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A drift wave 1s observed at low wmagnetic field strengths im a
lingar wmultiple mirror, a steddy state plasma device. It is
characterized by a frequency which decreases with increasing
magnetic field stength, propagatiom in the direction of the electron
diamagnetic current, and an azimuthal =ode number of 2. The mode iz
observed under the condition that the fon cyclotron frequency is
less than the ion diamagnetic freqeuacy (Qi < u*i). The f{requency
is Doppler shifted by an ExB drift.

Effects of particles trapped im the nirror cells alter the
characteristics of the iInstability. The freguency decreases
slightly with increasing mirror rtatic and the fluctuwation level
increase§ with incregsing mirror tatio for M = mirror ratio <« 1.1,
but then levels off at higher mirrer ratios.

The 4drift wave is modeled by a linear kinetic theory which
treats finmire iom gvroradius, ccllisioms, an electron tedoperature
gradient, and trapped electroms. The theory predicts three unstable
zodes, only one of which is consistent with all of the above
—easurements. This Instability is a Doppler shifted drift cycletren

instability modified by trapped particle effects.
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1. IHTRODUCTIGK

4. Drift Waves

Orift waves are of interest and importacce for several reasons.
This is primarily because all laboratory plasmas have spatial
gradients of one ot more of density, temperature, magaetic field,
and electric field. Each of these gives rise to particle drifts
vhich potentially can couple the enmergy im the drift to 2 wave and
zause instabilicy.

in a word, particle coefinement is the essential goal of a
great deal of plasma physics. HMuch tize and effert is devoted to
the understanding of plasma instabilities fIn generai Dbecause
instability poses a threat to confivement. Instabilities arise ia
both of the essential descriptions of a plasma: fluid and kinetic.
0f the twe, fluid or MHD instabilities are the most serious because
they can lead to a catastrophic loss of the whole plasas cu a very
stort time scale. Opce configurations are found which are MHD
stable there remafs the kineric ipstabilities to cootend with.

9riftr waves fall into the category of kinetilc instabilities.
Although drift waves can be derived from sose fluid theories an
accurate calculation of the growth rate requires that a kinetig
theory be used. For kimetic instabilities iz general, ceonfinenent
is degraded due to the enhanced transport of particles across field

lines by the fluctuating fields of the wave. The enhanced traasport

(8]

way be described by an effective difiusion coefficient which must be
added to the other loss meckaniswms in the plasza.

Drift waves arise from “kimetic™ or particle comsiderations
based oa a microscopic description of the plasma, such as the Vlasov
egquation. {Fluid theoty also predicts drift waves but they are
always stable in this descripticn.) The degradation of confinement
at the wmicroscopic level is in sharp contrast to that on  the
wmacroscopic level described by fiuid or MED theory. At the flaid
level the stability of the plasma as a whole is at issue- Clearly,
this is of more fundamental concern. Oonce gross stability has been
achieved tramsport, aand thus drift waves, becomes the predominant
issue.

The theory of drift waves is extensive and well developedl’2’3
and dates back to 1957% The iist of effects whieh influence 4drift
wave stability is large and diverse and includes wagnetic shear,
cellisions, the presesnce of trapped particles, plasma impurities,
plasma curremt, particle gyroradius, magnetic field line curvature,
and velocity space anisotroples. Most of the theory was developed
io the early 19607s but the field still remains active even today?

Izperimental work oo drift waves has alwvays lagzed behind ics
theoretical development. This is in part due to the difficulty in
Identifying one particular zode out of the nuzercus =>des predicted
by theory. Also, the experimental situstion is often conplicated by
the sizultaneous presence of two or wmore =modes Iin the plasma.

Finally, the iLastability is wusually observed {n a nonlinearly



saturared state which makes comparisons to limear drift wave theory
disficulr if Dot completely dubious at cimes.

Despite these drawbacks the fundamental physics of drift waves
has been experimentally verified- The first systematic study of
drift waves was dome im meachines?=7 s iinear device countalining 2am

; 3 iy -3
2iksli metzl plasmz in which T, = T; = 0.2 e¥ znd » = 10710 o .
Other piomeering work in toroidal devices was perforued on

8  zna stellaratots? toce this early work there have been

aultipoles
sumerous observatlons of many types of drift waves over & wide Tange

of parametets-

5. Drift Cycletron Instability

The drift cyciotron imstabilizy was discovered by A-B.

wikhailovskii and A.¥. Timofeevil

rt

may ©De thought of as 2

T
coupling betweed 2 stable drift eoscillatiozn te 2 stable flom

11
Berpstein mode

te vield an umstable osciilation mnear an iom
cycietTon harmouic%I The coodition for instabllity requires 2
-resonance” between CLhe mode frequency, w, aod 2 aultiple of the ios
cyclotron frequency, i :- The resonance coadition has the added
effect of producing rather small growth rates.

with respect to the preseat experiment the baslc theory of
Mikhailovskli and Iimofeevlo is relevant with only a few
zodifications. One feature ipherent to Che present experiment which

was not treated fina the above theory is the condition Te > Ti tut

this is easily jncluded io the analysis and causes uo difficulties.

Collisions are oot megligible in the present experiment and
this effect was nol facluded in the original analysis. Bowever,
collisions were the subject of a nuzsber of later papers?r13'lé’15
The essential results are that the growth vTates are reduced slightly
wug that instability occurs over a wider tange of values of ki’ the
perpendicular wave nuRbert- iz general, ion-loo collislons are
stabilizing. Since the growth ‘vares associated with the drifc
cyclotron instabilicy are small the induced transport £rom this
inetability should alse be small. It =ight then be thought that the
drift cvclotron instabiiity is essentially harzless in compariseon to
most other imstzbilities. This is by and large IiTue, but this
pictuzre is altered when there are velocity space anisotTopies
sresent.

Tarly om it was discovered by R.F. Post and H-N- Roseu‘b}.ut‘nl6
that the velocity space 2nlsoiTopy found im nirror machines provides
a sourece of free epergy for rthe drift cycleotren wave and this drives
the wmode strongly uastable. The cevw {ostablity is called the drift
cyclotron iloss coone {DCLL)Y mode- This ipsrability provides SLTORE
incentive for studying the drift c¥ciotroo instabiliry.

snother area ia which the drift evclotron instability has
surfaced is in the theory of anomalous transporl in the late
{mpleosioa phase of a pinch¥7‘18 1n addition, the theory of the drift
cyclotron instablility has been extended to include finlte beta

effecnsl7’19’20 and magoetic field line curvaiure effectsgl'zz
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To ocur ksowledge only one previons ezperimental observarion of
the drift cyclotronm instabllity has been reported. This was by T.
OUbkawa aad M. TYeoshikawa oa the G.A. Octupcle?3 The vature of the
device and the experimental parameters under whick the 1instabilicy
wasg observed are significantly different from the present
experiment. The octupole is a Eoroidal device in which wmagmetic
curvature effects are impeortant, in contrast to the preseat linear
device in which the curvature effects can be elizinated. Also, the
drift cyeclotron iastabiliry was observed inm the octupole umder the
condition that T, « T; vwhereas the reverse is true {I, >> T4} 1im
the present device. The Linear ¥ultiple Mirror thus provides an

opportunity to study the drift cyclotrom imnstability im a previously

unexplored parameter regime aad geomerry.

C. Trapped Particle Tmstabilities
1. History

The <trapped particle lanstabilities have a2 somewhat interesting
history associated with thea. The first trapped particie

fnstabllity was predicted by B.B. Radomstever

as a generalization
to tokamaks of the iaterchange mode found in mirror wmachines. Iin
tokamaks the “trapped particles™ are localized to reglons of dad
curvature and provide the free energy to drive the iostablliity. The

circulating particles form a background dielectric which reduces the

growth rate but are not completely stablliziog. Later 1t was found

that collisions strongly influenced the stability of the mode.
Inatabilities in which collisions played & role became known ag
disgipative trapped particle modesgs Next 1t was realized that
trapped electrons alone were sufficlent to destabilize a drift wave.
Destabilization by rapped electrons requires both a temperature
gradient and 2 velocity dependent collision frequency".’ﬁ’z7 This
instability 1s known as the dissipative trapped electron mode
(DTEM).

When more sophisticated analyses (including the effects of
magnetic shear, bounce resonances, etc.) of the trapped particle
instabilities are performed for the tokamak geometry it is usually
found that these devices are unstable to the trapped particle
instabilities. Associated with the presence of the trapped particle
instabilities is turbulent particle znd energy trassport above and
beyond the neoclassical transport due simply to the presence of
trapped particles without any icstability. The anomalows transport

for this wmode cam be guite klargezs

and led to <watastrophic
predictions when scaled to future tokamaks and teactors. This
spawned an inteasive study of the trapped particle zodes. Several
review articles oo the subject quickly appeared?g

Soon afterward the next generarion of tokamaks was built and
tested. These tokamaks operated ino & parazeter regize im which the
DTEM was expected to e unstable. while anowmalous electron

transport was observed im all the devices, an instability which

could be clearly ideatified as the DTEM was not observed. Instead



of a single wmode z broad band spectrum of low level oscillations was
observed im the vicinity of the drift freguency. This null result
ied to & decliime in imterest im trapped patticle instabllities.
Iustead, theoretical atteation turmed Ue am explanation of the
rubulent spestrum observed and trapped particie instabilities became
culy ome of a wumber of peossible candidates for the cawse of the
spectrum?e 5 positive idemtifidarion ef amy trappead particie
instability om a tokemak has yet to be made although a search was
recently made om the TFR tokamak?l Acwever, tThe trapped particle
instabiliries still remain a good candidate for the ultimate cause
of the observed azomalous Uransport im tokamaks§2733

After about an eight vear lull ioterest io rrapped particle
sodes has been resewed wirh the advent of the tandem mirTor- Ia
this device particles im the ceatral cell are “insulated” from those
in the end plugs; electrons axe electrostaiically confined while
ions are confised magnetically by the mirror geometry. Gross MHD
stability against ballooning aad interchange modes is derived from
the average good curvature of the systea as & whole. The central
cell has neutrzl curvature. There iIs & region of bad curvaiure ino
the transition from the ceatral cell to the end plugs tut the end
plugs themselves are minimum-B configurations which provide the bulk
of the good curvature reguired to stazbilize the system. The
"{nsulating” effect, while providing good particle confinement iz
the ceotral cell, also has the effect of limiting commusication of

central cell particles with those in the end plugs. The central

cell particies mever sazmple the good zurvature provided by the end
ceils and ip essence form a class of particles trapped im 2 reglom
of unfavorzbie eurvature. The result iz that certain tazwdez mirror
configurations can suffer from trapped particle imstabfilities with
growtk rates comparable to rhoge of mnstable MED iaterchange moées?&
This wmode occupies s peculiar position in fnstability theory belng
somewhere in between a purely kiuétic and purely MNP mode. These
wodes are quite different from these predicted for tokamaks. In
tandem mirrors the wmodes are collisioniess and driven by tad
curvature. Alse, jn tazodem =mizrors there arte parallel electrle
fields to contend with. Im tokamaks the most importast modes are
coiiisional, the fractlen of trapped particles is wuck smailer, aud
curvature ie not the sole driving mechanism of the insrability. It
is rtather ivoanlc to note that an instabilicy pradicted for tokamaks
by an analogy te mirror machines has come back Lo haunt wirror
stabilicy.

Overall, the theory of the trapped electron imstability is-
extensive and gquite well developed fer tokamaks§5 Even the two
dimensional wmode structure has been worked cut for the toroidal
geozetry of tokamak3§6’37’38 is wentioned above, the theory for the
candem wmirror iz stiil belng developed%‘!Q Work on trapped particle
instabilicies has also been reported for the EBT device3g. with the
application of the theory of the trapped particle ilnstability to so
many different geometries it would seen that the book oa this

instability s far from closed-



2. Experimental Observarions of the Trapped Particle Imstabilicy
Due to the basiczlly simple physics behind the trapped electron

mode a simple criteriz for instzbility results, aamelyzs

e € voge < oo
where wy i8 the dismagnetic £requeacy, vpe IS the effective
eolifsion frequency for the trapped particles, amd w,, is the bounce
requency of the particles trapped in the wmagretic well.
txperimentally this criteria s velatively easy to achileve.
tithough trapped electrom instabilities are usually discussed io the
contest of tokamaks, z toroidal device, this rype of geomeiry Is not
2 necessary cosdition for the instability to occur (as demcnstrated
By the original derivation of the DIEM & cylindrical geometiy b¥
Radomtsaw and Pogutsezs}. Despite this oaly couparatively few
reports of the experizesntal observation of this mode= have been oade,
but these hawve bees in a variery of d4ifferent plasma devices
{octupole, single cell mirror, and —ulti- nirrer devices}.
The earliest report is by Deschamps, Gravier, Renaud, and
Samain®® whoe 4in 1973 reported observatiocns of the dissipative
trapped electron mode (DIEM) in the ODE device. Bowever, while the

tnstability which they observed has nmany of the characteristics of

the DTEM It was most unstable at wafv ge - 2-4 rather than { 0.1 as

10

predicted by theory. 1= addition the instzbility was observed for
“efflm* . ©0.03, whick put it well iasto the collisienless regime
vhere one would met expect a dissipative lnstability-

A collisfonless trapped particle node was reported by

Primerman, Lidskey, and ?olitzer&l

a2t YIT. The instabllity is not
excited by the collisional detrappiag of electtons, but rather by a
resonance between the bounce motiom 'of the trapped electrons and the
wave. This bounce rTesonasce wode was theoretically predicted Dy
Coppiaz.

Microwave scattering experiments were doue in the Fi-1 device
and revealed drift—type wavaes when spersted in the trapped electron
:egimeQS. While the operating parameters of the -1 device vlaced
it ia rhe trapped electron regime, & positive identification of the
zode never seems to have been made. Ounly ipdirect evidence was
offered. For example 2 study of the slectren thermzal coenductivity
showed that It was anomalousié. imong the drift waves suggested as
being responsibie for the anomalous losses was the DIEM. Only the
OTEM and one other drift wave were found to be unstable for their
parsmeters. A transport wmodel based onm the DITM  was found to be
copsistent with the observed losses. Yo other evideace for the DTEM
was given. In auother experizent imvolviag the effects of shear on
the DTEM, observatiocns disagreed with a slab acdel which ilncluded

the effects of the radial structureai.



The most definirive study of the DIEM im a toroidal geomelry
has beex performed By FPrater, Eijma, and Ohkas;a% in the General
Atomic octupels. Under conditloms of extremely low magnetic field
(— 100 G) they cbserved large seale, extremely coherent osclllations
of the plasma. This mode propagates in the direction of the
electron dizmagaetic drift at & {reguency which is approximately
that predicted by Xioear theory f{te withinm the uncertainty
associated with the Doppler shift due To the radial electric field)-
The mode alss foliows the collisionsiity scaliag predicted by linear
theory. Rased upon theixr data they have identified this mode as 2
DTEX driven by FLR effects.

Prager, Marshall, and Scm” at Columbia have reported
observacions of the DIYEM in a iimeax magnetic =mirror device. &
solenoid provides a umiferm fleid and two additiomal coils produce 2
single mirror cell- A ot cathode discharge geumerates the pilasma.
Some of the pilasma is trapped im the wmirror cell and the rest
streams through the end of the device. The fluctuation level was
seasured as a fumction of the mirror ratioc, the celiisionziity, and
the =agoetic field streagth. The data are io good agreement with
their theoretical predictions. 1Inm addition 2 physical model of the
instability mechanlsz is presented.-

“he work of Prager was followed by that of Dixon, Marshall, and
sen*® in an experiment op the same device. Iz this work feedback
stabilization of a trapped electron oode destabilized by finite

gyroradius effects was attezpted. The growth rate of the DTEM was

11

iz

mezsured as & functiom of the mirrer ratic snd the collisiomality.
The gain-phase data from their feedback experiment also confirms the
dissipative mature of the instability.

Grubb znd Emmert? have studied the DTEM i the Linear Hultiple
Mirror device. Two trapped electron modes were identiffed: a mode
destabilized by the temperaturs gradient and another destabilized by
finite gyroradius effects. The modes were studied as a functiom of
the =mirror ratio, magnetic field strength, and the cellislomality
with the experimental results belog in good agreement with theory.
Transfer Ffumcition analysissg"r’l was used to confirm the dissipative

aature of the imstabiliry.

