pressure was varled.

The argument as to why peaks get narrower when pressure gets
higher is as follows:
(1) Increased scattering will always affect particles with large
resonance values of v, mora than those of low s which will still
be strongly heated. The parallel velociry for which heating is of
greater influence than collisions becomes progressively smaller as
neutral pressure i3 increased. Thus, the strongly heated
particles comprise a set with mean turning polots ever closer o
the resonance zoane as pressure increases.
¢2) In an ECRH distribution (in regonance zone velocity space)
particles are spread out imn v, 7Tather widely compared n.hn.w a
Maxwellilan. Particles are not as concentrated ar low Vs where
the lose region s located. Cellisions tend to restore isotroplc
contours, which means that particles enter the wowm cone and
escape. This reduces the background density. Even though the

mumber of strongly heated particles is decreasad with higher

218



219

peucral pressure, $o 1s the background plasma. Thus the deasity
peak ratio does not decreasa with system pressure as steeply as
aight be expected. This is “shown 1n the sequence of profile
variatles given in figuves 7.15-7.24. The preservation of peak
sharpness as vackgound particles are removed is also evident.

Figures 7.15, 7.16, 7.17 and 7.18 show the conteouwrs of the
distribution, o V3. z, AN»V vs. z and (Eg> vs. Z for for % =
.081. The same variables are shown in figures 7.19-7.22 for y =
.222, and in flgures 7.23-7.26 for ¢ = .379.

Fxcept in very special cases, the ion gaturation curreat FWHM
is very close in value to the density FWHM, as shown in Appendix

G. This justifies the comparison FWEM s observed

of Hhmmn
experimeatally with the density FWHM™s of the previous models,
given 1n figure 7.27. The models incorperatiog the finite grid
approximation nave had their values adjusted for fipite grid
effects, from the rasuylts of Appendix C. The 10%30 midplane grid

of DISREX has a wmultiplicative factor of L correction factor for

7z
irs lowest FWEM values, while For the 60x60 resonance grid plam of
DISREX the Ffactor is ~2. Oaly the DISREXH model has both the
proger magnitude of FWEM“s and the proper dependence with

pressura.
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7.4 Comparison with other ECRH distribuzion models.

Lieberman and wwnrnmndman used a Fokker—Planck operazor on
an isctropic distribution tfo find f(¥). The assumption of ao
{gorropic distribution is nmor a good ome in light of the present
results, so that such models will have limited applicablility.

4 recent bounce averaged Fokker—Planck code for rf-heated
plasmas has been preseated by Stallard, Matsuda, and Zm<wum.m
Their prograz gives detailed informarion about scattering rates,
loss rates, and power flow between particle species. The density
profile is a3 specified boundary coundition, so that Lt is not
pessible to ecalculate Tesonance density effects gelf-consisteatly.

Cohen’ assumed Maxwellian passing populations 1im & square
well, Pokkar-Plaanck momm. Trapped fracticns of velocity space
gimilar to those of Chapter 4 were used. The plasma potential was
determined from an electron Roltzmaun relation, & = ﬁwwm\mu in
nun\HNOV.

A program for finding £(#} can be done to any level of
complexity, and the list given here by no means exhausts what has
been done Ino the recent past. The writer attempted &
one—~dimensional cede for self-consistent caleulation for finding
n(z} and #(z) along a field line of a mirror with ECRH with
tonizatlon, charge exhange, loss reglon, and scattering terms all
included. The code swelled to over 300 Fortras lines before It
was given up as being foo time consuming a project. And those

were just the initializatlfon of variables.
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The lmportant Lssue, fn the opinfon of this writer, 1s not
whether a simulation mimics the physical reality of an experiment
tn all its devious complexities, but rather whether one 1is
including the rtelevant physlcs at reasonable computatiomal cest.
In view of the fact that the experimental results are iz accord
with the programs which include a potential modified loss cone, a
generalized scattering term, and a relatively simple ECRE rate, it

i3 my coutentiocn thac this has been accomplished.

Table 7.1

Maxwellian Means for Power Law Scattering
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Table 7.2

Summary of DISREX predictions for a BC Hachine-like device

3

Imput variables: o, = 5x10 15 o~ T, = 10 e¥
B, = 0175 T B L0875 T r =35
Zias ™ -3 m gas: He
g = 107% (E = 2625 V/m)
- . b o
Pressure v Hoaan Hres 1 MM e
{gauge torr} ﬁmlwv {e¥/a} (eV/s) (em)
3.0 1.34x105 3.98x:06 3.68x107 .336  3.392 6.64
sx107% 2.00x105 4.34x105 3.43x107 .482 2.736 T7.38
1073 2.85x105 4.03x106 3.04x107 .707 2.273  8.36
251075 4.35x105 3.22x105 2.4x107 1.35 1.859 9.81
3x1077 5.85<10% 2.57x10% 1.93x107 2.28 1.610 . 12.83
cx10-5  §.82x105 1.83x10% 1.40x107 4.82 1.398  15.36
7x10-5  1.18x10% 1.39x106 1.09x107 8.49 1.279 18.29
107% 1.63x106 1.04x106 8.25x108 15.7 1.194 22.58
1.5x10~% 2.37x106 7.85x10% 6.29x108 30.2 1.136 34.06
2x10™% 3.11x105 6.49x105 5.31x108 47.1 1.10% 56.89
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B

.195
W217
.245
.287
.375
L4684
542
657
. 906

1.16

NOTES FOR TABLE 7.2

This model svaluates v and W in every bin of a 30x30 grid im

widplane velecity space. Loss effects are wot imcluded.

&Bmmn is the mean heating rate averaged over all midplane
particles.
¥oes {s the mean heating rate, averaged ouly over these partilces

rhat have tuwrnlag points past resocnance.

True neutral demsity is 1.83x1023

times the value of gauge

pressure.-

3 is the distributrion—averaged collision frequency.

%= cﬁmxnﬁ»mu
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Tabie 7.3

Susmary of DISREXH predictions for a DC Machine-like device.

Tuput varlables:

neutral
deasity
5x1018
HQHH
2x1017
5x1017
5x1018
HOHw

3x101?

(s7h

1.72x103
1.76x105
1.84x103
2.08x10%
5.7x10%

9.71x105

2.58x108

= 1016 3 -
n, =10 a T, = 10 eV

B, = L0175 ¥ B, = 0875 T T =3

Nnmm = .5m gas: Be

g = 107% (& = 2625 V/m)

¥ ? T 2
(V3 < Ppase  (em) B

L06714  21.5 4.a2  3.26  .105
.0687 16.1 4.3 3.17  .102
07183 9.52 4.32  3.00  .0969
08122 <0 4.12 2.5 L0812
L7221 <0 2.48 .78 .0249
378 <0 2.06 .55 .0178

1.005 <0 1.75 241 L0131

NOTES FOR TABLE 7.3

v = 90% collision rate for the Maxwellian distribution with

the given neutral density.

“Neutral pressure” ls true, mot gauge, pressure for helium.

¢ is the predicted petential drop to the wall, Lf positive. If &

< 0, an increase of potential is predicted from rescnance zone To
maximum B position. )

The distribution 1s XKP type O, attentuatad i the loss reglon by
the facter {1 + H\nqwomchuiw.

Hybrid simplex approximatica is used for the loss regiom.

226



Figure 7.1 2 ous. MW (siaple model}.
o B
-] r
o, L
Figure 7.2a .._ vs ¢ {simple model),
n

o
¥igure 7.2b Mﬂmx\wn vs ¢ {simple model).

n
Figure 7.3 FWiM/3. vs P _ 1 (sizple madel)

Yo

BOTE: In figures 7.1-7.3 r = mn\wo and ¢ =

v kT

W
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Figure 7.4 Hmh vs. probe bias (simple model} .,

Figure 7.5 Divislons of velocity space for the FXP distribution.
I—trapped at any perpendicular speed

II——untrapped region

111--trapped region. Integratioa of mﬁ<_.ckv proceeds from the
line separating this reglon from region II.

Pigure 7.6 Midplane velocity space distribution functilon solution

of DISREX.

Figure 7.7 Demstiry profile solution of DISREX.