. Thesis Orgauization

The rest af the thesis is organized as follows. Chaptex IiT is
2 description of the zpparatus- Chapter 111 contalns iaformatlica on
the diagoostics used which are predominantly Langmulr probes. A
getailed descripticm of a aew methed to measurs the space potential
with emissive probes is also presented. Chapter IV develops a
dispersion relation im opreparation for a compariscn o the
experimental results of the next chapter. The dispersion relaticn
igs general enough to 1iaclude rhe drift cyciotronm imstability and
trapped particle effects. Next, Chapter V presents the experizental
observations and compares these observations to the predictions of

the theory developed ia Chapter 1IV. Finally, Chapter VI describes



the

i3

observation of a low frequency imstability observed in & helius

plasza.

10.
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Ii. APPARATUS

The Limear Multi-Mirror experiment was desigped by Prof. Daie
¥eade, bullt by Ray Fomek! in 1972, and later wodified by Dave
Grubb. TFigure Z-1 shows the Liuear Multiple Mirror im 4its present
fors- The Linear Multiple Mirror experiment is a steady-state
plasma device consistisg of seven'consecutive short mirror cells in
a 2.1 = length; the total length of the device is 4.0 m. The plasma
is generated continuously at one eud of the machine by 2 siow wave
antenaz driven by 3.0 GHz wicrowaves and flows through a
differeatial pumping celumz Iinto the experimental reglos containing
the mmltiple magnetlc mirrors. & helium of neon plasma in the range
1010 - 1011 cm_3, electron temperature between 5 and 1% eV, and iazm
temperature about 0.1 eV is typically studied. The mirror ratle, M,
of the individual magunetic mirrors is wariable between 1 and 3. The
average magoetic field, B = (B + 3_,.)/2, is in the Tange 50-500
G. Table 2-1 giwes a iist of typicesl plasma gparameters aond othker

characteristic quantities.

A. Magnetic Colls and Power Supplies

Six distince types of magnetic coils have at one tiome or
another beenm used om the Lisear Multiple Mirror. Each type 1is
powered by oue of four DC power supplies. The tank region of the
Linear Multiple Mirror has two sets of coils, the "main field” coils

and the “corrector” colls.
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Tsble 2-1. Plasma Characteristie Quantities
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The mzin field coils are 87 long and have zo 11 ID. 1In each
coil there is a total of 60 turns of 1/4" copper tubiog- The tubing
is wrapped into two layers and seated in epoxy- Filtered tap water
15 used to cool the coils- These coils are powered by the Flotrol
power supply vhich {is capable of providing up to 400 A at 50 V.
However, the full range (0-400 A) {s divided into two subranges
(0—130 and 220-400 A} by a froat pamel switch on the Flotrol. In
otder to obtalm curreats in the intermediate range the load on the
power supply has to be altered. The c¢oil configuration which
produces the above range is a parallel combization of two sets of
four coils in series. This is shown in Fig. 2-2. I1f rwo
additional colls are placed in series with the above load it is
sossible to obtain currents io the ranges 20-80 A and 130300 A
respectively oa the Low and High settings of the Flotrol. These
cotls are individually capable of generating 2.10 G/Amp at the
center of the coil. The average axial field preduced by these coils
alone im the multiple mirror arrangement is 1.1% G/Amp.

The set of elght maln field colls is complemented by 2 set of
seven corrector colls. B8y means of these colls it Is possible tro
change the wirror ratic established by the wain field coils. The
coils are made of 1/2° copper tubing, are 2° long and have am 117
Io. Each coil 1s wmade of four electrically parallel sections of
tubing wound inte three layers and seated inm epoxy. The coils are
cooled by flltered tap water. They are wired im series and povered

by the Magnaflux pover supply- The Magnaflux 1s capable of

22

Fig. 2-2. Equivalent circuit of the main field colls. To obtain the

desired current it is sometimes necessary to add an

parallel load resistance.

extra
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supplying up to & kA at 12 ¥. The directionm of current flow into the
corrector coils can be changed by switching the leads at the output
of the power supply. In this way the field produced by the
corrector colls can be made to be parallel or asntiparzilel to the
majin field- in the parallel case the corrector coil field
reinforces the main field and smoothes £t out te produce & low
mirrer ratio. When the correctar coil field is antisarallel to the
zain fleld the resulr is to further decrease the main coil field at
its minimum thus increasing the wirrer ratio. Mirror ratios between
1.0 and 3.0 may be obtained iz this manner. The corrector coils are
individually capable of generating 0-1153 G/Amp at the ceater of the
coil. The average axial field produced by these coils aleme in the
zultiple mirvor configuration is 0-.066 &/amp.

Figure 2-3 shows the magnetiec field—wmirror ratioc parameter
space of the Linear Multiple Mirror. Alsoc shown arte lines of
constant magnetic fleld strength, B, and lines of constant mirrar
vatio, M. The on—axis field strength and wmirror ratio were measured
b¥ R. FDuckl. He then empiricaily deterained a relationship between
the coil currents (If and Im) and the mirror ratio (M = Bwlﬁﬂn)

and the average field streagth (B = (R 32y, These

:ax+Bmin

relatiocnships are

3 =1.19 I; + 0.0103 I

and
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Fig. 2-3. Curves of constant =magnetie Field streogth and coustant

mirror ratio in If - I,‘2 parameter space (the TFlotrel and

Magnaflux power supply curreats).
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1.38 I % 0.0785 I
I, £0.127 1

in which the plus {+) and wmimus {-) signs indicate whether the
carrents im the two sets of coils produce parazllel or antiparallel
magnetic flelds respectively. .

To provide the resonant magnetic fleld wequired by the plaswa
source ftwo additional coils are needed. The first of these, the
wire coil, is made of 3500 turns of f14 magner wire wrapped on a
copper spool. The core of the spool is =z copper tube 37 lemg with 2
Z® ID. COn eack end of the copper tube is a copperr ansulus 187 in

dizmeter. A4 heat conducting cowpound was appiied between layers to

o

facilitare cooling of the coil. The wire coil is powered by =
Filtered DC power supply which provides up to 5 & at 3 V. An on—axis
=agnetic field of 650 ¢ is produced 2t 3.8 A.

The second source magoet is similar inm design znd coastruetion
to the wmaln field cofls. The goil is &” long and has am 117 ID.
There are three iavers of 1/4° copper tubing with 22 turms per
layer- The scurce heusinug {described below) f£its inte the spool of
the wire coil which iz turn fits withiz this codl. Curremt for the
second source coil comes from the "Cube” power supply which supplies
a highly filtersd output of up to 350 A at 50 V. An identical coil

is situated at the opposite end of the differential pumping columm
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and is wired in series with the source coil. These coils are able
to generate a field of 3.05 G/Amp at the center of the coil.

Due to the nature of the area water a deposit of residue btuilt
up in ali the coils and in the case of one of the black coils {the
one wused to generzte the field for the plasma source} the deposit
was severe enpugh to coumpletely clog the tubing, teadering the coil
useless. The combination of ;he wvire and second seurce coll was
replaced with a newly built coil. To rewedy the potential problem
of clogging im the orher colls, all water cooling lines were purged
with 2n ascid solution and a water filtratlcs system was lostalled to
prevenz future building up of residue.

The new source coil was fashioned in the spizit of ali the
other coils on the Linear Multiple Mirrer. It comsists of 17 turas
of 1/4" copper tubing im each of the 8 layers om ths 57 length of
the coil. The layers are all seated in epoxy and the coil is cooled
by filtered tap water. The coil produces a field of 10.7 G/Azp at
the center of the coil.

Finally there are the two differeatizl punpicg colums  coliis.
Tach coil is 9%“ in length 2nd has 2 57 ID. A total of 70 tures of
1/47 copper tubiag is wound into two layers and seated in epoxy.
The coils are vater cooled. An arc welder supply is uwsed to pover
these coils. 1t is capable of producing up Lo 00 A at 30 V.
Individually, these colls produce a field of 3.02 G/Amp at the

center af the coill.
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Figure 2-& shows the centerlime magnetic field stremgth for two

combinatione of Iu and If which yield mirror ratfos of 1.0 and 3.0.

B. Plasma Source and End Platre

Several different plasma sources have been ussd on the Lipear
¥Multiple Mirrer since it was first built. ZImnitialiy ap interdigital
Lisitano cofl? was employed. However operation was difficult when
helium was employed as the meutral fill gas. Also, only relatively
low density plasmas could be obtained. To overcome these problems
D. Grobb aad T. Lovell® developed a helical type of antenma which
produced higher demsity plasmas and worked more reliably i helium.
However, this coil also suffered from some difficulties. The <coil
tended te sag under its own weight after prolonged periods of
continuous operation. This coll also produced spatially
{ohomogenecus plasmas 1f the antenna was not properly sfituated in
its cavity. Proper orientation was difficult to achieve especially
vhen coupounded with the sagging problem. Finally it was observed
that a‘ plasma could be geserated without anmy helix at 2I11.
Serendiplity struck when one day the source was dispantled only to
fiad that the antenna had desoldered itself ioto two pieces: the
helix and the stalk which coonected 1t to the coax vaccuum
feedthrough. 1In an attewpt to find out what type of antenna was
necessary a simple linear conductor was used in place of the helical
antenna. When this was done a spatially homogenous and gquiescent

plasma was obtalned. in addition considerably Ilower microvave

Fig. 2—4. Centerlioe axizl wmagnetic field strength for two values of

the mirror ratio, a) ¥ = 1.0, and b} ¥ = 3.0.
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povers were needed to break dowm the aeutral gas thea with the
helfcal antenns. When tested further, the new antenna was found te
produce plasma with the same temperature and density as the original
helieral antenna. Due to its simplicity azd ease of maintenance the
straight anteana has been used ever since.

411 three antennae operate by coupling microwave power into the
plasma by means of electron cyclétrou resonant heating (ECRHE). For
absorption of microwave power at the upper hybrid £{requency the
resonant magnetic £ield is determined from

£, = gy = (6007 + (F 712

which reduces to
£, = 2.80 [a(em ) 10711 + B(kG)2} M2 Ghz

-3 4

For plasma densities < 1012 em™? this becomes approximately” £, =
fee = 2.80 B{kG) GEz. At the appiied frequency of 3.0 GHz the
required resonant field is B = 1370 G.

vigure 2-3 shows a schematic of the plasma source in its
sresent lncaraation. Part a) is the source housing and coasists of
a2 brass tube soldered to a copperl znd piece. A feed hole passes
through the end plece and deiivers gas to the plepum. The plenum

alse positions an insulator which in turm holds and positions the

iinear antenna, part d), om the centeriine of the brass tube. The
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ajcrowave vacuum feedthrough, part c}, screws into the end plece.
The feedthrough connecteor, part b}, (obtained by cannibalizing a
UG~2% B/U coaxial wmicrowave connector) is held in place by two
Teflon spacers. When the feedthrough is screwed inkte the end plece
the Teflon spacers are coupressed and a vacuun seal is formed at the
lip on the vacuum side of the end piece.

The wmicrowave power is suppli..ed by 2 Raytheon 4J63 magoetron.
This tube suppiies up to 50 watts of power at & frequency which is
adjustadble between 2.985 and 3.383 GHz. The tube operates most
efficienrly at 3.0 GHz so this is the freguency used. Teo isolate
the microwave supply from variztions im the reflected power 2 P & H
Laboratories wmodel BL1-526317 circylater was insetted inte the
zicrowave line and provides 20 &b of isslatiom. 4 General Radio
model 874-LR10L  line stretcher is aise iuserted iote the line to
improve the impedance match between the power supply and the plasma
source.

4 mu-metal cylinder is located in the naim tavk of the Linear
Multiple ¥irror uader the last main field coil amd is used as an end
plate. The cylinder is 3.5 cm in dianeter, l& ecm long, and eacased
tn glass to avoid contact with the plaswa. The magnetic field at
the face of the mu-metal cylinder is 2.5 to 3 times the field
strength inside the other coils. This provides an end mirror which
is approximately equal ian magnitude to the magnetlic field at the

other eand of the tank.
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C. Vacuum System

“*he Linear Multiple Mirror device itself is composed of a
mutber of secticos of 67 Pyrex Conical glazss pipe. The sections are
joined with efither zo O-ring ot & Teflon gasket.

Tue oli diffusionm pumps are used to achieve the base pressure
af -~ I.X}.O_E' EoTE. A &7 diffusion pump is used to evacuate the
source region of the Linear Yultiple Mirror device. This pusmp is
separated from the s=source rtegion by a 67 gate valve and a &7
tefrigerated chevron baffle. The gate valve Is used to adjust the
neutral gas pressure in the source regionm and the baffle is used to
praevent backstreaming of oil inte the vacwum chanber.

The 10" diffusion pump serves to evacuate the tank region of
the device. it top is fitted with a chevren baifle and a gate
valve. However this gate valive is water cooled and oot
refrigerated-

Each diffusicn pump Is backed by a 500 1/3s mechanical puwp
(Welch model 1387} and a forelime trap. The system is roughed down
from atmospheric pressure with a Lerbold-Bereaus model DX-43 pump
which has 2 pumping speed of £30 1/mzia.

The tank aund source reglons of the machine are separated by an
187 leangth of 1.5" ID Pyrex glass pipe. This allows the machine to
e differentially puzped. Differectial puwmpling is sometiaes
necessary when the high neutral gas pressure requiresent for
breakdown im the source region conflicts with the low mneutral gas

sressure requirement of the tank reglon (needed to achieve a low
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electron—neutral collision fraquency). Pressure ratios between the

source znd tapk regione as high as 100 caz be obtained.

Three Veeco model DV-1Y thermocouple gauges are vsed to monitor
the vacuum pressurz in the raage 1 atm to 1 =icron of the bwo
forelives and the maln tank. The gauges are powered by a Veeco TG
70 TC Gauge Coatroller. Two Bavard—Alpert Ilonizatiomr gauge tubes
(Varian 563) are used to mouito; the pressure in the raage 10”3 to
IGmy torr in the source and tank regions of the device.

4 Molytek quadrupole mass spectrometer (Spectzomass 30} is used
to measure the residual gas content of the vacuum system. Masses
metween O and 80 zwu are detectable down to a partial pressure of
107? torr. Water bas been found 2o be the major impurity iz the
system followed by a oumber of high-wass hydrocarbons. The
hydrocarboos rtesult f£rom cracked diffusion pump oil which has
backstreamed imto the system. Figure 2-6 shows a typical plet of
partial gas pressure versus mass as measured with the Spectromass

80. The peaks are labeled with likely molecular specles which give

Tise to themb‘
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atl which has backetresmed lato the sysbam.
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111. DIAGNOSTICS

Langmulr probes, both c¢old and exissive, are the bagic
diagnostic used on the Linear WMultiple HMirror. They serve to
meagure the plasma density, electron temperature, floating
potentfial, and the plasma potential. Im additicon, the probes are
used to measure plasma wave properties such as density and potential
fiuctuations. Wavelengths may also be measured by comparing the
relative phase gifferences of signals from an array of probes. This
method is used to wmeasure both parallel and perpendiexlar

wavelengths of the instabilities discussed below.

A. Cold Laagmuir Frobes

Electron temperatute and density are deterained f£rom probe
current-voltage ({I-V} characteristics by a semi-empirical method
developed by Brown, Compher, and Ruskell Their wmethod was developed
for Lisitano coll generated plasmas in a strong magpetic field which
is precisely the situvation encountered in the Lioear Multiple
Mirror.

A typical I-V trace is showm im Fig. 3~1. XNote that true ion
saturation (zero slope) is not achleved even at large negative
applied woltages. Rather, the magnitude of the icn current
Increases linearly with large negative applied woltages. The linear
portion of the curve 1s extrapolated to positive voltages and serves

as a baseline from which to deduece T, from the exposentiating
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Fig. 3-1. Typical current-voltage trace of a Langmuir probe used on

the Linear Mulriple Mirror.

42
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portion of the corve. The value of the ilon saturatlon current used
to deduce the demsity is chosen as the curreat ﬁkTe/e below the
fisating potestial. Brown, Conpher, and Runkell have shown that the
value of density and vesperature devived by the =above procsdure
agrees well with the density obraiaoed frem z microvave
interferomerer and temperature obtained from am electrostatic energy
analvzer. '

The ion saturation current, igi, for a plassz im which T, > Ty

is glven by

- BkT
c 1% _1 ey1/2
gy = g9ev &, Eae[__.:AJ 35 3.0

where n is the plasma dessity, e is the electron charge, k is

s the electren texmperature, AP is the

%

Boltzmann s comstant, Te
probe area, and my is the ioa mass.

1{f there are no temperature fluctuatioms, the perturbed or
fiuctuating iocun saturation curreat is

c 1 = bu.C
6101 = Eénev AP = :;LULAP (3.2)

se that the demsiiy fluctuation level may be derived from a measurs
of the ratio of the fiuctusting fom saturatlon curremt te its DC

cozponent

b4
c
81
fo3+1 ai
e . (3.3)
o1 c
Ioi

2. Emissive Probes

Imissive probes are Larngzuirt probes with the capacity to emit
slectrons. Emission is usually 3cFo:plished by heating the prebe to
incandesence. This wmode of operatien was ianitially suggested Dby
Langmulr himself?

Emissive probes are particularly wuseful for umeasuring the
plasza (space) potential. This is possible since the probe exzits an
electron curresat which cam be made to cancel the collected electron
current. The floating potential then rises te a value close to the
plasma potential.

The negative gradient of the plasma potential yields the
electric field in the plasma. Standard techniques of zmeasuring the
space poteatial can give rise to spurious values of the electric
field. For example, as an emissive probe 1s heated the floating
potential rises and ultimately saturates at high enough probe
temperatures. This saturated value of the fleating potential of a=z
enissive probe 1s often used for the value of plasza potential.
However, the saturated value of floating potential depends on the
plasma density and teamperature. Thus, eves 1% the plasma potential

is constast in space, gradients io density and tewperdture will



cause the saturated floating potezrial to vary and this willi gilve
rise to a spurious electric fielid.

It was our good fortuce to be able to develop a new methad of
zeasuring the space potential vhich aveided this pitfall. The new
=sethod {fs bhased on what happens to the floating potential of an
emissive probe as the probe is allowed to coel slightly. This 1is
called the “droop” method sivce cooling of the probe always leads to
2 decrease ia the floating poteatial or, stated 4ifferently, to a

voltage droop.

1. Theory

The work below was wmotivated by an effort to explain why the
floating potential changed with time during the perfod that there
vas uo heating of the filament. Figure 3-2b shows a typical scope
trace made while measuring the space potemtlal. Upon examination ig
is seem that the voltage “droops™ during the time the heating
current Is off (straight line portion of the trace).

A simple explanation for this is possible if one attributes the
droop to chapges {o the fillament tempe;ature. The decrease 1in
texperature of the fllament causes a decrease In emisslon. The
collected electron curreznt also drops because the probe is floating.
The Langmuir characteristic reguires the sheath veltage to locrease.
This causes the floatiog potential to drop. Thus the teamperature

drop of the filament has led to 2 drop in the floatiag potential.

LINE

60 Hz

VARIAC ISOLATION FILAMENT
TRANSFORMER

4[ \ >

Vout (Voits)
s O

0 25
Time (ms)

Fig. 3-2. a) Basfic emissive probe circuit sad b} typical scope

of the output voltage of a floating emisslve probe.

trace



This mazy be wmade wmora guantitative under the siaplifying
condition that there are no space—charge efifects present. Imn this

case the following simple probe eguaticns may be wused (valid for

cyiindrical geometyy)- The coilected electzton current takes the
form
i€ expin.) VLV
eaS™ P T/ s
<C
ig {3.4%)
<
I2aEas Vo v,

The emitted electron current is given by

eo’ s

= (3.5}

w1

It foex{-nyd, vy v,.

Finally, for the collected fon current

C
oty ¥ <,

.C .

1 (3.6}
Igoexp(—ﬂi), vV,

where ny = e(*;—vs)/k'rj, (3 = i,e,9}, Igo and IEO are the collected

and emitted electron saturation currents respectively, Igo is the
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coliected iom saturation curreaz, £ = f(ne), fo - f(nw), and fi =

f(_”i)' The function f takes Into account orbital effects iovolved

in the collection and emission of particles from a cylindrical

probe. 1t was first computed by H.M. Motr—Swmith and I. Lang-.nuir3
and 1s given by
£m) = 2(M2 + emp(myerte(n?) 3.1

whare erfe is the complimentary ervor function{’
The saturated emitted electrom curtent, IEO, is a function of

5

T, and is assuzed fe obey the Richardson emisslion law” givem by

E 2
eo ™ ATgEEp(-ng) (3.8)

I
where mn, = eW/kTw, W is the work function of the metal and A may be
regarded as a constzut dependesnt on the properties of the metal from
which the probe is made. Theoretically, & is a universzl ceastant,
but the theoretical and measured values of A are rarely the same,
often deviating from one ancther by as much as a factor of l:en§

The coodition that the probe float (it is zssumed that each

current is taken positive) is

o= 1E - 18 + €. (3.9

Siace IE is a functiom of the wire tezperature the floating



49

potential will aiso bve a function of T,. This ig deconstrated 1n
Fig. 3-3 which shows the calculated Floating potentizl as a
fusctlion of T, for several values of the electron teTperature.
Here, simple forms for the collected electron and ion saturation
curreats have been used. The cold floating potential is obtained
whep the filament temperatures lies below 2000°K. When the systez
is perturbed by a change in the temperature aad floating potentilal

w@e have

=

- _ a¢C c
0 = 415 - dI + dIj. (3.10)

From Zqus. (3.4}, (3.5), amd (3.6) the differentials a1E, aif, amd

c

dIy may be computed as

41t edVy 4T,

— = L) * {mng(1-tn) I} (3.11)
Ie w w

a1 edV

— " Ling) T, }s (3.12)
e

ar$ edV,

- -L{-ny) (‘*”_ui 1s 313
i

where ny = 2+ﬂ° and
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Fig. 3-3. Floating potential as a fuynction of wire tewmperature

calculated from Egn. (3.9). The floating potential is a
stroug function of T, when the probe floats below the V, (=

0 Volts) but is mearly iudepenient of T, above V_.
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i, Ve < Vg
L{n) = {3-15)

erfc(nllz)

2(2) 2exp(-nyserte(n

N Ve > V_.
1/2) f &

The definition of L(n} 1is such that the expressions for the
perturbed currents are valid for all voltages above aund below space
potential. The break in the form of the Ifndividual currents at Ve
expressed in Eqms. {3.4), {3.5), and (3.6) is absqrbed iato L{n),
simplifying the £inal results. A plot of the function_L(n) is given
in Fig. 3-4. Substitution of Eqns- (3.-11), (3.12), and (3.13) im

(3.10) and use of (3.9) ylelds

edvf aI,,
Tu)[‘réLe-I-(l—Lw)qﬂH(xiLiﬁeLe)] = [—TT) [nytng(1~1)),  (3-15)

(k

vhere 1, = L(ne), L, = Lin,J, Ly = L(_ﬂi)_ T ™ Tw/Te’ Ty = leTi’

and a = E%OIIEO. The functiocm M = H(ng,ti) is given by
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Fig. 3-4. The L function defined in Eqa- {3.14) is constant when the

fleating potential is less than the space potential {n < 0}
and decrease rapidly once the floating poteatial exceeds

the space potential (n > 0).
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(L S1%e1/2 1/2
() Frexp(ayngderfe((-oyn ) D), Ve <V,
M o= L {3.16)
w
exp[n, (1-74}]
i W . PR
™
(2 Brexp(ngrersel ()
—
7 Plots of M versus n, a2re shown im Fig. 3-5 for both Ty > T, and Ty
—d < T,. The quantity «M results from not being able to ellminate all

B three currents from the set of equatioms. The paraceter a speclfles

the magnitude of the ratio of collected ion to emitted electron
gaturation currents, while M contaius the voltage dependent part of
these currents. It should be ciear from the form of M that for Vg >
-—-C}I V., ¥ will either grow for 7y <1 or temd to zero for 1, > 1.

] Thus the “droop” which is the change im floatiang potestial,

dVe, due to a change im the filament tezperature, 4T, is given by

|.2

=<
L]
= rEdvf] nlﬂw(l_l‘ﬁ) (3 17)
\ - -
. : ' ' ' : | . dew 'rei.e+(l Lv)+c:)i('riLi+reLe)
C . O © o)
p A plot of edvf/kdl‘w versus 7, s gives in Fig. 3-6 for various
e
F values of g with T, > T_. This figure shows a very rapid change in

edV/kdT, about Vg = V_ (n, = 0) for all values of g except a = 1.
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Fig. 3-5. A plot of the X functicn defined in Eqa. (3.16) for
several values of T,. Note that for =, > 0, ¥ either
decreases exponentially to zeroc for iy > 1 or increases

exponentially for =4 < 1.

T;=2.00

6l— ====~=T; =0.40
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Equation (3.17) is now examloed in various limits. 3elow Vg it

is found that

edV nft
def = 1e | Ve < V. (3.18)
“N
Y e 112
T

Whea Yy = V. Eqa. (3.17) reduces to

edVe /T, v v (3.19
= 3 £ b .
kdT 1+rz(1+Te/T1) s
azd when Vg > Vg
edV f
ot H , Ve > V.. (3.20)
kdT,, 1, x+1/2 £ s
H— (=) “expingny)

Physically, one would expect a to be small when the probe
floats neat Vs. This Is because there must be a balance between the
emitred and coilected electron curreants, i.e. Ig = IE‘ But Ig x
Veer the electron thermal speed while I% = vy., the lom acoustic

speed {when Te > Ti)‘ Hence, a = IEOIIEO « (melmi)llz <{ 1 for any

probe fleating near the space potential.
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Hhen T3 = T then I% changes on the same scale as Ii since ng

W’
= n,+ Changes in the fleatlng potential will lead to sigalficent
changes 1in both Ig and Iz even though the ratio of the two, z, may
be szall. Note that Ig depends om ny both above and below V. while
IE is constant below ¥ _ and depends on 7, only above V_ . Whea T; =
T, the voltage dependence of the emitted electrons 1is effectively
extended below ¥V, by means of the loms. The result of this iIs to
wash out the sharp transitios obtained when a = 0 as shown in Fig.
3-6.

1f 1instead Ty = Tw/Ti << 1 thea dqi = Tidnw <K dm,- Thus a
significant change in potential with respect to the emitted
electrons produces oaly a2 small change iu potential with respect te
the ioms. The two species weact differently to potential changes
and the sharp transition from below to above V. is largely restored.
This may be seea in Fig. 3-7 which shows ede/dew versus T_ for
several values of Ty-

The same reasouning applies to the collected electzons and_
results in the coadition Ta ¢ 1. However, this coadition is
essential to distinguish between the two classes of electroms. 1f
T, = T, the voltage dependence of the emitted electroms 1s
effectively extended below ¥V, by the collected electrons tather than
the jons. There is no electron parameter correspondlag te a as

there was for ifons to further distinguish betwveen collected and

emitted electrons. A reasonably sharp transition from below to
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Fig. 3-6. Plots of edvf/deg versus m. for wvarious vwvalues of a =

C 4452 —moyd
IXoh:eo with Ty > T,. The magaitude of the droop depends Fig. 3-7. Plots of edvf/dew versus m, for several values of T;. The
strongly on whether the probs floats below {n, < Q) or two asymptotic values of droop are evideat for n, > 3.

above (n, > 0) space potential.
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above Vg will cceur for any Ti' but it is necessary to have Te >> Tw
for any traosition ta oeccur at all.

The effects mentiomed above are most proxlinant af Vf - Vg when
they ail come inte play. Tnis is seen iz Egqn. {3.19). Ions reduce
the droop by the factor {1+m(1+?elri)1_l. Typlcal paraczeters for
our experiment are Te = 6.0eV, Ty = 0.1 eV, and a = 0.01 which
makes 1+a(1+Te/Ti) = 1.6l (=1 when ¢ = 0). The effects of the {ous
are seen to be significant despite the fact that « is swmall-

Equation (3.20) 1s interesting in that the dreoop 1s asymptotic
to one of twe values depeading om the relgtive values of T, and T
(i.e. on 11)‘ If 74 <1 then n, > ny and the e;pouential factor
grows with imcreasing potential which drives the term to zero.
Conversely, 1f =y > 1 the exponential term vanishes and the droop
approaches nyp- The behaviour reflects the cozpetition between the
collected ion current and the emitted electron currenmt both of which
dizinish above Vs with increasing n. Tkis competition is evident in
the expression for M, Eqn. {3.16), and in the platg of M shown in
Pig- 3~5. The two asymptotic values may also be seen in Fig. 3~7.

From Eqns. {3.18) aand (3.20) the ratio of the droop below

space potential to that above (with ¢ = Q) is approzimately

{dV/dT_}
£ W vf < Vs . 1 (3.21)
(deIdTw)vf >V, e
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The ratio iz large since = T/T, << 1, and wiil be reduced

e

gozmewhat by finite T3 and a-

2. Experiment

The above apalysis provides a new method with which to measurs
the space potential, V.. With s warm probe floating below space
potential a large droop should be pbserved on the wvoltage signal-
4s the probe 1s heated the difference berween the floating potential
and space potential should decrease wntil the differeace becomes
zZers. At this point a sharp change iz the magnitude of tﬁe droop
should be observed.

These expectations are coufirmed by experiment. Figure 3-8
shows a sequence of scope traces in which the fleating potential is
displayed as the filament temperature is varied by changing the
voltage, vfil’ across the filament. Traces (a) and {b) show the
probe just starting to healt up. The heating cycie is just becoming
evident and the fleating potentlal is slowly increasing. In (c) the
heating cycle is clearly evident and & droop in the signal is
becoming disceruible. As the probe is heated further a droop is
clearly estabifshed {4) and inecreases to a large value (e) while the
floating potential starts to increase rapidly. Traces (f) through
(1) show the transitiom from large te szall droop as the floatliag
potential crosses from below to above space poteatial. In {f} the
droop i3 still large. A small increase In Vg produces a saall

flattop on the signal jJust visible at the end of a3 heating eycle in
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Fig. 3-8. Sequence of emissive probe traces as Vggq {and thus T} is
increased. Trazces a-d shov the valtage droop fncreasing
from a s2all to large value; e-h shows the cressing from

Yelow to abave space potential; i-1 shows the saturation of

the voltage droop-

{gy and (k). This flattoep heralds the crossing of V.. & further
increase in Vegq yields & couzplete flattop as seem iz {1)- The
finsl three traces show the saturaticn of the {floating potential.
The droecp appears to have saturated at this point also. These

-

observations are io gualitative agreezent with the predictions of

zhe theory made above.

Tigure 3-% shows the measurdd floating potential as 2 functiem

of Veig- The poisnts corresponding te the traces of Tig- 3-8 are
labeied (a) through (1)}- The valiue of Vs iaferred f{rom the droop
pethod is alsc labeled. Here again the results of experizent are in
gqualitative agreexeat with theory as =ay be seen by comparing Fig.
3-9 to Fig. 3-3.

A more quantitative comparison ca= be made. To do so regulres
that a temperature scale for the wire be established. Neo direct
measurements of the wire teuwperature could be made, but a scale may
stil1 be constructed as follows. Figure 3-3 shows that the two
knees in the curve of Vfloat versus T correspond roughly te 2000°%
and 2500°% (for a tungsten filament). These temperatures will be
assigned to poiots (¢} amnd (h) of Fig-. 3-9 and are labeled
accordingly- in the spirit of this approxization the temperature
will be taken as a linear fuumctlon of Vegy. This establishes a Iink
between the wmeasurable quantity Vﬂ1 and the essential wvariable of
the theory, Tw' The true relation betweenm Vgyq and T, is certainly

aonlisvear io reality since chamges in Tw affect the wire resistance,

radiated power, and couductiom losses. The approximation made here
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Fig. 3-9. Measurad floatiog pote=ztlal as a functios of Vegg- Poinrs
a~1 correspond to the traces showa in Flg. 3-8. Also

shown 1s the value of Ve obtained by wmeans of the droop

{Volts)

mathod. The points labeled 2000°K and 2500°K are inferred

f, meos

from Fig. 3-3.
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amounts te a linearizatlico of the vfil{Tw) curve ic the range 2009
to 1500%%.