Pigure 7.8 Mean perpendicular energy profile found By DISREX.

Pigure 7.9 Mean parallel energy proflile found by DISREX.

Figure 7.10 Mean parallel particle flux found by DISREX.

paraweters for plots 7.6-7.10:

dﬂ = 10 &V g = .0001 B_ = 0875 B = 0173 Zres ™ 5 o -

1.83x1016 (helfum) ¥ = .755
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7.11 Mean heating rate vs. pressure, from DISREX code.

7.17 FWiM of density peak vs. pressure, from DISREX code.-

q.wu.ww vs. pressure, from DISREX cade.

Bg

7.14 predictions of RK? type 1 distribution for a helium

in the DC Machine.
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Figure 7.15 Midplane velocity distribution.
Figure 7.16 Density vs. z.

Figure 7.17 Mean perpendicular energy vs- 2.
wwwcnm 7.18 Mean parallel energy vs. z.

NOTE: DISREXH predictioms with 3 = .mmH.

Input variables: T, = 10 eV
a, = 1016 573 o, = 5x1047 573
B, = 0175 1 B, = 0875 T
B = .125 T N...-.moa.
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Figure 7.19 Hidplane velocity digtribution.

Figure 7.20 Density vs. zZ-

Figure 7.21 Mean perpendicular energy vs- z.

Figure 7.22 Mean parallel energy vs. 2.

NOTE: DISREXH predictioms with 3= 22

Input varfables: ﬂw = 10 eV
16 -3 17 -3

o, = 10 m ng ” 5x10 o

B, = L0175 T B, = .0875 T

B, - 125 T . ™ .50 m
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Figure 7.23 Midplane veloclity distribution

Plgure 7.24 Density vs. 2.

Figure 7.25 Mean perpeundicular epergy vi. 2

Pigure 7.26 Mean parallel esergy ve&. 2

ROTE: DISREXH predictions with ¢ = - 38

Input variables: T, ™ 10 e¥
= 1016 3 - 17 -3

o, 10 = ng 5x10 m

B, = 0175 T B, = L0875 T

B, = LA25 T e ™ .50 m

Figure 7.27 Comparison of predicted half-widths of three wmodels

with experimental values, vs. pressure.
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FiouRe 7.5

Fiowre 7,4 Iy vs. EV/ KT FOR SUPLE ANALYTIC MODEL.
Regions of resonance Ione velocity space (idealized)
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Fiere 7.6

fidplone Electron Velocity

tetribution Function

|

Perpendicular Speed / Thermal Spead

Parcllal Speed / Therumol Speed

Solid curves are contours representing

a &Mm change in the value of the
distribution. The dotted line shows

the condition for a turning point at

rhe resonance zone.

Fiowe 7.7 c

Density vs. Position

Dansity / Hidplone volua

Distonce From midpleone / Z .

Density vs. distance from midplane for che
distribution function represented in figure
7.6. The dashed line is the {comstant)

Maxwellian value.

240



251

Fiewre 7.8

Perpendicular Energy vs. Pesition
185

~ -
[YSYSETETS

Perp, enorgy / hI,

»

-
[PPPIFTORY ITRTE NTRTE ETUTY FNNTU FREVEFRTE |

-

-

0.5 B 3
Distonce from midslene / Z__,

Mean value of perpendicular energy for the
distribution function represented im figure
7.6. The dashed line shows rhe Maxwellian

value.

Figre 7.9

Parallel Ensrgy vs. Pozition

L

A

w "

PV TR T S S B

perallel aenergy / KT
-

-

Distance from midplane / N...ﬂu

Mean value of parallel energy vs. distance from
midplane, for the distribution function repre-

sented In figure 7.6. Dashed line shows the

Maxwelllan value.



Freure 7.10

Parablel Particle Flux vs. Position

in
S

w
4

PURTER VTS TS R S B |

porollel flux / Haxwellion valua

3 rdedoerhsae

as 1 1.5
Distonce from midple~e / 2

Product of the value of density and mean
parallel speed for the distribution function
represented in figure 7.6. Dashed line shows

the Maxwellian value.
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Mean heating rate per electron (10! ev/e)

Figure 7.11 Mean heating rate vs. pressure,

fvom DISREX code.

&J..
a
¢ ﬂ » heating rate for
—. resonance-passing
' particles
i ﬂ v {} —=~— heating rate
3 .,. for all midplane
Nuz particles (x10)
24
1+
Q . + 3 —
L H T 1
o 5 10 13 20

Pressure Awoam torr gauge helium)
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Pigure 7.13 o/ n_ vs. pressure, from DISREX code.

b3 @
bg.

1 3 ! 4
[¢] 5 10 15 20

+

Pressure Awn.lm torr gauge helium)
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Fiewre 7,15

{stribution Function

S I N N

Midolane Electron Velocit
%. y

:
"

....... N,... e
Parollel Spead / Thermal Spead

Porpendigutar Speed / Thermal Spesd
L]

$014d curves are contours representing
a factor—of-two change in the value of the
distribution function. The dashed line
shows the condition fer a tuming point at

the resonance zone.
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Fioure 7.16

Density vs. Pasition

PRI B S |

Density/midplane density
[ 8]
i
1
1

B as i
Oustance fron midplone FZ .,

pensity vs. distance from midplane for the

distributien function represented in figure

7.15. The dashed 1ine is the {constant}

Maxwellian value.

Fisre 7,17

vammsaw0cw01 Energy vs. Position

&
L ddhedd

3
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=
o 4
s
aof)
"
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1
o 1 A
" E
[ p
e -4
34 . . .
&5 i 1.5

Distonce From midplors /7 2,

Mean value of perpendicular energy for the
distribution fimction represented in figure
7.15. The dashed line gives the Maxwellian

value,
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Fioue 7,18

Parallel mnmﬁmw vs. _uowrﬁro:

u;

4
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w3
o
2
T

By oo

o 2
-
&
c
&
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-]
—
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o
v
L]
o

Hiztonce fram midplons /£ 2,

Mean value of parallel energy vs. distance from
midplane, for the distribution function repre-

seated in figure 7.15. Dashed line shows the

Maxwellian value.

Ficure 7,19

Midolane Electron VYelocity
wwﬁﬂrvcerJ FunctiLon

Z

Perpendicula~ Speed / Thermal Speed

[

b

-

| .Lfa/a,

Parallel Speed / Hrmﬁ_r_nﬂ Speed

Solid gurves are contours representing a
factor-of-~two change in the value of the
distribution funcrion. The dashed line
shows the condition for a tumrning point at

the resonance zZone.
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Frewrs 7.20

DexsIty vs. PosITION

[

s 1 15
Distance From midplone / Z .,

Relative density of electroms in 2
parabolic wirrar. $0lid curve gives
values mﬂoB‘nEn caleculated distribution.
pashed curve glves result for 2 Maxwellian
distribution.

Fiowe N.B_

Perpendicular Erergy vs. Position
5
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hekedenie o 4 g )
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eechdnsd,

Perpendicular energy / kT,

0 3 T 7
1.5

)
o
-

Distonce from midplone / 7.,

Mean value of perpendicular energy for the.
distribution function represented in figure
7.19. The dashed line shows the Maxwellian
value, .
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Fiowre 7.2

Parcllel Energy vs. Position
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5 9 6.5 1 1.5
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P

Oistance from midplone F4 N...ﬂa

Mean value of parallel energy Vvs. distance
from midplane, for the distribution funcrioo
represented in figure 7.19. Dashed line

shows the Maxwelliaa value.