Having coostructed a tesperature scale for the filagent the
quantity %, can te computed for eacsh experimental pelnt of Fig.
3.3, This is done as follows. An approxizate value of Tw has been

derermized for sach experimental polant. Alse, for each experizental

point the ficating potentisl is koown. Usiag the inferred value of

Ve the quantity 7

—_ _"“ o e
qs,zeas)fk‘w czn be computed
for each point. The theoretical walue of <the droop is theun be

cozputed from Egn- (3.17} for each wvalue of This

Ty expt”
theoretical vaiue of the droop is what the droop should be wheaever
the normalizeé floating potential is e, expt” This value zay then
be compated directly te the vwoltage droop —easured from the emissive
probe signais. The result of this procedure is shown iz Fig- 3-10.
The upper curve i the measured value of the droop normalized to éfﬁ
= 1°%. The experimental value of the droop used was the voltage
drop frem the end of one healting cycle to the begianing of the next,
disregarding any dip or minimuz im between.

The ratie of

e

he two vaives of the droop yieids df, = 1009R.

Usfag T, = 2500%% as an average value we find dT/T, = 3-5%, a wery
reasonable result. 7This ratio increases with increasiog T - it is
aot clear whether this is due to the assupptions =ade about the
varlation of T, with Vg5 or reflects increasing radiation losses

with locreasing temperatute, although the latter must contribute to

the effect 19 scoz2 extent.
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Fig. 3-10. Comparisoca of experizmentally measured voltage droop
pormalized to dI, = +9% and the theoretical value of the

droop, both as a functionm of T -
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Ancther comparlson can be =made and that s the ratio of the
peak dreep to the saturated value of the droop (“w > . For the
lower curve this ratlis 1z 22 and for the upper curve it is 11,
experiment being a factor of two lower than the rheory, but still in
reasonable agreezent.

Finally, 4t 1s wooted that the value of V_ is always in good

agreezent with the value of V_ obtained from the inflection point of

a Langzuir trace.

3. Discussion

The dreoop, edvf/kdfw, is simply the derivative of the floating
potenrial with respect to the wire temperature, i.e. ir is
essentially the derivative of the cutve shown im Fig. 3-3. From
thie point of view it 1s evideat that mnless T, >> T, there will be
7o knee 4in the curve. The greatly differeunt slopes on either side
of the knee give rise to the different values of the droop abowve and
below space potential which is what the entire droop method is dased
on.

For this method to work the f£ilament wmust cool during soume
short tize interval. The filament cools by either conduction or
radiation. 1f the filament is rhin enough radiation should dominate
over axial conduction. However, I1f ome walts long enough botrh
processes will contridbute te the cooling of the filament. Thin
filamenrs (% 1 mil) are preferable, offering a large surface to

voluze ratie. Szall volume reduces the thermal mass while a large

surface maximizes the radiative losses. Thin filaments also reduce
the axial heat losses which create a oonuniform  temperature
distribution along the length of the filament and thus nonunifora
enission; z situation vhich should be avoided LIf possible.

The fact that the droop fer V > V_ has two asymptotic values
depending om whether Ti is greater of less than T, might at first
sight be thought to give some infdrmation about Ti' In practice
this does oot prove to be the case. In most plaszas of Interest it
is already known that Ti > T, The droop =methed fn this case
establishes a lower bound o=m Ti which is so low as to be next to
useless ('1'w = 0.3 eV 3t most}. 1If T, ? Ty the droop method then
establishes an upper bound oa Ii‘ However, to establish this fact
one wust observe the droop attain a small but finite wvalue.
Experimentally, this situation is extremely difficult to distinguish
from the case Ty > T, in which the drocp 1s initially small and
finpite but slewly approaching zero.- ‘this is illustrated by the
sequence of data shown in Pig. 3-8. Io the final frame of data it
is still wunclear whether the droop has saturated at a small but

finite value or is whether it is still decreasiog toward zero slope.
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IV. BASIC THEDRY

In this chapter a gemerzl dispersion relatiom for drift waves
is derived which incorporates the main physical effects relevant to
the present experiment. The Ttelevant effects are finite iom
gyroradivs, eollisioms, electron tesperature gradieant, ExB drift
producing a Doppler shift of the wode frequency in the laboratory
frame of vefereace, and the presesce of trapped electroms. The
trapped electroms require a diffevent treatzment fzew that used for
the ions and untrapped or circulatliog electrons. An effect peculiaxw
te the trapped electrons aslome is that of & curvature drift and this

111 be inciuded in the theory for this species-

&. Cenmeral Respeonse for Iloms and Circulating Electroas
A siab geometry 1is used wirh a wmagnetic field in the
z-direction and densicy and temperature gradients in the
#—direction. The dJiamagnetic current is then in the y-direction.
To azccount for VB, curvature, and ExB drifts an effective force is
assumed im the z-direction which results in a particle drift in the
y-direction. The correspondence between the slab model of the
theory and the cylindrical geozetry of the experiment is {x,y,z2)} >
r,8,2). In the experiment the particle drifts are then ian the

azimuthal direction.
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The starting polnut of the derivation is the Boltzmanm equation

with a Kroock type collislion cperator

OF 4 30 4 208w yF - F, (&.1)
ot 2% 2%
where ¥ is the total distribution fusctiom, ¥ is a Maxzwelliamn

o

distribution to which F relaxes by means of collisions, v is the

copllision frequency, ¥ is the particle veloclity, n, is the =zero

corder density and is givea by
o, = [ F, & ‘ (&.2)
] a *
and & is the acceleration of a particle by the Loreatz force

3=42+1ez . (5.3)
w c

The distribution functiom, ¥, and the acceleration, &, are

expanded as follows

F=F, +eFy +..., (4.4a)

I=3, +ed) + ..., {4.4Db)

where the zero and first order accelerations are speciflcally
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3«3 3zt (4.52)

o me

3, =32 - -39, (4-5%)
n n

where $ is the electrostatic potential and ¢ 1is an expaasion
parameter. The last expression assuzes the modes are electrostatic
which is the case for the imstabilities considered. A zero order
alectric fieid is wnot Iociuded 1o Equ. (&.5a) even though
ultimately the ExB drift which it causes will be considered. In the
present derivation the particle drifrs wwill enter through an
effective force term in the orbit equations rather thaz through the
# and % fields which cause the drifts ia the first placs.

Equations (4.4a,b) are now substituted into Eqn. {%.1) aund

terms of order EO and al are collected to yield the following
equations
dF oF aF aF
0 d_" a 2 32+ 2xo0, (4.62)
£ or 3% »%
dF [:)
1 1 > . o
eY: —— + VFy = ~ay—. {4.6%)
1 1
dt %

Equation (4.6a) sizply states that Fo is a function of the counstants

of the motion which i3 to say that ?o 1s a Viasow equilibrium. The
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constants of the moblon are W amd X == 4 vylﬂ, where @ = qBfm¢ is

the signed cyclotTon frequensy. Eguation (%.8a) then yields

Vo on .
¥, = F (v2,5) = F (v, + L 27 (v5, %) Foeee (6.7)
2 2X X=x

[+]

Zquation (4.6b) may be solved for ¥ with the introduction of

an iotegratlng factor and yields the result

" -, F
Py eV eV A -2, (4.8)

av

where a primed guantity denotes & dependence on the variable of
integration, t7. The perturbed guantities n{ and &7 are assumed to

vary as
(07,673 = (8y,D)emp[ilky3” + kyz© - wt?)], (4.9)

vhere ky snd k, are respectively wavenumbers of the iastability
perpendicular 2nd parallel to the wmsgoetic field and w is the
frequency of the lastability.
4 standard calculatiou 7ields the intermediate result
2F, iky¢ 3F,

v -
PO L. C0 Y LN P S
T m gl T D

— ] 4.10
av bvz 2 X ‘ ’
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Substitution of Eqz. {4.10) ia Egn. ({4.8) and an integration by

parts to eliminste the total derivative d¢7/dt” yields

aF aF i, 2F
Py o= 2% 0w 1880 0 avy + 2 ——k (4.11)
m avz I avz o
where
t
1= [ attemplilky(s7-y) + K (27-2) - (wHv)(e-63]} (4.12)

is the orbit iotegral alomg the unperturbed trajectory of the
particle.
#
The particle trzjectory inciuding 2 force, ¥ ia the

s

x~direction is given by

v v
y{t")-y(&) = ?§{c03(0$+€}—cas{s)] + ?§sin(91) - vpt, (4-138)

z(t"y-z(x) = ~v_ 7, {4.13b)

where © = t-t7, v, and v, are respectively the couzponents of the
particle velocity perpendicular and parallel to the magnetic field,
¥p = ~F*/z=0 is the drift velocity, and 8 is the gyro-angle. The
orbit 1integral cams be computed explicitly in terms of Bessel

functions of the first xind, J_ , as
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ﬂiG(B—m)
1. 3 (=30 Ju(g)im(u)Jp(s)—

, (5.14)
w,fi,p ~$[(THv) - (omp)2 - kpv.]

where g = i%vi/Q, G = kva;Q’ To=w - f_-?ﬁ, and ?D = VD}:.

The next step is Lo integrate Fy over veloclty space To obtain
the perturbed demsity, 0. A dif{erential element of veloclty space
is d¥v = (dvi)(vlde)(dvz). The & iantegration is easily carried out
simce the only place which 8 occurs in the expression for Fy is in

the orbit integral of Eqn. (&.14). The result is

2% aF 33 k_ 2F
I ﬁde=4£E”_3—3ﬂz_;mﬁy)+_z_§]
o LIS 7 g Q 2
2
JEp) (o)
2% 2P (4.15)

t
P (gHv) - {a-plR - kv,

To carry out the v, and ¥ integrations it is mnecessary to
evaluate the derivative of F, with respect to v2. The derivative
with respect to X is a spatial derivative to first orvder (% =
z + vy/Q = x}. ¥, will be tzken as a Yaxwellian with 2 density and

temperature which depend on X

o, (E)
Fo= 200 exp{- vRISAY} (4-16)
¢ geelexyy?f? -
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where v% = 2T(X}/m, so that
3F ¥
S .- 2= %ifo‘ (6.173
av2 v% T
Hence, the perturbed density takes the form
Tk
B L YL Y PP INE S S A
Ty 27-',—[.—*1 "—,f“{(u! v) = B nj’: 12 (4.18)
where
@ o o
[
1y ”“i dvzé dvyv ¥ gu’ {6.19)
¥ 32( § oy
o o o¥n PJJP(O’}
I = f dvz dvivl — (4.20)
- @ (wtiv} - {o-p3@ — kv,

To evaluvate 12 analytically it is necessary to assuame that F*
i; independent of velocity. This is twue for the ExB drift which is
the drift experimentally observed and thus the drift most relevant
te the present analysis. Io additien, the assumption that g <K 1
reduces the caomplexrity of the final result. Generally, the
condition a << 1 is physically reasonablel. Taking the limit ¢ <K

1, the sum indexed by p collapses to the p = 0 term with Jo(a) L

Under the above approximaticns Equ. (4.20) reduces to
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2
o o™ FJ (p)
I, = [ av,[ & v o=
SR ARACY! 1=
(@rivy - nQ = kv,

a ~

F iy - -

= - 5 ko Z{ @ .i‘.? nQ )In(b)e g+ (4.21)
y1 zvz szt

where b = (kvvtfﬁ}zlz, I, is the modified Bessel function of order n

and Z is the plasma dispersien funetion? defined as

1 °_x2dx '

e
z = . . 3
() I172 i@ - u ) (.22

Substitution of Eqms. {&.19) and {&.21) in {4-18) 7ields

1 Tk
e 88 Friaey - T 2y LY sz (4.23)
T k‘zvt o

o T =l DE

het = g 0 3 = (T
vhere Su(b} e P1_(B} avd L (Griv-nQ)fk v, -

The derivative, 3/8%, operates on both n, and v, since borh are
funcrions of = im the distribution functicn ?o of Equ. (4.16).
Carrying out the required differentiatios, the following expression

15 obtaloed for the perturbed density
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2y ab w+ iv — WE
PR S | R,
a Wi ( T DERIN
ws ; 1 )
”{kzvt} DRLE I = g1} (4.26)

where wg = kyT!mQLn, NE = wy(l-4/2), n = L,/Ly, Ly and Ly are signed
density and temperature gradient scalie lengths respectively, S; =
dSn(b)idb= and Z7{u) = dZ(u)/du.

Equation (4.24) is a general expression for the perturbed
density valid for both ioms aad ecirculating electrons. It contaiss
finite gyroradius effects through the parameter b, effects of
cycictron harmonics in the suym over o of gn, the effects of a
density gradient through w, and of 2 temperatute gradient through n-
Ccliisions ecter expiieitly through v, the colliszion freguency. The
effect of a drift velocity is te Deppler shift the frequency from w
te @ = w-— E-$D' which emters through the argusent of the plasma

dispersion functiocn.

E. lon Response
For ions the temperature gradlent is negligible. With Ly = G

Eqn. (4.2&), when specizlized to ions, reduces to

e A ) (1 +{ UHivigTees
T

s Z N (4.25)
By 1 kzvti ] g " (Eni)}
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vhere Loy = {ﬁ+ivii—nni)/kzvti. The collision frequency for the

{ons has been taken as the ion-icm ecollision frequency, Vig-

C. Circulating Electron Response

1z the case of the electrons the temperature gradient must mot
be neglected. However, a simplification. is possible since the
gyroradius is swall. If b is small the only non—negligible term in
the sun over Bessel functions is the m = 0 term, and iz the limit b
<< 1 it is found that 5, = 1. The sum over n disappears and Equm.

(4.26), when specialized to electrons, becomes

c T

n ed { e Wk e -
AL A S JZEEL) + i EZT(ED ], (4.26)
no e { kZ te € Zk'zvte € ®

vhere §, = (G+ive)/kzvte. For circularing electrons the appropriate
collision frequency is the sum of the electron-newvtral,
electron-electron, and electron—ion collisiou frequenciles, i.e. Vo

= ven+vee+"ei'

D. Trapped Electron Response

The character of the trapped elactrop orbit {s what
distinguishes it from the ions and circulating electrons. A trapped
electron undergoes a periodic, or “bounce” motion along a magnetic
ffeld line. The analysis for the trapped electrons is snalogous to
that performed above but now a different set of unperturbed orblt

equations is used. This cowmpletely changes the nature of the
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response functiom. Bowever, the geperal method of deriving the
trapped electron response remains essentizlly the same and many
latermediate results carty over with noe change. The major
differeace between the twe respouses is largely contained i1in the
different orbit integral of the trapped particles.

Collisions are included iz the analysis expiicitly through a
coliision frequency, ;, which is assuzed to be velocity dependent.
The esurvature drift is modeled by an effective force, F*, in the
particle equation of motion. When the equation of motion Is solved
for the particle orbit a driftr term results from the effective
force. Temperatutre and density gradients enter the analysis through
the spatial derivative of the distribution function which is assumed
to be a Maxwellian with a spatizlly deperndeat density and
temperature.

The above derivation helds with no changes up to Eqm. (&.11},

which serves as the starting point for the present calgulation

aF aF - k. aF
qé o ig¢ o ;4 a, .
F, = 22% O+ 23082 . (i + 2D .
1 av2 I [ avz(w+ v Q ax} i (&.273

where T is given by Eqan. (4.12) with v replaced by 3.

The unperturbed particle orblts are now given by

v1 A}
y(e)-y(e) = T[Cos(Qréﬂ)*cas(B)] + _Q.sin(n‘c) - vyT, {4.28a)
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- LC -1; -
(e y~z{t) = = sin “[g salw,t)], {4.28D)

vhere vp = F(F*lme)g fs the particle drifr veloclty, © = t—t7, wy is
the bounce f[requency, Lc is the mirror cell length, g = vzfvi(zs)lfz
is = measure of how well a particle is trapped (g < 1 ccrTresponds
to a deeply trapped particle) -, and sa(u} is a Jacobiaz elliptic
function- Equation {4.28b) distinguishes the trapped partizles Irom
the streaming ones (compare o Eqm- {4.13b)) aud is partially
reponsible for the differemt type of repouse.

1f one tried o proceed as above and substitute Eogns.
{4.282,b) in Eqa- {4.27) one would emcounzer & rather imtractible
definite integral. The way arvound this is %o "bounce average”™ Eqm-

(4.27}. Formally, this involves computing

T
<Fyoy = Lo Fydt, {4.29)
Tb o

where <, = leub- Physically, this averaging removes tize scales
which are equal to or greater than the bounce tiwe. The details
involved in rigorously carryimg out the bounce zverage are quite
complicated3 and will not be done here. Instead, a less rigorous
route will be followed which produces the same final reswlt. Note
that only ¢ and the particle orbits contain the variable, =, to be

averagsd. The procedure is to bounce average these Zuantities
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independently- Bounce averaglng the particle orbits ef Egas.
(&.28a,b) yields

¥y ’
<y(r3-y(rddy = —<vD>b1 - is.cos(e), (4.302)
<2{t7)-z{t)>, = 0. (4.39%)

The orbit eguatiocns are seen to be substantially sizplified. This
is beeczuse the terms containing the very large ecyclotron frequency
bounce average Lo zero.

The bounce averaged trapped particle drift velocity, <vyry,
contains, in addiziom to the ExB drift, the ¢3 and curvature drifts.
The last two drifts arise sioce the trapped electrons are localized
te the bottom of a magnetic well. The trapped electrouos contioually
sampie the curvature of ealy a small portionm of the field Iige and a
arift resuits. 1o contrast, cireulating particles are free to
sample the curvature of the eatire field line so that the curvature
drift averages to mearly zero. It cam be shown chat for a magnetic
field of the form B = B_[1 - ¢ cos(kgz)], the resulting curvature

drift is of the form

Z
= — vi BE E{g) - 1 £.31
P77 F 5 K@y T (6-31)

where E and K are complete elliptic iategrals of the first and



second kind respectively. Iz the 1limit g + 0 (deeply zrapped

particles) this reduces to

Py T sE (5.32)

which 15 the usual form of the cusvature drift when 3e/3r is taken
as the inverse of the magnetic field gradieat scale length- ince
the curvature drift always occurs io cosjunction with the V3 drift
2

an  additional term must be tacked on to Egn. (4.32) by changing vy

2

S vi + v%. Note that for a trapped particle 3

3 sti 50 that the
drifr 1=z predominantly due to the curvature efféct alone. Zence,
Zgn. {%4.32) is accurate for trapped pariilcles as it standsé

Techoically, the wave potential, ¢4, mest alse be bounce
averaged. But 4 i1s assumed to vary slowly on the bounce fraquéncy
time scale and {3 very nearly a coustant during =3 single Dounce-
The result of this 1s thar <§>, and ¢ differ very little. This
wombined with the £faet that in order to derive & manageable
dispersion relatlon requires that ¢ and its bounce average “e taken
as agqual.

Evaluation of the orbit integral yields

expi-ip cos(8)}]

1= .
1w - Ckyvpry, + 1v)

(4.33)
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where p = kyvifQ— Note that p = {2b)1/2vl/vt where v, = (2?)’:7.)1‘{2
1s the thermal velocity aud b = (kyvtfﬂ)zfz is the gyroradius
parameter. For elactroos b 1s typleslly quite swall even, at low
wmagnetic fields- This makes p a swmall parasmeter. The exponeatial

in Eqn. (4.33) may be exparnded in p as
. 2 -
exp[—ip cos{B}] = 1 — ip cos(8) - %f cos“(38) + ..., {&.34)

aund is well approximated by umity. This results not only because y
is small Wut also because once the § portion of the velocity space
integration is carried out the lipear terz fo u wiil wvanish. Thusg
in the limit that b << 1 Eqm. (4.33) bescomes

1= i (4.35}

» = <kovpdy F iv

The derivative of F, with rtespect to v2 is given by Eqao-

(4.17). There remasins to cozmpute the derivative with respect to X.

From Eqmn. (4.16) this is

aF,

F 2
o v _ 3
a3 " Bl o (4-36)

o Vt
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where 7 = LnfLT znd L, and L. are respectively sigoned density and
temperature gradlent scale lemgths.

Substitution of Eqams. (4.35) azad (&.36) inrto Egn. (4.27)

yields

FD

A L 31-?_(3 + 19 - wgp) (4.37)

T w= vy + v

2
v 3
where w, = kyT/mQLn and wep = wall + 11(_E E}}c
=
Yat to be performed is the velocity space iategratiom which

vields the perturbed density. This integration leads to the result

= @ wﬁ;—m*-r
al = «nl 32+ 22 98 av [ dv v ¥ o (4.38)
o T T z il'e
- 7o w = CeyvpdyFiv

it is possible to reduce the double integral over v; and v, to
2 8lpogle integral over v = (vi + vi)lfz if

2

one assuzes that v, is 2
function of v~ only. This is true for the EIxB as this drift is
independent of velocity. For the curvature drift it requires that
vi ] vz, which is a good approximarion for trapped particlesé The
Coulomb and electron neutral collisloo frequencles are functions of
v 23 are wap and F . The entire integrand is then 2 function of v

only. The reduction to a single integral is accomplished by the

traasformation ZIVLdvldvz - &xvzdv. Equation {4.14) becomes

38
w + i; - g
o] = - 32+ T 38 { I (8.39)
w - (%vyb + 1v
where the bracket < > Indicates a Maxwellian average defined by
( A(v) } -2 f@exp(—vzfvz)Aiv)vzdv. (4.50)
. /% 0 t

The fraction of trapped electrons is approximately (25)1’2

where ¢ = (¥-1)/(M+1l) aed ¥ = mirror ratic = B___/B

T
max’ “min” Bence, o, =

[+]

(Zs)llzno so that the expression £for the perturbed demsity of

trapped electrouns is

'r -
ny _ 1/2 e B w+ iw — WaT
— - 2et2 2 - { }RE

- (&.41)
w - <kyvn>b + iv

o e

E. Trapped Electreno Dispersion Relationm

The results of sectioms B, €, and D are now combined in the

expression for quasiueutrality
oy -of -af -0 (4.42)

which ylelds the following dispersion relation for the trapped

electron instability
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wtiv (AT
0=x {1+ { k’;’* i 1 ¥ s zE )}
z el
+ 1y -
+(2e)t? {1 - {w ] (5.53)

w = <kovp>y + iv

Ly s Tty
v T1-17:31/2 e i -
Pt {1 (o B2 o 22 )
e Z te

A sunmary of the symbols used im Equ. {(4.43) is given in Table 5-1.
The trapped electroz collislon frequency, ;, 1s given by

vy +

en + vei)/ZE. (4.54)

Vee

The Coulomb collisfon frequency, v = v e TV is eunhanced by a

e ei?

faetor of 1/Ze. The enhancesent results because the relevast
coilision frequency is that for detrapping form the magmetic mirror,
rather than the 90° scattering tize, V- An ‘electton is detrapped
by scattering 4into the loss cooe of the magnetic mirror. The loss
cone boundary in velocity space is givea by 2e = (vslvl)2 and
determines the critical pitch angle between trapped and untrapped
particles. The reguired scattering angle wust then be corrected by

the factor 1/2e.

9G

Table 4-1

b= (kyvtilni)zlz = gyroradius parameter

B = magnetic field stremgth

I = modified Bessel function of order n

13 = perpendicular wavenumber

k = parallel wavenumber

L. = density gradient scale length

Ly = temperature gradieat scale length

m = glectron mass

@y = iom ma;s

M = mirror ratic

5 = e PI (b)

T = electron temperature

Ti = joun temperature

v, = (2'1'2/111‘3)1}2 = electron theimal velocity

Veg ™ (ZTilmi)llz = ipn thermal wvelocity

z = plasma dispersies function, Equ- (4.22)

z” = dZ(u)/du = derivative of the plasma dispersion function
e = (¥1)/(#1)

(25)1/Z = rrapped fractiecn

v = Vo Voatvey = total circulating electron collision frequency

e

Vae ™ electron-electron collision frequency

v,y = electron—ion coliision freguency

Vop ™ electron~neutral collision frequency
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Table &1 (Continued)

v.: = lon-icn collision frequency
" = ven+(vee+vei}}zs = total trapped electron collision freguency
Tt =T, /Ty
twn, * cireulating electron drifr freguency
<k?vn>b = bounce zveraged trapped electron drift frequescy
Wy = ion drift frequency
Wy = kyTe/meQeLn = eplectron dianagnetic frequency
Wee ™ kyIi/miQiLn = ~uwyy /T = ion dlamagaetic frequency
ol = exg(1-n/2)
2
v 3
wep = wrg[l + nly ~ 2}
2, = -eBlo c = electron cyclotros frequency

Q; = eB/mic = ion cycloiron fTequency

al
]

se (bl wp M, v, o

Cortivy g —wps—aQe Ik Ve y

n o= Lu/LT
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Equation (4.43) is the desired result. The dispersion relation
is composed of three terms, onme for each “"fluid:" icas, circulating
electrons, and trapped electrons. In the limit e + @, the
dispersion relation rteduces ta the two “fluld™ rTesult usually
encountered iIim drifr wave theery. The ioun response predomipantly
determianes the vreal frequency of the iostability. Cireulating
electroms Dbasically influeunce tSe growth rate, as do the trapped
electrons when present. Equation (54.43) forms the basis for all

future comwpariscns of theory to experiment.

F. Instabilicties Predicted from Theory

The dizpersion velation glvem by Egqo. (4.43) determioes the
normal modes of the plasma. Bowever, no insight is gained by a
simple imspection of the result. Two approaches are avallable to
extract information frow Equ. (4.43). The first is the use of
approximations to arrive at an analytlc resalt. This approack is
taken in the next chapter. The other method is to "simply” write a
program and solve Eqn. (4&.43) numerieally. This path is folloved
below.

To obtain an overview of the Ilostabilities predicted by Egn-
(4.43) a program was written to anumerically solve the dispersion
relation. The program is listed with a brief description in the
Appendix. The program solves for the complex frequency, w- The
wavenumbers, k, and ki' are taken as positive guantities. The phase

velocity of the wave i3 then deterzined by the sign of the real part
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of w, Re(w)- If Re{w) > 0, then the phase welocity is also positive
and the wave propagates in the direction of the electren diamagnetic
current and opposite to it if Re{w) € ©. Growth or stabilicy is
determined by the slgn of the imaginary part of w, Iz(w}, with Im(w)
> 0 implying instabiliry.

If mp is the index at which the ion Bessel function sum is
truncated, thex Egs. {4.43) predicts 2n; + 1 modes. The single
mode 1s the standard electron drift wave and is all that remains
vhen ap = 0. The other 2ny; modes are cyclotrom waves, #g of which
rotate in the direction of the electron diawaguetic currest and my
of which rotate 1a the ;:pposite sense. {The Bessel function sum
extends frowm +ny te -muy, giviog 2ng + 1 terms, each of which gives
rise to a mode). Im general, the higher the harmonic the smaller
the growth rate. For slwplicity the case g = 1 and e = 0 will be
considered. Taking ng > 1 does aot substantially alter the growth
tate or frequency of the modes found with =ng = 1. When €& =0 no
trapped particle effects are included. Trapped particles primarily
affect the growth rate and not the frequency of the wmode, nor do
they change the nucber of modes predicted.

Figures 4-1, 42, and 4-3 shov the frequency and growth rate as
2 function of magnetic fleld streagth for the three modes found with
oy 1. Thke wmode shown in Fig. 4-1 will be refered to as the +Q
@mode. 1ts frequency 18 given approxicately by w = *Qy and fs fouad
te be unstable {y > 0) over a wide rtange of magnetlc field

strengths. The second wode, shown im Fig. 4-2, will be refered to
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Fig. 4~i. The a) frequency and b} growth rate of the +Q; mode 25 3

function of the magnetic field strength. The frequency is

given approximately by w = 32, and is unstabtle

over a wide range of magneric field stresgths.

vy > 0
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Fig. 4-2. The a} freguency and b) grovth rate of the -2y mode 35 3
function of the magpetic field strength. The frequency is
given appreximately by w = -Q.. There is a critiecal
magnetic field at which the mode is wmarginally stable (y =

0} aznd below which the mode is unstable.
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ag the -g; wmode. Its frequency Is approximately given by w = 0.
Since the frequency is negative, propagation is the directiom of the
ion diamaguetic cutrest. There is seen to be a criticsl magunetic
field at which the mode is predicted to be marginally stable
(v = ). Below the ecritical wagnetic field the mode is umstable.
The third predicted mode iIs the standard electrom drift wave. Tts
frequency and growth rTate aTre shown in Fig. 4&-3.

The frequencies and growth rates of the two cyclotron waves are
comparablie aad suall compared to that of the electron dnift wave.
411 three modes are predicted 5 be unstable over some tange of
maguetic field strengths. Tor the electron drift wave the uastable
window of uagnetic field strengths is determined by the condition w
< umg,- The -y mede is umstable for w = —Q; < -wy,- This eriteria
is a consequence of the mode being driven by the ion diamagnetic
current. Im & similar way the +Qi is unstable for w = ' < Wy -
This wmode appears to be driven unstable by coupling te the electron
diemzgnetic current and so is unstable over a wider range of
magoetic fields simce T, 2> T; in the present experiment.

The above discussion is based on the numerical solutien to the
dispersien relatiom. The  next chapter derives approximate
expressions which put the zbove results on a mote accessible level,

than just being the results of a compuier program.
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V. DRIFT CYCLOTRON INSTABILITY

A. Introduction aand Motivation

One of the goals of the work performed on the Limear Multiple
Mirror is the investigation of rrapped particle imstabilities. At
first glance, the drift cyclotron instability does mot fit into this
category. An explapation of the ratiocale for 1ts study and irs
relation to trapped particle isstabilities is therefore in order.

Trapped particle Iinstabilizies were first ideatified im the
Linear WMultiple Mirror by Grubb and Ewmertl. These studies were
performed in 2 helium plasma. As it turmed our the trapped particle
modes vere very difficult to observe in isolatiom, i.e. without the
presence of other instabiliries in the plasma under conditions
favorable to the observation of the trapped particle mode. Often
these other instabilities coupled nonlinearly with the trapped
particle mode and produced effects which, while quite interesting in
themselves, were not conducive to the study of the trapped particle
instabiliry. This may be seen In Fig. 5.1 whizh shows an
oseilloscope trace and frequeacy spectrum of the lom saturatiou
fluctuations observed in a helium plasma. A frequency spectrum
shows that three modes are present: two are located very close
together 1in frequency (in the 20 kHz range} aod the third has an
exttemely low f£requency (less than 1 kHz). While sone observations

of this very interesticog phenomena were tepotted2’3 it is clear that
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this is not an ideal situaticn to study the trapped particle
instability.

In the midst of the experiments and troubles in heliuam plasuas,
work was begun with neon plasmas I= order to achieve the condition 8
> uelui, where f = nTe/BZIBx is the plasma beta. (When the above
inequalicy 1s satfsfied the wave character passes from purely
electrostatic to partly electronagnetic). Later it was noted that
the electron-meutral ecoilision frequency of peon was very similaTr to
that of heliun. This wmay be seen fn Pig. 5-2 whick shows the
electron neutral collislon rate for heligm, neon, and argon as a
function electron temperature. Alse, since ‘the electron—ion
collision frequency is independent of the mass the Coulowb collision
freguency would be comparable in both types of plasma as long as the
elecrron temperatures were similar. Im addition, the difficulties
which arose in helium plasmas in many cases did not ocecur at all in
a neon plasma {for instance, nonlinear wode coupling), or were at
least much less severe. The reason for this is not entirely clear.
However, it was clear that neon offered several advantages over
heljum, as it provided an enviroument conducive to the study of
trapped particle wodes through 1its close relation to the collisicnal
properties of helium without the problems associated with modes
found in helium. Yeon was therefore adopted as the working gas.

However, the switch fromz heliunm to neoun did anot c¢come without
its price. The experimental situation was somewhat cleaner but with

respect to theory the picture had clouded over somevhat. The reason
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Fig. 5-2. Electron—neutTal collision rates 28 a function of T, far
helium, neon and argon. The collisiom rates of helium and

peon are similar in magnitude and dependeace om T,-
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for this is the reduction of the lon cyclotron frequency by a factor
of 5 vhen the switch from helium (A = atomic number = &) to neom (A
= 20} is made.