Fiore 7.23

Midolane Electron Velocity
itstribution Function

/)
%

Perpendicular~ Speed / Thermal Speed

n R
Pargllet Spesd / Thermal Speed

So}id curves are centours representing
a factor-of-two change ir the value of
the distribution function. The dashed
line shows the comdition for a turning

point at the resonance zone.
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Flowe 7.28 : - " Freuse 7.75

Pensiity vs. Position Perpendicular Ener vs. Position
A Y A . gy

&
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Bistance from midplone /7 2.,

1 T es S . L5
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Parpandicular enargy / kT‘

peasity vs. distance from midplane for the
distributrion function represented in figure’ Relative values of perpendicular
' energy in a parabolic mirror. Solid

7.23. The dashed line is the (comstant) ’ ’ curve is mean value for the calculated
distribdutfon, Dashed curve shows the

Maxwellian value. .
. mean .dNch for a Maxwellimm.
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Porcllel Energy vs. Positlon
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Mean value of parallel enmergy vs. distance
from midplane, for the distribution function
represented in figure 7.23. Dashed line

shows the Maxwellign value.
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Figure 7.27 Compariscn of observed memﬁ
FWHM's with model predictions

for density FWEM | ys. pressure.
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Chapter 8

Conclusions and Implications

2.1 Uses of the cut—-out Maxwellian results

The “cut—out Maxwellian™ densities of chapter 4  are
essentially weighted nnmvvmmldmwonwnw|mvmnm mdmnnwonmh These will
find applicability wheraver the thermal numnmyn. rime for =
particle 1in the loss nmmwon.wm much less than the 90° scattering
time. Areas of possible use include caleculations of magneto—
spheric acnnmunm.w caleculation of densities and losses in plasmas
with interior mn»am,w wﬂa currents through auqmnnonm.u
8.2 Discussion of basic mirror models

The general models of chapter 5 predict the scaling of
central plasma potential- They £fall to predict resonance
phenomena, and become increasingly dublous when Dnmu\uo increases
to a slgnificant ratio. The correlations betweea theory and
observation is given In Table 8.1 for plasma poteatial values at
midplane. The best of the models examined is based on a balaace
of mean loss, lonization, and scattering rates betwean .umnnﬁmw
Maxwellian distributioas across the boundary betweea trapped and
untrapped Bpace- To  model other devices, the frue
nnmnvmmlcrnnmnvma boundary must be used. The procedure uf gection

4.5 tg then to be applied to the revised boundary.
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8.3 Resonaace zone wmodels Ag shown in sectlion 7.3, resonance zone density Ls the most

The width of the resonance zone 1g deterained by the degree important feature for power absorption. The remperature, on the
to which turning polnts are clustered in the resonance region. other hand, depends on how many system particles share this power.
caleulating this effect requires explicit determination of the Thus by adjustment of the density profile one can optimize mean
electron distribution function as affected by ECRE. HModels of energy and heatiag. The resonance deasity peak means that heatleg
increasing order of sophisticarion have been presented which are estimates bhased oo the midplane densiry values can be gsariously in
capable of explaining the more obvious resonance zone phenomena.- 2rTOT.

The most puzzling experimental obervation, the narrowing of The mean heating rate per parricle will change for three
rescaance dips at inereased pressure, ls explained by models which reasons:

{nclude enhanced scatrering lato the loss cone. . (1) The bounce time {s decreased, oun the average, for

Callision rates, lengths, and heating rates will have to be particles because the ratic Ww is increased. The wmagnitude of
changed for modeling an experiment other than the present device, . this effect can be nmu.ncwwn“m from the FKX¥ distributions and the
bt the procedures used to determine the ECRE-modified gumerical models of chapter 7. .

distribution remaln the same. {2} The commonly used ECRH rate which assumes v, constant

far devices with ¢ and parabolic fileld parameter g similar to n_._n.ocwr. a resonance ZzZone {nteraction, falls to hold for many
the DC machine {~.1 %o 1 and ~ 15 ﬁin. respectively), the particles of the ECRH perturbed distributioa- These feature a
resonance zone density peak is expected to be on the order of ubw large fractian  of particles that have turning points relacively
-~ W25t The ratle of resonance deasity to values mpnwrun,.ww near the resonance zone. The wmaximum energy gain does not
of f-Tesonance is expected to be ~1.2 to 4. approach = asg parallel electron gpeed at resonance approaches
zero, as predicted by the ﬂ:nﬁmmq model. Inatead the energy gain

8.4 Power absorption with ECRE-modified distribution functions appraches the finite value given by Lieberman and rmnwnm_udmaw"m

W, \
._.V.L.r £ 1.65 e E Nnmwﬁlm { wauw\u rhreyiiz nm.p.wv
e

The replacement of an infinite gain with a finite ome decreases
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the heating rate from n#wn expected in the constant-v, model. The
calculation of this correction requires some form of the finite
grid approximatioa, :an nrm, heating rate carrected from nﬁm
simple model wu applicable bias. The models developed here can
glve the heatlng rate as aodified by both these effects.

¢3) If a saall vﬁnmpn»mw dip exista at resonance, the heating rate
per particle Is increasad slightly. As tndicated in Appendix B,

this %3 a megligible effect in the current experiment.

8.5 Potential dip depths
The depth of the potentizl dip at nmmnummom ig " glven by an
ion Boltzmann equation. These are small in the preseat study,
both in theory and experipent, because T, is small and no
mechanism 1s - used to extract trapped lous from an incipient dip.
It ia ﬂmnmmmmnw.no use some Fform of ion m:BnHHM(inmao<mH of
nnmvvmw lons-—to set up a usable thermal barrier at rescoance.
" The ﬂOanmnHon.wn.ownm»anm such a thermal barrier is to Inhibit
electron energy transport betwWeen central cell and plug in a
tanden mirror. Passive pumping schemes such as that proposed by

&

Kesner, were never observed to eccurl naturally, desplte atudles

over a wide range of operating parmeLers.
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8.6 Perturbed averages-

Due to the perturbation of the disrribution function by ECRH,
the use of Maxwellian averages for such things as collislon rates
azd heating rates can be risky. The dinterpretation of Langmuir

vﬂmwm data especially, must be doue with care, due to the

combination of the effects of anisotropic velocity distribution

and the non-symmetric gollection characteristics of a probe in a
magnetic fleld. Much {nformation c¢an still be galnmed with

Langmuir probes if propex analysis is performed.

3.7 Use oﬂ sloshing electron disctributions ia high temperature
plasmas.

A question of relevance to tandem mirror operatioz is, “how
much ECRE power is needed to induce a potential dip of a given
size?™ This depends oum how large a deunsity ratio can be bullt up
at a given positicn. For a distriburion that 1s of a highly
sloshing nature, the proportion of reaonance turning particles 1s
almeost unity &t the resonance zone, and very small at the

nidplane. TUnder these condltions at the midplane one has

1 1
ﬂg - a4, ~ {a - .leﬂwo + IN. By, {8.7.1)
where the first term is the "Maxwellian”™ 1oz component whose

density Is given by
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= -t . a%
8 polezmann = O munwo exp(~ —- (8.7.2)

¥Ty
The second Zerm o the RBS of {8.7.1) is the “streaming™, oT

“passing” lom compoaest, whose density along a fleld lime is given

by

1 _q¥-1/2
P{,pass g LIP MM (8.7.3)

The parameter g of tgnden mirror theory is the ratio of paasing
{fons to total itons at the aidplane. For stmplicity the energy of
the passing loms B is taken to be kT;. Then if an electroum

density peak Is established at the resonance zone, with a density

peak ratio of “MP o midplane density, relations (8.7.1), (8.7.2)

B.QO

and (8.7.3) force the quasioevtrality relation,

B e -Yerslprat/2 (8.7.4)
g

LN -4

In (8.7.4) % 2 lﬂG\WHp. Table 8.1 gives the required density peak
ratios for a aerles of values of g aand of the dimensionless
potential dip size x.

A series of DISREXH rums, which worked well with BC Machioe
parameters, were executed with the parameters of 2 hypothetical
large airror {TGBM 17}, with parameters in the range of thoge that
exist or will exist in the near future. Table 8.2 gives the input

variables used. Aside from these, the program was ool modifled
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for the new device. The output values show that the values of

density peak ratio tend to asymptotically approach § as the
Enf
eBres
with table B.1, this means that there fa a limit to normzlized dip

normalized hf-electric field, , increases. In combination

depth x for for a given g- This is because there is a limit To
the value of uv\wwwmm that can be obtained. Figure B.1 shows the
"best possible™ x values as a funcrion of g- This means that ZCRE
at the fundamental should be capable of driving strong dips 1f fonm
pumping is efficient.