The low ifon cyclotron £requency greatly complicates the
goalysis. Iin additlom, in sowme iastances, the ioa cyclotron
freguency could be below the lon diamagnetic frequency which opens
the door to other ipstabilities bésides the basic electrom drift
Vave. In particelar, the drift cyclotron {nstability was a
possibility in 2z neon plasma. In theliumm the drift eyclotron
tuseability could safely be ignored. Also, finite gyroradius
effects are non-megiigible which necessitates a kinetic treatment of
the ions. this chapter is devoted to an experimental and
thecoretical investigatien of the drift cycletron dinstability is a
neon plaswma.

The signature of a “pure” trepped particie instability is that
it have zero growth rate in the presence of 2 uniform field (if no
trapped particles, then uno ilmstabllicy}. In this case the search
for rtrapped particle imstabilities reduces to  lockiag for
instabilities whose amplitude decreases with decreasing mirror ratio
and which wvanisk altogether at wuniform fleld {wmirror ratic of
unizy}.

Unfortunately, this simple picture does not hold in the present
experiment. The theoretically predicted instabilities are alwayz
found to be uustable even i1f the field is uniform. This says that

trapped particles are npot necessary to Insure that a wmode be
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unstable, as would be the case for a Tpure” trapped particle
instabiliry. 1In the present case the trapped particles coustitute 2
perturbation te the basic instability occuring at uwiform field.
Varying the mirror ratic introduces trapped particles which has rthe
effect of =zltering the ampiitude of the instability in a wanner
dependenpt on the particalar instability. In the case of the drifc
cyclotron Instablility, the dependence om mirror ratic is weak, while
that for anm electron drift wave is much stromger. Perhaps a better
terw for these instadilities would be trapped particle modified
instabiliries.

It is io the sense of a trapped particle wmodified instability
that the drift cyclotron instability willl be considered. 1In this
way the drift cyclotroo mode is an extension of the previous work on

trapped particle Instabilities.

B. Simplified Theory of the Drift Cyclotron Instabhilicy

The statement that the above wmodes are trapped particle
modified instabllities can be given 8 more precise Interpretation by
means of results obtained from a siwplified version of the
dispersion relation developed in Chapter IV. From the siaplified
dispersion relatfion 1t 1s possible to derive results which reflect
the gross treods of the modes predicted from the full dispersion

relation given by Eqn. (4.43).

11C

The procedure is to examine the different response functioans
one at a tiwe. The Jons will be considered first. UDefine DE, the

jont response fuaction, as

whiv,  —tag
plas 1+ ( — 2 Ry ¥ s zce ) (5.1)
13

kzvti

This may be simplified by retaining cnly the n = -1,0,1 terms in the
sum over cyclotron harmonics. Next, in order to eliminate the

Z-function, it is assumed that

w = Q0 {5.2a)
but that

WEQ oy, (5.28)

kzvti

The large argument expansion of the Z-function can then be used.
Physically, Eqns. {5.22,b) maximize the number of resonant
particles iateracting with the wave, and thus the growth rate is
maximized. Lastly, ip order to extraclh a growth rate from the final

result it is necessary to assume

¥
o (5.3
9y
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With these approximations it is possible to simplify Eqm. (5.1} te

the form

i I 1
ot = B + 1Dj (5.4)

whers DE and D§ are respectively the teal zud imaginary parts of DT

zné are given approximately by

i sy ZSlm2
pl = 1 - (1 - 255, + o)), {5.52)
r w o 2 2
I e
2, 2 2 2 Al
DE o Vii{w*i[ N ZSim (w™ + Qi) _ &Slw j*4} (5.5m)
i R o ’ -
woou (wz - Qg)z (w* - Qi)z

where 5, = e_blo(b} andg 8, = E_in(b} are the modified Bessel

functions arising from the finite gyroradius of the ioms.

The treatment of the circulating electrons 1is less Involved.

dere, it is assumed that

 wF ive

e

K1 {5-6a)

which aliocws the use of the =all argument expansion of the

Z-function. Aaticipating the fimal result that
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wr = Gag P W (5.6%)

it is then possible to simplify the circulating electron rTesponse
EC

function DY, where
5 m+ive’w§ . THE
DX = (3/26) {1+ { e JEYD + o EIT(ED}
zVte 2k Ve
EC £EC
= pZ¢ + 407 {5.7)
. EC EC s EC
where D[ and D7 are the real and imaginary parts of D¥¥. With the

above approximations DEE and BEg are found to be

pi¢ = 1 - s2e, (5-82)

Wy » paney
B¢ = (1 - /20)0-Yx s O Y B (5.80)
zZ te z tLe the

EZquation {5.8a) says that the tesponse of the cireculating
electrons 1s essentially Boltzmaun. The imaginaxry part of the
response has TWO term;- The first is always destabilizing and
results from a Landau resomance between the circulating electreus
and the wave. The second term =ay be either stabilizing or
destabllizing depending on the sign of {l-7). Zlectrom celiisions
are always stabilfzing when there Is no temperature gradient present

(n = Q). However, for 5§ > 1, electror collisioas are destabllizing.
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The trapped electrons remaia to be considered. They are the
esasiest to trest, taut this ease is only superficial since the
raspoase 1s buried in the averaging process. all that is necessary

for the moment 1s to assume that

w + i; - Wk

RSt (5.9
w — <k7~'~}3>b + iy

2e fle <

i.s. the Mazwelliam average 7yields a contribution only 1o the
growth rabe- Fumericzl computatiou shows that Eqa. (5.9 is true
foT ;fZEm > 1 which is the experimental range of Interest. Hence,

=T

the rrapped electron respouse fuaction DT° given by

@+ IV - wap

w = <kvpry + iv

i

0T = y2e {1 - (

- oZT + T, (5.10)

where DEE and DEE are respectively the real and Imagipary parts of
T
2% and are approximately

o = J2e, (5.1la)

25T « - v2e T2

w + i;—w*-r
( : - )- (5.11b)
w o= <kva>b + iv a

The above results can now be combined to give am

dispersion relation

o= Br + iDi = 0

‘where D, = Re{D) is

~ nI, pEC , RET
Dp =B+ D7+ by
.2
Wy 28, w
-1 e[l - (L - —Eys + 1 37,
w o 2 _ A2
%) Qi
and Dy = Ta(D} is approximately
— nl . pEC 4 oET
Di Di + Di + Bi
”ii{w*i Zslmz(mz + Q%) &Slmzﬁi
—— - -
. o
wow (o? - ad? (u* - o5?
w + i; -
- /2¢ 1m { T

@ = <kyvpy + iv

wy 2ws
- (1 - f2e) [/ + % T8 - ).
2¥te  FzVie FzVte

approxizase

{5.12)

(5.138)

(5.13b)
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Wexr assune that Di/Br <{ 1 so that D_= G determines the real

frequency of the fastabllity. ﬁeywmrﬂemymmk mwuﬁ'

from

D
Yy= - | . (5.14)
3 3D,
dua “3

Cleariag fractions im Tgm. {5.13a) ylelds the fellowing cuble

equation in w

0 = W [l+e(1~5,-28, ) Jw tueg {S5725¢)

el 118 ) - xweyals, - (5.15)

From Ega. {(5.22) it is already known that two approximate reets to
this cubic equation are » = 3R, The third is Toot Is the usual
electron drift wave with finite gyroradius corrections. These
fzitial estimates of rhe roots cap be vefiped by assuming solutioms

of the form
wy,z ™ Mgt by, (5-18)
x ]

vhere A s a small correction such that ﬁ/Qi < 1. Equatien (5.18}

15 wow substituted iz Equ. {5.13) and ligearized with respect to 4.

il6

It iz then 2 simple matter to eollect similar terms and solve for

the corrections, Ay 9~ The results are
»

N . - Sytluwsg ¥ 000y
L2 9 [1%(-5 35,07 = Ty (Sot251)

'(5.17)

Simce © = T, /T; >> 1 and Q;= we;, the magnitude of & is
propertional to 8; which is a small pazameter yielding the Bessel
function correction for fipite gyroradius effects.

How, by means of Egn. {5.14), the growth rates of the modes of

Egn. (5.16) can be computed. The results are

2 2
8y, 2w3

T1,2 7 TVig T 3
| T[Squay ] 5 + 5103 (wxy70)]

* 1 - v2e 1 {

© + iy - Wy
1,2 T ) (5.18)

w97 <kyvn>b + 1y

T
wy 2wy

+ (1 - 72634z - o () - mi}
2"te z'te zVte

Several facts are evident from Eqn. ¢5.18). Most obviacus 1is that
iom—-icn collisions are a stabilizing Influence- However, the sizple
analysis used to arrive at this result is not adéquate. This w«iil

be discussed further below.
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To proceed it mnecessary to examine the sign of the factor

milriplying both the clreulatiag and trapped electron contributions
to the growth rate. Specializing this factor to the first root, wy,
it is seen that since wey <0 {usy 1s a sigoed quantity) the
jenooinaror of the electrom coefficleat 1s wegative while the

mreerator is positive. Hence,

AZ@Z
_ 171 >0, {5.19)

+{Squegt] + 5103 (we;~03))

¢or all values of magnetic field strength.

For the second root, wy, the situation is slightly different.
Xote that 4, = (g‘,z1 - “*i) which vanishes when Q = —waq- Bence, at
least whem Q. < —ty, the sign of the electron coefficient 1Is the
same as fousd above for the first root. Equation {5.1%9) then also
holds for the second root as long as s.'.",L < “ulaq - However, since 4y
can vazish, Eqm. (5.18) predicts stability for the wy at large
eacugh magnetic fields. Of course, the assumptions used to arrive
at Zga- (5.18) {(mamely Egn. (35.2b)) are violated whem Q; = ~wWay,
“ar 2 =marginal stability polnt (y = 0} is pevertheless also
sredicted from the full dispersion relatioa, Eqn. {4.533). This
result enforces the notfom that the simple dispersion relation

sredicts treads. Accurate calculation of the margical stabllity
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point for the second root requires the full dispersion but its
existence is predicted by both dispersien relations-

The Bign of the electron coefficient is them positive with the
exception of the second Toet when Qi > s where the
approximations break down. The sign of the factors inside the curly
brackets then determinme whether the contributicn is stabilizing er
not. The circulating electron contribution is as discussed above.
Qit‘hout coliisions the circularing electrons are destabilizing. The
affect of electrom cellisions is stabilizing when n < 1 and
destabilizing when 1 » 1. This results from the presence of a
temperature gradient without which (n = C) electron collisions would
always be stabilizing.

This leaves the trapped electron contribution te comslder.
First note that in the limit £ + 0 the trapped electrom comtribution
vanishes while the circulatiog electron term remains esseatially
pnaltered. in the absence of collisions (ve > vyg ® 0} the w2
modes would both be destablifzed by the circulating electroms alone
(at least for Uy < -way}. The trapped electron contribution ig in
general destablilizing (this will be discussed in more detall below).
Thus, in a uniforz magnetic field the {nstabllity should be
observed. Altering the mirror ratioc will modify the growth rate,
but by 1itself the mirror ratio does not completely determine the
stabiliry of the =mode. This {g the reason for terming these

instabilities trapped particle modified ipsrabllities.
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The trapped particle costributicn may be broken into three

terzs {(after ‘Dixoua). Ome part contains the effect of the -

temperature gradiemt and the second contaims the effsct of finite
gyrorzdins (er the effect of shifting the irsqueacy pelow w,, for
any tTeason whatsoever). The Mazwellizn sverage zay be written in

the for=

@+ iv - owgyp \) Wy
=

Im o =} T[AI+’&2+A3E (5.203
s - (kij>b + iv
where
beom o (1- B3 md BN, (5.213)
U )
2 . %
P T N hY
. n Iim ( —— } (3.21%)
b= 2 1m | ivfu ‘)} (5.212)
3T, E
<here 7° = vzfv% is the norcalized velocity and vhere
- Tk Voo
3=+ ¥ _¥EE {5.213)
w wl
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It is found that A is the largest term of the three when o ¢
wg, and is 2 destabllizing effect. A, follovws in magnlitude and can
be either stabilizing or destabilizing depending on the maguitede of
the norszlized effective collision frequency, velzaw. Finally. A5
is quite small in comparison to both 4; and A; and can safely be
neglected in computations of the growth rTate. Figure 53 shovs the
relarive magnitude of the three teras A, Ag, and Aq vVeTsus the
collisieon frequency paraseter ve;’Zam- it is easily seen that fer
the frequencies of interest the Ay and Ay r:erm; are the wmost
important.

Tn general, Egu. (5.20) vields a net destadilizing effect over
z wide ramge of collision frequencles. In the classic trapped
particle instabilicy predicted by Kadomstev and Pogutses in which w
= tg,, BTOwLR resulited from the A&, tera oaly. This Instability
depends om both a {eumperature gradienr amd a velocity depeundent
coliision fregquency to achieve growth. Eowever, these eff=cts  are
not necessary for instability iz geomeral. As soon as the frequency
shifts below wy,, the A tem.wili contribute to the growth of the
sode eves Im the absence of a tecperature gradiemt. Further, the
velocity dependence is mot needed either since the bracket Ia AI
will average te a coustant when all velocity dependeacies are
removed (as opposed to A, which wvanishes when the velccity
dependence of the collisien [Irequency is removed). In this last
case {in which the temperature gradient and velocity depeadent

collision frequeacy are reaoved) iastabllity Iis achieved solely by a



Tig. 5-3.

121

Relative wumagnitodes of 4,, (dotted curve), 4,, {dashed
curve}, Aq, (dot—dashr curve}, and the sum of the three
(solid curve} versus the collision parameter ve!2£u- Ay
is seem to be always destabilizing (> O} and larger than

either of the other texms.

0.3

0.2

(a)

-0.2
0.6

(b)

ot .t —
-,
~..




123

shift of the frequemcy to somewhere below w, . A shift of the mode

frequency te below wg, 1is actually a general criteria for-

instabilicy of driift waves®. 4 mode destabilized by &y alone 1s far
resoved frem the original iostability first propesed by Fadomstev
A E
znd Pogutse”.

The elactron drift wave cas be destabilized by finite
gyroradivs effects which can shift the mode frequency well below
W s in the case of fhe drift eyclotrem instability the wode
frequency 15 & gy whic is a facper of v = Tenf_ balow e~

Hence, rCrapped particlies tead o drive Dotk these Ly¥pes of

0
I
[
o
%
Bt
[,
re
Y
I
@
f'fl
¥
Ea

ough both the 4, and A, tevms.

Fimally, the topic of wecllisions, both iom—ion and electron
zeatral, re=zaias to be counsideresd. The results above indicate that
ijou-ica collisions are always stabliizing. This, however, is Dot
the result obtained frown more elaborate gnalyses. Rather, It is
found that iom-ion ecliisions csm  be destabilizing’* bt for
pacaseters typical of the Linear Muitiple ¥irror it is wost 1ikely
tRat iou~iocn collisioms are stabilizing. Further, it is found that
electron-neuvtral coilisioms are partlcularly  effective ar
destabiliziog the d4rift cycletrom imstabilicsy aad sivee vy € ¥ap
the electroa-meutral collisisns are capable of cancelling out the
stabilizing influence of the ilen-icn collisions. The price paid to
achisve these resuifs is an exceedingly complicated derilvaticum. The
aet result of the cocblanation of iom-ion and electron—neutral

collisions, when properly accounted for, is a destabilizing effect
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(for parametets typlcal of the Lizear Myltiple Mirror). Therefore
it is gufficient to carry out the aazlysis with ne collisiens
(except by trapped particles} since this will lead te a2 pessinistic
estimare of the growth rate. 1m subsaquent refereacss o theoty no

coliisions (except these of trapped particles) will be included.

€. Experimental Results .

Thiz section is divided lmto two parts. The Iirst presents the
experimenral Tesults obtalned at uniform field. In the mext sectioa
the resuits of varyisg the mirror tatic are reported. Here trapped
particles nov play a role aed modify the characteristics of the

FATE - The axperimental results of beth sections are also compared

to the theory of Chapter IV.

1. Uniform Field Results
a. Ewxperimental Observatioms

it low magaetic field strengt‘.;:s (B % 100 G} with a mirror ratioc
of unity & drift-type iostabilivy ig observed. 4&s the maguetic
field strength is incveased {at coustast wmirTor ratio) aaz abrupt
¢ransition oceurs fo a secend, dlstimct Lnstablliity- The franslitica
may be seen in Fig- 5-% which shows the fluctuation azplitude as a
function of the magnetic £ield stremgth. The tramsition is alse
apparent in Fig- 33 which iz a piot of the measured mode freguency
as a fupetion of the maguetic fleld stremgth. The wode occuring for
2 ¢ 100 G is characterized by a low fiuctuation level amnd a

frequency which decreases with increasing cagnetic field strepgth.
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Fluctuation Jevel wversus osagaetiec field strength at
copstant mirror rwatio (M = 1). An abrupt titraassitiom

occurs at B = 100 G. Also shown is the predicted growth
zate (in arbitrary units) of the - Q; cyclotren mode

corrected by the experimeuntal value measured value of the

Doppler shifc.
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¥ode freguency versus magnetic field stremgth at comstant
=irror ratio (M = 1}. ‘The transition berween modes seen
fn Fig. B5-1 is alsc evident im this plot. Alsc shown is
the theoretically predicted mode frequency of the —i,
cyclotron mode corrected by the experimentally zezsured

Doppler shift-
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in addizion to the tramsition the two wmodes are further
distizz:ished from one aznother by different values of k! and by
distizcr radfal profiies of the fluctuation level. The wmode found
for B ¢ 100 G has a fipite %y with }, = 2x/ky = machine length. The
node  found above 100 G is a flute mode. Figuze 5-6 shows two pairs
of fonm saturation curreat craces used to deterwmine the k! of the
obgervad waves. The probes used to measure the saturation curremt
cere locazed (refer to Fig. 2-1) i} above the 6" diffusiomn pump,
$£4) at the cester of the tank aad, {ii} at the end of the tank.
figure 5%a corresponds to the low field mede. Io this case ftrace
1y is 180° out phase with the signals of probes 11) and £ii) which
{ndicares am axial phase iuversicao and thus a finite k,. Figure
S-6b correspozds to the high field mode. Here, all the probe
signals are in phase and of the same magultude, which indicares a
flute-type perturbation. Figures 7 arnd 5-8 show_radial profiles
of the fluctuation levels of the modes found below and above 100 G
respectively. +he lower field mode amplitude peaks at about T = 2
cm while the higher field mode peaks at about © = 4 cm. the
sagnitude of the fluctuatiom levels differ by over a factor of 10.

Tor the zbove reasoms the two modes are regarded as physically
distincr entities. Attentlom will now be focused on the =mode which
sccurs Selew 100 G. All other data shewn in this section will refer

only to this izstability.
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Fig. 5-6. Two pairs of icn saturation sigeals from probes iocated 1)
above the §~ diffusion pump, ii) at the center of the tank
and, $ii) at the end of the tank. a) Signals for the low
field =ode indiczre a finite ki while those for the high

field mode, b), indicate = flute-type perturbatiom.
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Filgure 59 shows radial profiles of temparature and density.
Clearly there are gradients in both thess quantities. By comparing
Fig. 5-9 to Fig. 3-7 the peak fiuctuation lavel 15 seen to oocour
near the teglop of steepest density gradient. However, the saze
regioa shows only a gmall to mopoderate gradient of the elactron
tezperature.

Jther seasurad wave prope::ies ar> listed im Table 3-1. TItems
1 through 5 of this table suggest that the plasxa should be strongly
unstable to érift-type oscillarioms. A heuristic argurceat hased on
the results of theory would predict that the mode amplitude should
peak im a rz2gion of steep deasity gracisnt because the growth rata
is proporticaal Lo we- Also, the peak azplitude should occur away
from regioas of steep temperalure gradients since this is a
stabilizing influence (0 = 0 1s the =zost unstable situatiom for
non-trapped particle modes). This is precisely what the obsaerved
peak fluctuatiom level does. Wwhile this is clearly oot a proof, the
sbove arguz2at does support the nmotioz that the instablility is a
type of drift wave.

Finally, item 6 of Table 53-1 impliss that the ifom e¢yclotron
frequency =ay not be neglected in any theory developed to describe
the imsrability. Condition 6 is what gilves rise to the drifc
cyclotron Instabllity. Thus =he drift cyclotrom wave wust be
considerzd as a possible candidate for what the ohserved instability

aight be.

(A?) °L

r{cm)

Flg., 3-9. Radisl profiles of temperature and denafty.

136



137

Table 5-1.

1. Fioite kp. (kg = 2.1 m = machine leagth)
W
Ze Vi O 'E"; > w4
3. Propagaticn ia the electron diamagnetic direction.
d. w € Gy g

5. Azimuthal mode number of 2 with ¥,py = 1.

5. Qy < ey -
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one figal experizenzal obsarvatlon is that a steady state
radial electric field exists iz the piasza. This gives rise to 4
Doppler shift of the mode frequency which must be taken into account
when making comparisons between theory and experizent. Figure 5-10
shows the ceasured TxzB drift velocity as a fuaction of the magrnetic
£ield strength. It i1s seen to be constant over the range of

magnetic field strengths in which the instability is observed.

b. Comparisocn of Experizent to Theory

I{n this section the experizental observatloms wiil be campared
to the predictions of theory. 4 correspendence w111l thopefully be
esrabiished between one of the theoretically predicted instabilities
and the observed ipstability. Plots derived from theory used for
the purpose of comparisou are obtaized from the full dispersicn
relation given by Equ. (4-43) rtather than from the approximate
results of section B of thils chaprer-

O0f the three modes predicted by theory only one has a Ireguency
which decreases with lncreasing magnetie fleld straagth. This holds
¢rue whether an ExB drift is faciuded im the znzlysis or not. The
aode which has thils behavicur is the —Q. drift cyclotron braach.
For purposes of comparisca Fig- S-% shows also shovs the predicted
mode frequency corrected by the experi=mentally measured value of the
Doppler shift frem the ExB drift. The agreezent 1s quite good.
Without a Toppler shift the mode 1= predicted o propagate io the

icn diamagnetic direction, but when the Dopplex shift is iacluded
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the directicn of propagation is 1o the electron  diamagnetic
direction which {s im agreezent with experizent.

The electron drift branch cao be eliminated as a candidare ou
two counts. TFirst, the frequency 1s predicted to increase stroagly
with inereasing magoetic field strength, contrary 0 the
axpetizeatal resulrs. Second, the predicted freguency is an order
of wagnitude larger thaz the observed frequency and whea corrected
for the Doppler shift it is moved even further from the observed
frequency. For these reasons the elesctrom drift wave will be
excluded from further consideration.

The third candidate is the + Q. drift cyclotron wave. Iv is
subject to the same criticism as the eiectron drift branch altheough
the predicted frequency #s wmuch closer to the experimentally
aeasured freguency than the electron drift wave.

2ased essentially om a process of elimination, the ouly
predicted instability w<hich 1is in agreement  with all the

experizental facts is the — Q drift cvcletron branch. There is no

2
H
apparent way to reconcile elther of the other two predicted aodes
with the fact that the measured freguency decreasas with increasiag
aagnetic field stremgth, even though both the other modes are
sredicted to unstable and to propagate in the appropriate direction.

fne other cosparison that cam be sade is between the satuvated
fluctuatica level and the limear grovth rate. According to strong

3,10

rurbulence theory a l1lnear relatiocashlp exists hetween the

linear growth rate and the saturated fluctuation level. wnile

perhaps this 1is wnot the strongest possible evidence for =
{dentificatlon it does provide at the very least a consistency
check. The results of this comparisca can be seen by raference back
to Fig. 5-4. 1In addition to the experimental data, a cuTve labeled
“theory” is also plotted. The scale of the theory curve is
arbitrary- There 18 qualitative agreesment between theory and
experizent iz that the fluctuation level is small, decreases
slightly with increasing magnetic field stremgth, and that the wode
ts ultizately stabilized at high enough magnetic field streagths.
These are the trends predicted from theory. If the saze comparlsoz
is made with the predicted growth rate of the + g, drift vave thers
is disagreement In that the predicted growth rate iacreases strongly
with ipcreasing magonetic field strength with no stabilization of the
mode .

The strongest evidence preseoted im favor of the - Q drifc
cyclotron instability 1is the dependesce of the freguency o3 the
magnetic field stremgth. While perhaps not totally conclusive Dy
itself, a number of other facts are Lls support of the 1Zentification
of the experizentally observed iostabilizy as the -Q, drift
cyclotron mode predicted frem theory. These facts are the agreezaal
berween the predlicted and measared directiom of propagation and the
appropriate scaliag of the fluctuation level with the linear growth
rate. Also, theory predicts a critical wmagaetic field for which
stability is achieved which {is In gualitative agreezent with the

fact that the wmode stabilizes, although experizentally it is unclear
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whether the —ode actually stabilizes eor is sicply swazped out by the

fiute zode at higher magnetic field straangths.

2. Trapped Particle Effects

Trappad electrons primarily influence the growth rate of the
{nstabilicy and only sightly izflueace the real frequency of the
sode- For smzll enocugh wmirrer ratios the trapped electrons
constirute a perturbation to the uniform field results- The effect
of the presezace of the trapped electTons is expectad to ba small for
this reason.

The general vtesults predicted from theory are that the mode
frequency and to & lesser extant, the growth gate, are weak
functions of the mirror ratic. The trends observed in the measurted
frequency amd fluctuation level are in qualitative agree=zent with
these predictions.

Figure 5-11 shows the weasured freguency as a functlon of the
magnetic Eleld strength for several values of the mirvor ratio. A
nearly 1linear decrease with increasiag cagnetic field strength is
observed for each value of the alirror ratio. another clear trend is
that the freguency decreases slightly with {ncreasing mirror ratlo.
This is more clearly seem iz Fig. 5-12 which shows the measured
fregquency as a function of the mirror ratio for two values of the
zmagnetic fleld. The decrease iz frequency with Dboth i{ncrzasing
zagnetic fleld and increasing airror ratio are evident. The

dependance of frequency ou the mirror rartio is weak. The frequency
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Fig. 5~11. The =easured freguency as a function of the scagnetic

field strength for several values of the zirror ratie
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changes by about 1-2 kHz as the =irror ratio is varied from 1.0 to

1.4,

The last tread is predicted by theory. Filgure 513 shows the

predicted £frequency of Dboth the + Q and - Qg modes {correctad by

the exparimentzlly wmeasurad wvalue of the Doppler shift) as a

functicen of the mirror ratio.

The pradicted fregueancy varlatien 1s

rather weak, belag on the ordar of 0.5 kHz (uote the scale on the

frequency axis). This holds for both the + Ry and - Oy modes. The

predicted effect of the trapped electrons is both small and nearly

identical £for the two cyclatron waves. The trapped electroaos

apparently do not provide a means to discriminate between the two

modes.

Figure 5~14 shows the fluctuation level as a function of the

mirror ratio for two values of the =magnetic field streagth. The

observed tread 1is that the fluctuatlon level Imcreases quickly at

low mirror ratiocs (M < 1.1) aand levels off at higher airror ratios.

The agreecent with theory 1a this case is only partial as may be

seen by referesnce to Fig. 5-15 which shows the linear growth rate

for both the + 2y and — Qi modes as a functioo of the mirror ratie.

The growth rate initially increases rapidly with the mirror ratlo as

the measured fluctuation level does. However, the growth rate peaks
and ultizately decreases with {increasiang mirror ratio i{n contrast to
the fluctuation level which remalas nearly censtant.
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Tig. 5~13. Fredicted frequency 35 2 function of the mirror ratio for
the a) + Qi and b} - Qi zodes. The basic trend in both
cases is a frequency which decreases with iscreasing

wmirror ratio.
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Tig. 5-14. The fluctuation level as a function of the mirror ratio

for twa values of the magnetic field strength.

Fig. 5-15. The predicted growth rate as 3
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Note again that the growth rates of both the + 2, aad - 0,

modes are very similar in their dependence of the mirrtor ratio (but
differ in magnitude of the frequency}. This apparsotly results from
the weak dependence on w of the trapped particle contribution te the

growth rate. This is especially true for the case of Doppler

shifted mode frequencies which are positive for both the + 0, and

- &y modes- in this case the frequencies of both cycliotron modes

are similar in megnitude. In addition, m!w*e << 1 which eliminates

much of the dependence oa the mode frequency itself. The net result

is that the contribution to the growth rate by the trappad electroas
does not depend oa the mode frequency and heunce Is the same for both

of the cyclotron modes.

D. Discussion and Conclusioms

Theory predicts three modes to be unstable over the range of

magnetic field strength and mirror ratlo for which a drift wave is

experimentally observed. Of the three predicted wodes only one 1s

in agreesent with a majority of the experizentzl measurements made

ia both uniforw and sonunifors magnetic fields.

Only one predicted lmstability has a frequency which decreases

with Incressing magnetic field streogth. This mode is the — Qi

Doppler shifted drift cyclotron instability. Tn additionm to the

having the appropriate scaling of frequemcy with magaetic field

strength there is agreement between theory and experizent with

respect to the direction of propagation and the scaling of the



Iinear growth rate with the saturated fluctuation level in both
amifor= znd nosuniform fieid cemfigurations. Less direct, but stiil
supportive is the fact tha.t the mode stabilizes at or below the
eritical magoetic field predicted from theory-

4ith respect to wirror ratic there is basic agTeement hetween
thecry and experiment. The predicted and weasured =ade frequencles
both decrease sliightly with ifmreasiug mirror ratio and are of a
similar magnitude. The predicted growth rate and measured
fluctaatfion level are im osly partial agreezent. There is agrecment
a2t low mirror ratiec {8 € 1.1} but disagreement at larger airror
ratios where the fraction of tvapped particles can be substantial
{(f2e = G.5 at ¥ = 1.4). At large =zirror ratios the trapped
particles are no longer a perturbation zad the tacit assumption = <<
i is wiolated. Thbe disagreement between theory aad experizment at
large mirror tatics is sol looked upon as 2 seriouvs discrepauncy.

%11 rthese experimental observatioas are coosistent vwith ouly
the - @, drift cyclotron mode. No one correspondence between theory
and experiment 4is completely convimeing, but all the datz taken
Zogether make a strong case for the identification of the observed
fnstability as a Doppler shifted lom cyclotroz mode .

Zzperizentally, the drifc cyelotron ocode appears to be more
2{fficult than —ost to ~pln down.” This results from the vreal
fragueccy beiog very nearly equal to a harrzonic of the foa cyclotron
freguenay, 2oQy. There are osly two experizentally variable

parazeters 1im Q, the wagnetic fileld (<hich has beem reportad om}
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agd the ion mass. The lon o2ss can be wvaried by using different
gases but caTre wmust De taken ia the choice of gas. 1If meolecular
gases are used the vatlo of fonized soleecunles to ifonized atoss must
be kmown in order to cowmpute an average ion mass. The deternination
of this ratic is d4ifficult. This probliem may be circumvented by the
use of wmonatomic gases. In particular, experlments of the Ligear
¥ultiple Mirror have been confimed to The noble gases heliom, wneon,
and argoa.

Helfum is aot useful in directly verifying the properties of
the drift cyclotron instability because the conditien @ { -y can
only be met at uanreasonably low magnetic field strengths. The
observation that no mode observed in helium corresponds te the
ipstability seen in peom does provide yet more indirect evidence for
the identification of the wneon =mode as the drift cyclotron
Instability.

In the direction of higher mass, argon may be used. The
problems now are that of large gyroradius aad the lom cyclotron
frequency being so low as to make the theory invalid. There thez
appears to be no simple, direct, and unambiguous method of varylng
the mode frequency besides varying the magnetlc fileld streogth.

411 other parametric dependencies arise through the growth rate
of the {nostability. Here again direct evidence is not easy to
abtain. To make comparisons at all, strong turbulence thecry must

be invoked iam the form of assuming that the linear growth rate 1is



proportional teo the satuvated fiwctuation level. This is nelther
ezsily justified por verified.