Table 8.1 alse shows that there is a point of diminishing

Breg

n
o

75¢ of the limiting value 1is achieved with a dimensionless

returns in using ECRH power to gain greater values of . About

alectric field of mﬂm = L0003 ¢ B 4 5till lower values may

prove better, since the resomance zones 1s narTower in that case.

Breag

"

resonance zome volume wmeans that lom pumping could possibly be

Degpite the fact that will not be as high, the smaller
made more efficient, with compeasatingly higher ~g" values. 8/.
Thus this model is capable of predicting the quantitative
aspects of resonance zoues in large devices.
Another issue is that the rescnance magneric field s changed

ia fusion grade plasmas frow 1ts "cnld plasma resonance value”

5
wnmn to

Breg * mnnn vy [l = cos5 coasp (1 - MWVH {8.7.5)
Y
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where y = (1 - 4N\nwu|mxm. g is the angle between the electroa

- : .
velocity § and magnetic fileld B, and ¢ is the angle between the Table 8.1

+

- - .
wave vector ¥ and B. The "% term in (7.8.5) is a doppler shift, Required density peak ratios for .mw<mn values .om x and g

while the leading y accounts for the shifr due to relavistic mass

increase. Since vy and 3 vary from particle to particle there is

ao loager a unique value for mnmw... This means local features ' S
based on ECRE will broadem. For sleshing particles, however, note z 1.5 2. 3. 3. 10. -
that cosd + C. This means that doppler broadening Is lest, and
the resonance width ls due to the spread in y alone. The onmmﬂ of -2 1.016 1.067 1.113 1.160 1.191 1.221
magnitude of relativistic broadening of the resonance zone In a -5 1.094 1.233  1.37%  1.482 1.565 1.649
plasaa of aear-resonance—turning particles is 1.0 1.377 1.713  2.048  2.316 2.517 2.718
. 2.0 2.848 2.982 5.118 6.027 6.708 7.389
kT
wMMnT 2T -1 = 5 Mmﬂ (8.7.6) X ”.o ”Mb..“bw 74.411 99.078 11i8.8 133.6 148.-4
) - 11013 14680 17620 19820 22630
Por plasmas with Fﬂm\m » 30 KeV, this spread will be larger than
the observed resonance widths.
x = dimensionless dip depth = - m..m.

total fon density

- id .
£ passing lon density (ac midplane)

Energy of passing fons is set equal to kT, io this table.



-000L

.0002

.001

.003

271

Table 8.2

Summary of DISREXH runs for GBM I

common data for
T = 104 ev

o = 1020 573
mﬂwn = 1T

A =4 m

ion speciesa mmw

2r
v e
Phase
1.116 1.75
.279 2.26
.124 3.09
L0116 3.88
00124 3.92
. QMVM . Ene
E T cB

all runs:

ng = 10! o3

mﬂmm =271 NENH =37
R=3

dB

solzes - .5T/m

Bres FUEM (m) wbw
Batd res
774 .033 016 .
2.21 L0601 Q53
2.85 1687 L0424
3.88 6349 169
3.92 750 .195
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Figure 8.1 Maxlmum practical limits on dip size from ECRHE in GBM I

The parameters of this hypothetical large mirror are
table 8.2

g = total ion density / pasaing ioa density

x

eV
kT;

glven 1=z
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APPENDIX A 1. ) [ dw exp(-aw} [bwtc] = =
. i,b
Supporting integrals Mﬁmuw. exp(ac/b) m% erf Hm?cfn: 1z . ﬁmnwr%nuw W Zoxp- .M.ngnv:
2. %ﬂt mniwﬂ._w\N ﬂﬂﬂ,ﬁlhﬂ.v =

In the expressions rhat follow a, b, and c are positive

1
1,b Y _.a a - a
constants, unless otherwise stated. The following definitions are Mﬂﬂuw. mumnlmn\dumlnl EﬁnnLutuH:N |mﬂﬁn|¢f.v._:n expf}l/2 m.nnlvﬂva

used:
N b 4
erf(x) = ﬂw. [ exp(-t?) dcr 3. | dv exp(~aw) [bwrc] /2 = \mw exp(ac/b) mnzmhwi.n: 1/2
T
0
2 % -1/2 ¥ a
B(x) = = [ exp(+t?) dt 4. | @w exp(-av) [c-bv] = =i exp(-ac/b) B{Z(c-bw)] /2
7% o b
mnvann
5. [ dw w exp(-aw) M.wt.vnulwxm - ww x
a
3 ac b
H(x), the error functlon analog, cau be evaluated in teras of :M = ﬂu A!MU:N nﬂmﬁmmwi.n:uxw - A._ﬁl.nu:m exp{- .mﬁunl.nuv }
the reduced Dawsecn nunmwnmwm"
° b4
2 E A
o (x) = exp(~x2) [exp(+t2)dt 6- | aw exp(-aw®y = 2 /¢ erflaw}l/z
0
, 7. [ dw exp(bu?) = 1 /2 B[bw] 1’2
For 0 { x £ 2 a good approximation to D, is P 7' (bw]
D(x) = x(.991787 + .104686x ~ 1.063175¢2 + .610486x° - .105105%%)
8. dw erf(bwtc) = L{(twt £(bwrc) - + - 2
I (bwtc) .m: ¢) erf{bwre) = exp{~(bwtc)]}
For x » 2 & good approximation is
. 1 1
D(x) nm (.5 + .2687687Tx2 + .57706784x " -6.7426249% 6 9. [ aw B(bere) = L{(bwie) HB(bwie) - o exp (burtc)?}
+ 105.12661x78 - 464.08774x 10 623.86286x 12}
10. [ @w erfipw+c]l/Z =

et
v

S11/2 exp[~(bwte)]}

w:wc + e- WV erffbwrc] 142 + |



11. [ dw H{bwic]l/Z =

W:.E + ¢+ wv Hibwte]1/Z + ch”.ni; exp[-(beta)]}

12. . [ dw erf[vwtcji/? exp(-aw) = - W exp(-aw) erf[bwtc] /2
1 17 iz ath
* ei.m.v Amﬂb z mnmm A pwte) ] (1F 2 >0
+ w (3 (o u:~ erfi- Egnv_tm (1f ww%a:
13. [ dw erfle-bw]}/? exp(-aw) = - W exp(-aw) erf[c-tw]}/2
1 B (1/2 _ ac a=b, _ 172 if 3 b
+ 1 ( 2OV exp(- 3D BT (1€ 2 > b)
£ L P2 (- lu nuﬂliﬁnéc:rﬁ (1f a < B)
a ba
+ L emp-oy (5712 (1f a = b)
14. [ dw Blbwtc] 12 exp(-aw) = - w. exp(-aw) H{bwtc] /2
1/2 172 if > >0
|u. uavﬁu.ulv nlmV mnmm}fla.qﬂfn: (if a 3

ﬂ muﬁﬂu Aﬂvtﬁ muﬂil.\.cin:r.m {(1f£a>0>0b)
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- 1
15. | dw w exp(-aw) erfibw]l/Z = WT? + w&mxmﬁ-mcu erf[bw]y

1 - 172
o+ j ﬁaﬁ mﬂm:?é?ﬁ H ﬁlv expi- ?i&cz

16. [ aw w exp(-w} erf[bwre]lfZ =

- {1+w) exp(-w) mum?c._.nw:w

+ fﬂutn 3{ [t + Nﬂq ﬂ_ s:amisinxzw

YH2 expi-(b+l)w]

- nuvﬁrnu Avc+n
bFL x

t/2 2 —aw

17. [ aw v e

erflaw]l’? = 2 /u erflaw}?/2 +

18. [ aw w32 exp(-aw) = thutn erfaw]}/2 - %m a3
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APPENDIX B

Effect of resopance zoue potential d1p on ECRE rate

One of the results of gsection 7.3 for a parabelic mirror is
thar the power absorption depends only ou the resonance zone

deasicy:

.-.NNN

n
28° Ar

(3L) P =

where A_ {s the resonance zone area, £ is the local high frequency
electric fileld, and B° 1a the local gradient of the magnetic
field.

The accuwulation of turning polnts as a result of ECRH cause
the power absorption o increase as nunm\uo‘ the resonance
20ne-to—aidplane density ratio, increases. The heating rate per
particle will also be affected by the occurrence of a potential
4ip oear resopance. Consider a potential profile which 1ia zero
throughout. a parabolic airvor, except in a region of wideh 24,
centered on the resonance Ione position z..., where the potential
is q4. The wmean absorption per particle per resocance zone
passage i3 still the same as before, when expressed in resocnance

zone velocity space variables:

2
ek
(B2) &W nlmﬂzﬂM

However,

{83) ¢

whert the turning point z,

or adquwV > whwpﬁ z, + ﬂpcvnu. When 7, € Z,

nHﬂle

m»ﬂlwﬁ

q

a2
B2y <WH,\~ +

i

the time per resonance zone trad

+(r-1)vE

8(zy +bcuN<N
ldﬂlliillll

nniwuqk

- .lﬁlu,». AM + sin

L1142 « s

g

B(zy— )7

o(v3 + 298y 4 (x-1)v]
m

Blzy

+wa~

allluzJﬂ|1|1|1|111

asit ls changed to

uw\N -

1 w\Nw

ﬂﬁ<“ + |liu +An|wu<w

is greater than nn+ocq

Whnbﬂ.nn + nbﬂunu the quarter bounce time is

(B4

)

a%nqwm

£ =

g

a(z Ibﬁdew

l...||..?|t.|

z
LA

+{T— wvck

1
1.7 x
il s - g A
vy mu *N sim

uw\Nw

.....m—.H

8(z,~tw) v

ﬂad- + wmw

) +nhiwu4k

+ Aw, OT nqm\<wv <

M:_N -
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Wich the definitions € 5 o and <w 2 29% g3y and (B4) become
z m
T

q 2.2

1 , -2
(85) &g = = (D7 {3+ sin 'l Q-e" gz
1 vyt

a2 vi
sin~lp_ (178 112 -

T 2,2
1+ = v/

sin™i{ ey 1Y+ mHUlwm are)? 11/2}

T 21,2 2.2
1+ mnﬂ‘d.\qw L+ f ity
-1 .2
Vi
2
v
nl...—; > H'!m,lanm + nMuu
qw T
n
1 P
(36) ¢, = «Hn ?wvm (2 + sin :Lwlmu,jutn -
L " E r d_+4
1+ —— L4
2 -1 4W
sin~l ﬁlnm.HNEMu 172}y
1+ .5 3
H|H4M 2
1 v
1 r-i 2
. (— < —{2e + &%)
4m T

The heating rvate for a particular element of rescnance zone
velocity space is caleulated from

(B7) W o ity
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The ratio of the elsctron cyclotron heating rate with the
casa of a potential dip near resonance, to the case without a dip,
ia given in Table B.l for a Maxwellian distributien. For

ECRE-perturbed distributions the ratios GHWH be somewhat closer o
Adwv
5>
The findings of relevance are that:

is fncreased.

uniry, depending on the degree to which

(1) For small potential dips ﬁmww ¢ .5), the change in heating
e .

rate is negligible, differing from uaity by only a few per cent-

(2) The optimum velative width for heating enhancement is € ~

.05 . {In the preseat experiment & ~ .03 )
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Appendix C

Relationship between tursinog polnt distribution and density
Table B.1
Ratio of zaxzn heating rates with a local resonance potential dip

to that vithout a dip, for & Maxwsllian plazma ia a parabolic mirror
i Since the demsity buildup at the resonance zon {3 causad by

ra 1.1 an ECRH induced accumulation of turning points, It helps to

Patential Dip / Eleetrom Traperaturs ' snderstand the telation between the density of turning polnts per

w / Lres ©£.010 Q.020 0.050¢ 9.190 C.2C 0.500 1.000 2.000  5.000

sit of particles r upit volunme.
0.005 | 0,957 ©.996 0.99% 0.993 0.992 0.531 9.990 0.989  0.389 unit volume and Cthe density P per u oL in

1]

alcio | 0,995 o0.99z 0.989 0,587 0.985 O.36v 0.984 0.5%5 3.987 .

cozn | 0,992 0.3 -0.98% 0.989. O.99% 1,007 1.422  1,0M3  1.07% section 1 the turning point dlstridution 1s derived for =&
5.050 | 0.996 0.99% 1.00T 1.024 1.052 1.107 1.162 1.223 1,308

Q2,300 1.080 1.005 1.022 1.047 1.086 1157 1.22% 1 T 1.370

soc | 1,600 1.005 1.022  1.086 1081 TIM 1197 1.2 1.3 parabolic mirror. Ino gecrion 1II the density resulting froa a
Q.%04 1.00%5 1.009 1.020 1.035 1.05% t.088 1.109 1.131 1,155

Maxwellizn distribution of particles within & given turaing point

= 20
) gpan Iis derived, and 1in section I1% this "partial Maxwellian”
Potential Dip / Elsctroo Tosperature

s Ires 0,010 0.020 0.0%0 .00 Q.20 0.500 1.000 2,000 5.000 density is used to check the accuracy of resonance zone density
0.005 | 0.996  0.955 0.996 0.998 1.002 1.015 1.033 1.06) 1.1t
aow | Vase 1.002 1009 1.0 t.0s0  T.087 1.6 1.1 1.386 prograns used in Chapter 7.
0.020 | t.o00 .00z .01 1.927 1419 1.1%T 1.30%  1.693
g.0%0 | f.00a 1,009 1.023 1.056 1,315 t.2T6  1.%08 1.520
9.130 | t.c03  t.008 .02t 1.083 1.168 .27 1.375  3.956
¢.200 | t.00% 1.008 1.0z 1.038 1.0 1215 LA r.as2 -
4 .
9.500 D02 1.00% 1,911 1.920 1,670 1.106 .18 .08 I. Derivation of turning point distribution.
ra 5.0
Potemtial Dip / Electron Tesparaturs Let the naumber of particles in a parabolic mirtor turning
w/ ires 0.010 ©.020 0.050 0.160 0.200 0500 1.000 2000 5.00 ) - - - -
within dz” of positiom £7 across 3 flux tube of area & be aN(z7)
2.00%5 | 0.995 0.998 1.000 1.005 1.935 1.039 1.e9¢ 1.119 t.218
Q.00 7.001 1.00% 1.012 1.02% 1.0u8 1.702 1.7 1.21% 1.860 - - - - P -
el ioez 1006 1816 1033 o83 131 Lz LW 1,568 = g(z"} A" dz". The turning point density”, g{z}, has the same
ooma ] 100% 1,008 1.622  1.0Az  1.0TH 1161 1. 39T 1627
o.100 | 1008 1,008 1.020  1.939 .07z 1.150 . 1361 1.557
O 1y tet 10u6 tom 1088 T.ts TR 1.282 1226 anits as o(z). The relation between a(z) and g{z) 13 nonow found
gdoc | t007 1.opk  1.0%0  3.018  1.032 1063 T.O9T 1.1M 1,209

from the properties of 1dealized sloshing distributions (see
Appendix D). Let mﬂﬂvnnxw be the number denaity at the mridplane
due to particles turuiog neart z”. Then st other positions the

densfry ia
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BB 1s2

.. B
{CL} dn(z) = mnoﬂu 3 MM Aimmluj

Integraring over the volume of magretic flux tube accessible to

these partlcles gives the total oumber as

(c2y ax(z") = HN\ 4 22D an(z) 4z

- \pwﬁ.vw?.u-rﬁwn\.Nanttn .
2 da (z7) 5 ¢ 5 1) quo%mu NH.

- % A wﬁw\u N.\ &nonn\u

From {{2) and the definition of g(z”) one concludes

- 1 3
(C3) mqun b] = B

=5 wﬁu\v dz”

The density at a given 2 is 2 sumrmation of contributloms from

turning peints of all values E A I 4

B{z"¥-B, - B
- B 0,142 1 < “y dz”
a(2) %N mo Awmn j-8 t ¥z Bz ) g(z7) dz

1+ gz2 Hu az” g(z”)

or (c4) =nlz) - F £ (1 + mu\wu :N\Niuww

For a Dirac~6& functiom rurniag point distribucion, {C&) reduces to
{C1}. For a HMaxwellian in a parabolic mirror the turning point

density is calculated to e
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gz2 uu\N

€5y gylz) = ¥ m, (o
: 1+ gz

Substirution of (C5) into {C4) ylelds n(z) = o,- The constant

density is a characteristic of isotropic distributlions io
wmnmnmw.w
Hasre and ﬁmnmﬂm pointed out that a{z) and g(z) form an Abel

transform palir. This allows the expression of g{z) in terms of

n(z}. Fizst, (C4) 1s re—vrirtes as

B t
(<6 m wumu n(z) = Hm < o “Hyn
x -t

n\N. A== xX™ NN» and

L]

where 1 2.4(-1), ¢

. s/8)
(€7 OO = yogn 7

Froa the properties of the Abel nﬂmnumonau.

1f wxy = [ 28 g with 0 < ¢ < 1,
a nNinuﬂ

sin qx & Hn h(x)

then o{t) = + . Anluu?.p

dx

For (C6) and (C7) this means that
(c9) gz = ~{1+82%) d 1" s %o (22-2"2"H2
=" z” B(Z)

This is the desired expressiom for the turning points per unlt
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volume 1in a parabolic mirror. It Ls fnteresting that that with a
no...innwmn density, (C%) yields (C5), so that the lagter formula
holds for all isotropic distrbuticns, not just the Maxwelllan.
1. Density from a partial Maxwellfan with a glven turning polat
span.

Consider s Maxwellian veloclty disrribution of particles at
the nidplane of a magnetic mirror. Neglecting electrostatic
poteatial, the fractiom of midplane particles which have turning

poinzs z, such that B{z,) < By 1is

€10y n(z) = o, (1~ 22172

By

whers 1w, is the density of the complete Maxwellian. Now suppose
rhat all particles are deleted except those with turning polnts
berween Iy and  zg, where the mpagnetic flelds are By and By,
nwu > uwu. Then for B, < B < By,

(- 332 - By

B B

(C11} 8 = n, mm ww
G- "o /2 _ (i~ e 1/2

wn By

Nﬂﬂuwnwan'

- 2
(Cl2) m=an 2

°T B
(- %12 L (1 22
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Ia (C8) and (C%) n, ts the midplane density of those
particles in the allowed turning point span {zy,24)-

These equatious hold for an arbitrary magnetic mirror, but

frequently the magnetic field can be approximated with the

parabolic model:
(C13)  B(z) = B, (1 + aze)

Then (C11) and (C12) reduce to (C14) and (C15), respectively:

T
(-7 - (G- 12 (D
1

(C14) o= o, (0 <z < nwv
T2
Zy ~ % .Rq.namu
ﬁnwnnwu:m.
(C15) m = n (z; €z €25)
3
2
Za = 24 Y{2)
2 1 M
1
Here T, = 1+ mnw and Ty = 1+ mnw. the mirror ratios at the

high aud low ends of the turning pelnt span-
Pigure C.l shows the density profile resulting from {Cl4) and

{C15), for the turning point span centered on the potat z = 50
Bz .}
cm, at which t = — = 5 is agsumed. The valaes are chosen to
()
be close to the resopance zose vslues in the DC Machine, where an

accumulation of turning polnts exists. The densiry peaks at z,.
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Figures C.2 and C.3 show the dependence of the density FwiM modeled, but these are broadened by a factor of 2-3 at demsity

FWHM~ ~ . E
and peak density , respectively, as a functlon of turning polat s of ~L em. By taklag a velocity space grid at the resonance
midplane density '
span Az. The essential point is that the density FWHM is always zone 1itself, tesolutlon of <1 cm is possible. In this case the
clogse to Az. A good fit for the range of parameters tested {1 predicted width is 1/2 to N.\u of the actual value.

em < Az € 20 cm; r = 1.2 to 3} is

(crg) T .
A

1.312 ~10-2[1.59 + .857 n(z-1)]4z +107°[1 + 3.83 m r]az?

For .resonance zooe density widths of a few centimeters, FuWiM -~
1.3z is a very good estimate.
Iil. Test of finite grid method by comparison of .mmnmu..nw with
partial Maxwellian model

The precision of the finite grid procedure (see Appendix E)
can be compared with the exact values of the parrial Maxwellian by
filling in value mnu with the Maxwellian valuea for the allowed
turning point span. Table C.1 shows the values obtalned for
r = 5, and a central rturning pelat of nnmmi.ma. for three finite
grid programs. A 30 x 30 grid of midplane velocity space with bin

2xT
muu.___m {s seen to be too coarse to reveal

sides of Av = |m| {
10 =

resonance zone detail on 8 scale of less than ~14 em, for the

patameters of relevance here. By making a fimer grid with av =
1 2kT

.u.o.h Inu:N R structure with FWE¥ down to ~11 cm can be

repraduced with relative fidelity. Narrower features can be



Table C.1

Comparison of finite grid program demsity FWHM with exact

partial Maxwellian values for given turning point ranges

turuiag poiar 30x30 grid 60x60 grid  60x50 grid  Partial

span, Az at aidplane at aidplane’ at z.. .. Maxwellian

1 14.03 3.41 .68 1.281

2 14.03 5.59 1.25 2.505

& 15.02 7.86 2.69 3.671

8 13.80 10.73 5.40 $.086

10 15.34 12.03 11.085

15 17.27 15.81 10.32 15.897

20 20.24 20.504
Rotes

1. All values are in centimerers. .

3.

Turniag point span Az 1s centered om u.ﬂoa = 50 cm., where B/B

Parrial Maxwellian used for mon-resonance pasalang particles to

supplezent 60 x 60 grid at z__ .

25

20 + r=35.

density / midplane denslty

4
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Pigure C.1
Density profiles of partial Maxweliian disrributions
with given turning peint spans.

Az = 5 cm

central z at .5 m

b + t ’
3 + \}

1} .1 2 .3 .4 W5 .6
distance from midplane (m.)
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Pigure C.2 figure C.3
Rario of demsity FWHM to turning point span Az Ratio of peak density to midplane density vs.
ws. Az for various r values. turning point span.

100z

PEAK DENSITY / MIDPLANE DENSITY
L9
LA B |

™2
T r=1.5
=1.2

E =
-
-~
-
ad

“_..oo t 4 t } M.“ + t i } - . o w ._o ﬂm

TURNING POINT SPaN Az (=)

TURNING POINT SPAN (cm)
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Appendix D

Characteristies of fdealized sloshing particle distributions.

$ince a large fraction of particles can have turning points
near the rescoancs zome, it can be usefyl to estimate demsity and
mean energy profiles from the tdeallzed case of a distriburicn of
particlas with turaing points exactly at resonance.

The profiles of deansity n, mean squared parallel speed Aqu¢
and mean squared perpemdicular speed A4Wv are given here for dis~
tributicas functions consisting entirely of particles which have
turning points at Zp. Only fimal results are given here. More
derailed derivations are given in PLP 839.% the local, midplane,
and sloshing point magnetic fields are denctaed by B, mo. and By,
respectively. The normalized electostatic potentials are givea by

L alemay) al#g~%;)

nE g and np = =T mnn#mwonmwmﬂnuHOmvmnmvOmwnmou.

regpectivaly.

Part 1 deals with the case of the potential well {from the
perspective of midplane). Part {1 covers the potential hill case.
Part 111 addresses miscellaneous lssues such as the simplification
that results when § is a lipear function of B, the number of
paertilces 1an & sleshing system, and the ionizarion rate of a

sloghing distribucion.
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I. ng>n>0
Assunming a Maxwellian dependence mu emergy {type 1 distribu-

tion):

() o=y expl{o g mwa!ﬁw oy 172

v ww. L B8

x

L a By . By B
Y
, oy ER WE .
q.“ hww lew rd E I.Jm sz
1-erf[By ——
. BB
ﬂl:
exp(~By b
T e 2 "2 ww.uu
(p3} <P - |Ww% {1+ 75 (3 wl.wndv }
Hlmﬂmmuw
ww.l

With the assumption that just enough perpendicular energy giveam to
an inirially Maxwellfan distribution at midplane to briog the
turning point o Zg, and with deletion of particles with turuing

point < zp, one obtalns the type 2 distribution:

, 298
B ...w B-B
(04) o =n, Wn R ovtm expl-(5 °x Zyn + O nel] %
By-B Bg- mwume
Bg-B, :w.y ngm
1-erfl O(ne-n)} /2 - (1- VZN exp(B } (l-erf[E
L By ° ByB B BB
l-erf[ng}?/2 - (1- ulovr.m exp(B ) (1-erfidy WZNV
. Bp ° ww. BgB,
_ 2T B 1, Bo, , Ba B, _
(05) v = I w5 (2R e O (n=ngd +
By - 2 B - R "Bs .
3 w,nwﬁumuﬂlwml? g2+ 7 ¢ s Qwuadrﬁ mnvﬁ = o (ng M)
1
wwl
I-erf] -1 12 - (1 1Lt~ exp(B "y (l-erf[s Ii_r.mu
WN Iy wﬁ ] wwW B wW|
W.Wlw B WWIWO :.Wl.:
(06)  <v2> = KL i+ 2 yL/2 gxp(B
G = A S > BB
fipTh 2 L g™ A
(1 - erf{By o 7= :mw 55 - )
}
BBy g
1~erf[——2(ng-n}] +4? = (1- IV:N exp(B U (1-erf(B 15
NN $ 4 wm, a wWI R W,WI

The assumption that all particles have total energy £ forms the

baeis of the type 3 diastributrion:

i e, + (1 wovm
—a -
2 B By

(D7) n=0n_ 5
o 2 q¢, - q¢ + (1-
R
w”

B
S)E
%

(08)  <vd> w vl - mww (E - a%p)
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@) <= vi- w (- 2o+ Basg - a0l

Bt B

T1I. &n <0,

g

Type 1 distribution:

B ww. 0,172 W ww.
{D10) o=na_ — { > NHG_.rA I..ﬂldm
° B BT S~
LT B
(D) v - (1-
Yoagg ww;m
s ¥T BB

Type 2 distributlion:

{D13) n=*n.

BP0 102 eapl (L - o - g
o3, BB expl B8 e, % BB

BBy
-B 1= N.W
(o14) Aqu-Wm B ﬁ.ww O n-ng) + H
w BpB, T Bp3 L~ VEN
B
L o2 Poy3n2
-8
(ois) <o = e Py e
a By~E, N iAthwOUW\N

By

Type 3 distribution: same as in (D7), (DB}, and {D10).
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I1I1. Miscellaneous issues.
1IT.1 Linear simplification.

In an early square well model af a mirror, Bendaniel? found
that the electrostatic mOnmnnme was almost a linear function of
magnetic field B. Geller, et- al.? found rhat a linear ummmmammnm
of n on B fit the data from the pleiade device. If the electro—
static potentlal is truly a linear functioca of B, then all of the
preceding density equations, for elther np > 0 or n, < 0, reduce

to:

B
(o16) 8=a, 2 (X ourﬁ
o3 BpB
I11.2 Number of particles in a sloshing system.
By integrating (D16) between resomance zones in a parabolic
sirror, one finds the total aumber of sloshiang particles crossiog

midplane area A, and with midplane density n,:

(017} N =1%o, A, Zy
II1.3 Ionlzation rate from sloshing electrons

In a parabolic wuirror cthe rate of increase of systez
particles by foanization is

{pl8) =10, un Aadv»ou ru z,
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where <gv> = the Maxwelllan rate coefficlent for a type 1

distribution, oﬁaov v, for a type 3 distributiom, and for a type 2

distribution ome has

®19) <ov> = a (1A 12 § ay (1) ﬂ ax sHHT ere(Z11/2

m 3

-1l
exp[- |H||ﬂ._
where rhe lonizatios cross section ig given by

(D19) o(E) = T a, EJ

31
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Appendix E
Calculation of profile variables with the finite grid approximation

This section is included so that future researchers might be
gpared the expense of time imvolved In re-derivation of the
following expressions. The form of the equations in thig section
has been selected so that programmers will have no difficulty in
vectorization of the corresponding computer expressions. This may
reduce copputational costs by up to a factor of seven.!

Non~Maxwellian plasmas may require a numerfcal treatment for
solution of rhe distributiocn function. For the purpese of
ovnmw.awam an approximation to m?—.dhv the velocity space can be
divided into an N x N square of bins, Av on & side, exteading from
the v, = G and v) = 0 axes up to Nav. Symmetry of mﬁ<u.4hu in v,
13 assumed so that that oaly positive v, and ¥, need be covered.
iInside the (i,j)-th bin, centered on v " ¥y, V, < Vi (L<1<H;
1 <358, the distribyrios function value is takem %o be a
counstant, mwu.

Ope way of obtaining valves of such profile wvalues as
densiry, parallel energy per gnir volume is to add the bin"s com—

tribution only 1f particles at the centex of the bin have a turn-

ing point zp > 2.
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With this method,
(g1) nlz) = 4% (897 ww *

[+
fhy 11T (2 - 0w} - Fxee

o

& 2 B ;
(E2) <v (23> = ) {Av) w.m wwu mwu vy vy
(€3 oz m o (a?
1 © n(z)

) B 9 2 172
PIPDIE LN B et

5x

2
(E&) Aqanuv = ==

2 m 2
(av)¢ (o—
By

B

i 3,2 B 2.2 -1/2
ku m#u vy ﬂu ﬂd.m. in'O. iHudu = |BEA.0...OOuw

Equations (El) through (E4) vere used in early versions of a
plasma profile derermination program, but the resultiog profiles
were spiky. This 1s because the contribution of a bin changes
discontinuously from a maximum Lo rero, as z CrosSses the turning
point zy assoclated with nqp.quu.

To avoid the problem of density discountinuities the contribu—
rion of bilm (1J) should be calculated only from that portion of
the bin that acrually reaches z. The fraction of a given bin that
has Zy > z can be determized by examining the values of .«N_ at the
corners of the bin. To make this clear, a few preliaminary

definiticns sre belpful:
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) v e 02 - (2 - vFy - Be-ey)

v3, = 7,3 - Amm -1 2, - w.mz-eou

v3y = V5 - ﬁwwﬂ., -1) vy - m___m:vg_".eV

v2, = v, - ﬂ%m -1 v2, - ..anS-ocv
«:,n. <W|Wm 4_Nm 4u+wM4r 4kam 4.._ |.._W<. .J.Nm 4u+.bmld

The subscripts 11, 12. 21 and 22 »stand for the lower lel't, upper
left, lower right, and upper right corners of the bin,
respectively. Table E.1 shewa the situations that can arise.

Hote that all of the cases can be described by the single formula

L 3
(E6) ngy = 3 5B, i3 aMmmnm vig

where a and 8 each take on values 1 and 2, with

1

2
(E7} LIS 1 - Nan.m ir vag >0

= 2
= 0 ir Vag £C
anm iz the Eronecker § function.
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In other words, starting with

4x B 3 3 _ 3 43
(B8)  dnyym g fay [ V2t T2LT TR 1.
o
e deletes those qu terms for which GWh {s oegative.

The increment of squared patrallel speed per uwait volume 1s

i B I = v
15 58, 1) gl “uB a8

(29) AavDyg = £

The increment of squared perpendicular apeed per umil volume 1is

B
mlwc

& B 2
@0 sy * 53 »” £y oLgta (23 * S, B “as V19

The parallel particle flux fnorement per uanlt area is

T B &
(Ex1) Mavy dig - £ Yeqav
174 % FE, ii a8 aB “aB
The rate of increase of the nuaber of particles along a flux tube
due to lonization eveats agasociated with resonance zone veloclity

space bin 1}, between Tesonance Zones of cross sectlomal area A,

is

2 2 172 -1 T
HMudw (vi + QHV 914 £14 sin “{1 + =T
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(E12)
] z
- 2 2 res 2 By ,2y-1/2
gy = amg ogy vy (754 G2 gy [0 an (i - (g 1)) /
Tes Tes
= 8w nb@uw )
2 172 £y ginl IRRESLEVE)
Aoy ogy vy (vE+ qu £33 1) sin (i I = 3

In (E12) it is assumed that ao potential mwmmmnmumm exists along
field 1i{nes. The meutral density is fg» and the fonization cross
section for v = nqm + 4wv"xm is og4- The eantire ceatribution from
resonance passing particles is

(F13) N, =8xn A (an)? xhwv % .

Ealat]

¥|~\N

ol

For a Maxwellian populatiecn of nen-resonaace passing particles,
there is aun additional Imcrement

-

- ntn s
(F14) K. ag O <o uax Ires Amuﬂw (/r - 1)
where n, 1s the density of complere Maxwelllan, and Aa<vxmx is the
averaged product of cross gection and speed for the complete

Maxwellian.
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In mnmwmw state the parcicle inmput to the systen from (E13)

and (El4) must be palanced by a loss current. With B and ¢ from

(£5} wnnmnvdmnmm 2s the loss positiom values B and &, the loss
curreat countribution from resonance zone bin ii is

(E15) * B

&
f E.a ¥
Z BBy, 13 an ag “a8

Nij (loss) = A

When the grid is chosen to represent resonance zone velocity
space use can he made of the fact rhat cyclotron heating can be
represeated by changes io v, only, and that the change at a given
resonance passage 18

(E16) cosd

avy * ¥imax
where 8 is the angle between «h and the microwave
PO
electric fleld E, and is 2 random variable Lf the particle is
in the stochastic regime. The maximum change io v,, ¥ , 18
ecaleylable in each bio of v-space. Ina particular bis,

(EL7) - (M + 8)Av D<1,¥=0,1,2,3 ...

bdwnﬂﬂ

M is the integer part and & the fractional part of av, .

normalized to the bin size 8v. The task is to evaluate the
probability mwuu- that a particle in bin 11 will appear, afrer

rescuance passage, in bin 117, With vaiform dlstrituticas within
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aach bin, and with the & values raandomly distributed in (0,27,
then the probabilities of transfer from a bin with a given j in

the case of ¥=0 are

(E18)  Bgyc5-1) - &/x
Mﬁuﬁuu -1~ 28/« (M = 0)
Biysrny T 87

Ian the case of M»1, the probabilities are

(E19)

l~n9+w
i
(o8 2- ()21 V2 + () E-(a-1)B] 12 - 200182 - 2?12

Piy(pe) T 22w cos™H g - (a-1yeos Mgy = (mHl)cos y o+

By ycsn uw cos ™M (o) - (*1yeos™ 0 - 262 - w12

M. -
Fay(amrl) MMﬂﬁx+auuumepxn - M cos Hnmmwvw

The probabllity o transfer to bian j—m is the same as to bin Im,
due to symmetIy of bqh in {F16). Note that & transfer that has
jm < 0 is equivalest to a transfer to bin lL+e3 > 0. v muslt

must be non-negative.
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For iteratlion af the distribution function these

probabilities must be adjusted to represent changes per unlit time.
After allowing for differing bounce times awu and the differences
in phase space volumes, one obtalins
- v

3 £

LTE w G

(E20) 1 Py fiy T Ry LFERETATE

REFERENCE
lgarional Hagnetic Fusiom Energy Computer Center, CFT, {Rev.

Date Mar. 3.20, 19803, p- 1B6fF.

Table E.1

Density increment from a uniformly
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populated velecity space bin.

The shaded portion of the bin has a turning point peyond z.

Bin Type

Denajtv Expression

buﬁu =

bu.w.u =

B-B

B-B

nPu [«

Tiy [ v

nwu {v

nwu [ v

3
21
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Appendix F

Spurious Vg dips resulting from finite probe lmpedance

The apparent reality of local density peaks brimgs up a2
gource of possible woerry about the V. dips. Apparent extrema of
Ve can result Lf an {nsufficiently large probe Hawmmmﬂmw 13 used
at a density peak. To obtain ﬁrm.ammnwnﬁmm of this effect, note

that the IV curve near V. is approximately
47
(F1) I = %_4m (V-Vgr =3, V)

where wm 13 the “sheath reaistance™. The 1oad line of the input

resistance Ry, ig given by
(F2) T = -ﬂw»n

The apparent floating potential, Vg, 1s located at the

i{ntersection of these two curves:

Iy
Ml Ve v Rin v
£ 7 £
mw~q + L Byp ¥ By
£ -3

(F3) Vo

Figure F.1 shows this. If R, TRy a density peak can cause Ven

ro rise (or fall) away froam zevo towzrd its true value.
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Ry 13 found from the general expression for probe current:

uH\N @

d1
m_f..w amFMl rl vﬁan- V

=1.26 x 10713 J?} afe~3] T[ev] /2 @, {amu] V2

Vi
true dm

The ratic is shown in figure F.2

¥or typlcal probe tip areas and plasma densitles of these
ﬂudmnwamunw. 10 MQ input impedance is adequate to prevenl this
spurious Vg effect. Usually a value of 100 MQ imput impedance was
used, obtained with the Hewlett~Packard null voltmetar. This
affect can also be avoilded by using low impedance (1. e., IV plot)

data.
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Appendix G

Relationship of jon saturation peak FWHM and density peak FWuM

For the sake of rapid data acquisition many Zea gaturatien

currvent ("I “y profiles were takem over the course of this

isat

research without getting am IV-trace at each point. For comstant

T formulat 3.1.2 indicatas the plasma density and I;.., are

e
directly proportiocnal, mo.nﬂwn the FWEM of the T,.,. and density
peaks are ldentlcal.

However, both experimentally and theoretically, the mean
speed of electrons has a peak near resonance. The question then

arises whether the I FWHM {s still indicative of the density

isat

FWiM. What follows is an estimate vmmmm on 1dealized Gaussian

peaks of 1 and T,.

isat

For de << AVg, the V¢ dip has the same shape {though

inverted) as does the Hm peak. This Is a result of

xT
g1y _°=.7
[ a

Approximating the Ho and Iigat pesks by Gaussians gives

{2a) T, = Tl + (hp-1) expl-%p2%] )

(G25)  Iggae ™ H»mmn.oAH + {(hy-1) »Mv~|anmw 3

In these equatloms wﬂ is the ratie of peak temperature to
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background temperature T,,. The ratic of peak 1on saturation
current to the background level is h,. The relationship between

the coefficients within the exponentials and the FWHM s 1is

4 ta 2
vy 2

(G3) k=

There i{s considerable scatter ln rhe spread of FWHM 3 of Ve (chus

Hmu and of 1 For a series of experiments iam helfium with the

isat”’

same field as shown im figure 3.7, it was found

FWEM for Vg

=, t 45 .
FWH for MHmmn 66

In view of this gemeral spread, estimates of the ratio of the
density FWHM were made for two cases:

(1) FWEM for dm = FWHEM for Ty ., -

1
z

For a given pair of enhancement tatios nrﬂ. IMV the

(2) FWEM for Vg = . FWIM for Iigar:

nalf~peak-density value is th + WH\\MaV. A short program was
written to find the denaity FWHM resultisg from (G2a) and (G2b).
Table G.1 give the resulting FWHM values 25 a fraction of the
Iygqr FWEM. The significant message here is thar, except for very

large Hﬂ enhancements, the loa satyratlen current FWHM 1s very

close in value to the density FWHM. This justifies the use of

Iigar FWHM values tor density FWiDt in fig. 7.27



Ratio of density FWEM te &

I. T, Wt < g, FWEM

ion sat.
cur. peak
ratlo

I1. T, FWEM =

ion sat.
cur. peak
ratlo

1.2

1.5

2.0

5.0

1.1 1.2
1.009 - 0.734
1.0t4 1.016
1.016  t.028
1.017 1.030
1.017  1.031
1.017 1.032

1

3 Yisat
1-1 1.2
1.009 0.734
0.519 0.798
0.977  0.947
0.994 ©.985
1.002  1.002
1.006 1.010

Table G.1

Hm enhancement rTatio

1.037

1.058

1.063

1.068

Te enhancement ratlo

1.5

0.818

0.944

0.995

1.017
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on saturation peak FWM

2

0.810

1.063

1.096

1.108

2

0.464

0.843

0.965

1.016

0.869
1.089

1.145

3

0.569
0.877

0.991

5

0.940

1.143

0.673

0.918
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