One perplexing'result that remaims uunexplained iIs that thesry
prediets three ymstable modes but oaly one wode is experimeutally
observed. A strictly specnlative argument for this tesult iavolves
collisions which were neglected iInm the ctheory. The neglect of
coilisions was based on the argumeat that the strong destabiliziag
infivence of the electroa-neutral collisioms was offset by the
stabiifzing influence of iom—ion collisions. Since Van ? Vi iz was
sssumed that to First order the two effascts cencelled. The theory
on which this is based was developed for the - Q, =zode only- It is
act knewa whether it also hoids for the + 2, =mode of for the
electron drift wave. Fiuid thesry predicts that electroz—peutral
ccilisions ars 2 stabilizipg influesce on ordimary drift waves and
thus coliisions could completely damp cut the electrom drifr wave.
The proper treatment of collis-iaas is difficult and for this reason
it has been sidestepped im the above theory with =2 resulting
iacrease in the ambigulty of the results.

Despite these shortcomings it is believed that a stroDg case
has been made for the ideutificationm of the observed instability as

a Doppler shifted ion cyclotron mode.
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VI. OTSTR DBSEIVATIONS

Ia this chapter the observatioms of a low {regquency instabilicy
in a heliuz plasms ate reporied. This is im contrast to the Tesults
of the previocus chapter which were obtained with & neon plasama- The
low  fraguead {nstabilicy was ome of the metivaricns for switchiag

d*scussed iw the previous chaprter.

The basic observatiom is that two &rift waves with {freguencles

X

ehin 207 of one another are observed to be simultanecusly unstable
under the same plasma parameters {see Fig- 5-13. The =cdes are
2issiser Bbelow & critical maguetic field strength. By varyisg the

sirrer ratic znd magmetic field strecgth the freguencies of the twe

¢
29
U
n
{t

22 e made to ccalesce. &s the eritical magpetic field is
zxceeded the two modes agaim separate ieo frequency. but in addition,
a large awplitude low freguency (<1 kBz)} flute type mode is zlso
observed. Previous te coalescence the two drifr waves maigtaiﬁed
distimez radial profiles of fluctuation level, having differen:
reiative amplitudes and peaking at dlfferent radii. Afcer
coalescence, the radia}l prefiles of the flectuation level of the two
drift waves was nearly identical ia both zmplitude and structure.
Low fraquency wmodes have prevlousliy been studied in the Linear
Multiple ¥irrert but 4a a siightly different context. Low frequency
nscillacions were observed to occut im the presence of two trapped
sarticle =odes of differeat azioputkal mode auzbhers. This occured at

wagnetic fields I{n the range of 200-~300 G. Im contrast, the present

study works &t lover magnetic fields [B0-150 G) and where only one
of the modes is found to be & trapped particle zede. Eere the low
frequency wode does not appear to result from a coupling of modes of

gifferent azimuthal =zode zumbers bit rather is due To & coupling of

a 4rify end trapped slectron code of the same mode number {m = 1}.
The two cases are sizmilar in so=e respectis. First, the the Iow

drift waves are close enough Io one another- Second, in both cases,

the low freguency mode is observed to be flutelike (k; = @).

H
4. Observatricns of Drifc
As meutioned above, at low encugh magnetic fisld stremgths the

plasma is initially cobserved to be umstable te twe distiner drifs

WEVeSs. A brief description of the properties of these two drift

1. Trapped Electrom Drifz Mode

The trapped electron moda reported

re was flrst observed by
-~ 2z - - ; .
Grubb”. The i1dentificazion eof this aode as a trapped electrom
instabllity follows from the =igse agreemeat  befween  the
experimental observatlons rteported by Grubb and those seen in this
series of experiments.

Figure 6-1 shows the fluctuation s=zplitude of the trapped
alectron mode versus =irror t©atio at  constant magnetic field

strength. It is seen zhat the fluctuation 1level is a strong

unction of the cirror ratie and vanishes at a mirrer ratie of 1.0
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E % _{ _E {(i.e. at uniforn £i21d). The large peak in the graph occutiog at ¥
= 1.18 1is doe to the coalescence of the two drift waves. Of course
= 136 ¢
a2t the point of cozlescence the two wodes are iIndistinguishable so
— that attributisg the amplizude peak to one or the other of the two
drift waves should not be taken too lirerally.

The measurad frequency snd fluctustion level as a fuactlon of
— the magnetic fleld strength are shown im Figs. 6-2 and 6-3
respectively. Note that {n the range of wmagnetic £fleld streegths
from 100-130 & the mwmede freguency increases by about 3 kfz. The
— change in frequency of this wmode with magnetic fleld leads to the
coalescence of the two modes since the freguency of the second drift

wave does not change 2s the magoetic field strength is varied. The

Anplitude {arbitraty Unite)
(")

5 ] trapped elsciron mode has z2a azinuthal mode number of 1 and rotates
in the divection of the electren diamagnetic  current. The

observations wmade here agree well with those made by Grubb on the

1 . — trapped particle drift wave.

2. Dissipative Drift Wave

E ; E The second mode of interest Ls the dissipative drift wave. It
0 |

1.0 1.1 1.2 1.3 1.4 1.3 is distinst from the trapped electron drift wave since it exists in
¥irror Ratio a unifore magnetic field where the trapped electrom wmode vanlshes.
The dissipative mode possesses a fiaite k: “ith 4, =L = zachine
Tiz, 5-1. Amplitude of the trazped eleciton =ade as 2 function of
L e . length. The phase velocity of the vave satisfles the drift wave
the mirror ratio at constant magnetic fleld strength. The
condition

. . . rt ¢ w/ky < v, aad for this reason has been tersed a
peak in smplitude corresponis to the coalesceace of the €

rrapped electron and dissipative drift waves.
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Tig. 6-2. Measured frequency of the trapped electron drift wave as a
function of the magnetic field styength. Between B = 100

G and 3 = 150 G the freguency of the mode changes rapidly.
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=
@ drift wave. The wave possesses a2 azizuthal =ode aumder of 1 and
rotates in the direction of the electron diazagneric curreant.
o The dissipative unature of the mode has been confirmed using a
o=
= @ 3 g 3 3.4 -
=4 technique called transfer functiea analysis”*". iIn this methed the
2 plasma 1s essentially treated a2s a circuit elezent with unknowa gaia
o
o £
a and phasa characteristics as a funciion of f{requency. The gain and
o
© . .
hed phase characterlstics aze deteramlned by the dielecitic response
<
£~
g - = function of the plasma. Flgure &-% shows how these characteristics
(28]
Jé -
v z are experimentally probed. A sfigamal is applied to the input of the
2 k=
S = circuit and into the reference channel of z lock-in amplifier. When
[ == P ~
Pt -~ —
o z P4 the plasma is marginzlly stable to the particuler zode of interest
a2 L e
3 0+ s
e e the response of the plasma to the applied signal will be Indicative
s L
= < 2 - - = s
c e 5 of the type of instability present. Thes response is measured by
W &
o
z o taking the cutput and feeding it iato the second channel of the
= 3
lack— @ol T
o = e lack~1in amplifier.
v o Q
b -
b=t g Instabilitles are classified as either reactive or dissipative
z I . . .
4 b4 depending on whether the zero of the dielectric fumetion te which
[ — =
= Iz — N . .
-~ . the instabllity corresponds 1s one of a palr of coajngate complex
[l
¥
= roots {reactive instabllity} or is not oae of a2 palr of conjugate
] .
—d o o roots, i.e. cccurs as an isclated root {dissipative iostablility).
Lin]
Physically, the classification is based ca the zethed by which the
] l l tnstability taps enerpy fros the plasma. Im a reactive instability

20

e = v = o

the conjugate roots have the saze real frequency but one Is stable

{saTun AAFIITYIV) FPRITICS and the other 18 wunstable. One of the roots is a postive energy

vave and the other ls a negative energy wave. Znergy is dissipated
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Fig. 6~4. Schematic of circuit used of obtzin the transfer function

of a marginally stable plasza-
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{and one of the modes destabilized) by transfering energy from the
250 T T T T § 175
positive energy wave to the anegative ecergy wave. in the case of a
dissipative wave the energy siak results from true dissipation of 225 &= 13150
plasma energy by some physical process such as collisions.
The experizental technigue for deterzining the transfer 200 - -4 125
function 1s o wmeasure the azplitude sund phase of the output
relative to applied fmput sigzal as a function of the freguemcy of 175 1 73100
the applied signal. For damped modes the transfer functiom will
= 150 | - 75 =
show a peak at each zero of the dielectric function. 1In the case of = ¢
e
z dissipative instability the transfar function analysis shows a 2 v
peak at the zero of the dizlectric function and an asymptotic phase o N
= =
change of 180%. For z reactive imstability a peak is also observed < 106 k- 4 25 .;
but the asymptotic phase change is 3607,
at uniform Field the wmagnetic fieid streogth was lowered until 75 f - B
the fluctuation level of drift wave vanished. At this poict an = =
50 f- - -
1 slousoidal signal was applied to the plasza by =means of a palr ef =25
gzrids and the rtesponse of the plasma was aeasuted with a Langmuir
. 25 =~ _50
oTobe biased to collect tom saturation current. The phase and
amplitude of the detected signal were zeasured with respect te the 0 3 1 ' 1 1 1 ) 1
appiifed siznal by meaus of 3 lock—in azplifier. The result is showa 8 10 12 14 16 18 20 22
tn Fiz. 6-5. Here the phase and asplitude of the detected signal Frequency (ifz)

1 £ e 1 £r . | 1 - - .
ars plotted as a fusction of the applied frequency. The total phase Tig. 6-5. Phase and amplitude of the detected sizgnal relative to the

n L 1an® o war - :
shift across the sode Is 180° whils that across the -3 db polnts reference signal as a functioa of the frequency of the

of the aspiitude curve is ~ 105%. Theary would predicr a 180°
reference signal.
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asyzptotic phase shift and a 30° phase shift across the -3 db
points.

Further, the mode frequency and aoplitude are dependent upon
the background meutTsl pressure. This tndicates a dependence ou the
electrop—nenrtal collision frequency which would alse jead one TO

conclude that the wave 1s dissipative.

B. Observation of the Low Freguency Hode

Figure 6—6& depicts the mlrror ratio (M}, and average magaetic
field stremgth (B) parameter space for the data preseated below.
The data were taken by varying ouly E and M and holding all other
parameters coustant.

At poiant A of Fig- 5-6 the plasma is wunstable ozly to the
dissipative drift wave. Figure 6-7 shows the radlal profiles of the
fluctuation level in the fom saturatjon curtent, 61,4, aud the

fiectuation level normalized to the fon saturatioa curreat, I for

al’
paraceters correspanding to point A of Tig- 6-6- At this point
peither the trapped electron por the low frequency mode are preseat,
but as ome proceeds along a line from A to D in Fig- 6-6 (L.e- as
ane changes the mirror ratio holding the magnetic field conszant)
the amplitudes of both the trapped electron and low freguency wmodes
izcrease.

st lower magnetlc fields (polnt B of Fig. 6-6) there are TWO

drift waves: the trapped electron and dissipative oodes. Tigure 6-8

shows the vadial profiles of the fluctuation levels of toth these

200
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Fig. 6-6. Schematice of the wmirrer ratio -

parameter space showing the points <here

drift wave is alone unstable (A),

unstable {3), coalescence oC

frequency wode is strongly u

curs {G), and

astable (D).
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Fig. 6-7. Profiles of the <fluctuatio
level normalized to the ioa
dissipative drift wave Ffor

point A of Fig. 6-6.
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paraneters corTesponding te poinz B of Fig.

6-6.

Fig. 6—8. Profiles of the fluctuation levels of both drift waves for
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=modes. As one now proceeds from B te C {changiag the magnetic field
streagth while holding the mivror ratic coustant) the frequencies
coalesce. The fluctuation profiis at peint C is shows in Fig. 6-9.
Finally, as one moves from C to D in Fig. 6-6 the frequencies zgain
becoze distincrt, but im sdditionm, the mzgoirude of the low frequency
mode rapidly f{ocreases. Figure 5-10 shows the relative azplltudes
of all three modes versus radius at point B. The above phenozena 1is
not confimed to the particular value of mirror ratio for which the
datz is shown. Similar behaviour is observed at other mirver ratics
as ZIong as the amplitude of the trapped electron imstability 1s
sufficiently large (i.e. the mirror rztle is uot too small). This
is demonstrated in Fig- 6-6 which alsc shows the locus of points of
coalescence im B - M space.

srrentios will now be focused on Figs. 6&-8, 69, and 6-10. 1=
Fig- 6-8 the radlal fluctuation profiles of the tvo drift modes are
seex to be distinct. The dissipative drift wave’s fluctuation level
peaxs uear r = 2.0 cm while that of the trapped electron mode has a
broader radial structure and peaks near r = 4.0 cm. At coalescence,
showz in Fig. 6-9, only & peak at r = 3.0 cz 1is observed. Ia Fig.
5—-10 it is seen that the two drift wave possess a simiiar radial
structure and azpliitude sll the way across the plasma column. There
ste mo clear peaks, the profiles being broad and flat and of a wuch
s=ailer azplitude than previous to coalescence. it i3 in this last
situa-fon that the Low frequeacy =ode arises. It Is concluded that

“he low fregquency mode is in soze way associated with a coupiing of

176

Fig. &-9. Profliles of the fluctuation level and fluctvation level
aormalized teo the fon sarwration current for paraseters

corresponding to point C of Fig. &6 {(coalescence).
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Fig. &-10. Radial profiles of the fluctuation level of both drift

waves together with that of the low frequency mode for
parapetars corresponding to peint D of Fig.6-6. The
amplitude and radial structure of the two drift waves fIs
nearly identical. The a=plitude of the low frequency

mode 1s very large.
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the two drift waves. It is not clear vhether the overlapping of tke
radial profiles is a3 coeuvdirion agecessary to produce the low
frequeacy mode or Is & conseguence of the presence of the low
{requency mcde.

Figure 6-11 shows a sequence of frequency spectirTuws taken at
different magnetic field strengths with the mirrer ratio held fized
ar M = 1.38. 7The secoud, ::‘nir&; aud forth spectruas correspond teo
points B, C, and D respectively of Flg. 6-6. Beginning at the left
of Fig- 6-11 one sees that as the magnetic field strength is
increased the two peaks approach ome ancther and inerease 1Ix
amplitude wuntil at E = 131 G they werge to form one amplitude peak.
Beyond the coazlescence the two medes again becooe distinet and the
low frequency mode {not shows) sets im. At stiil higher magnetic
field strengths the individual character of the twe drift waves is
sashed out into one comtimuous broad frequency peazk which decreases
in amplitude.

The remperature and dessity profiles corresponding to the
parazeters of polints & and U of Fig. §~6 are shown im Figs. 6-12
and b-13 respectively. Comparicg them one sees that both the
temperature and density are lower at the higher wmirror ratio. The
temperature profiles are very similar in shape whereas the deasity
arofiles are quite different. The ¥ = 1.38 deansity profile iz auch
broader than at uniform field. This broadening =ight be due to the

low frequency wmode causing enhanced radial traasport.
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Fig. 6~11. Sequence of frequemcy spectrums showing the fluctuation
smpiitude of the two drift waves as the magnetic field
streagth is varied at constant mirror ratio. The widdle

three spectrums correspond to points B, €, and D of Tig.
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C. Coucluslons

1t seems unlikely that the low freguency mode can be attributed
to anything but the coalescenmce of the two driftr waves. First of
211 it would =meaa that irs appeareace upon the coalescemce of the
+wo drift waves £Is umerely coipcidental which does not appeatr
reasozable at all. Second, a vrveason for its appearence must be
givea. The ounly other time flute modes are observed ia the Linear
Multiple Mirror is vhes an Ilnterchange mode is driven unstable due
to excessive bad curvature {large mirror ratioc). That the above
flute mode falls into this category cam be dismissed on three
counts. The first 1s that the observed frequenmey (< 1 kHz) i1z too
low 4n comparison to either the diacagnetic fregquemcy (~ 50 kHz) or
the magnetlc curvature drift frequency (~ 5 kiz). The second is
chat as the mirrer ratlo is increased te higher values or as the
magnetiec field is ralsed the amplitude of the low frequency wmode
diminishes or disappears altogether. This i3 mot typical of am
interchange mode. The third is that the flute mode appears at very
small values of the mirror ratio which are lopsufficient to drive an
toterchange wode unstable.

Many Iateresting questions are raised by the above
observations.- For 1astance, why does the low frequency mode ooly
appear above a certalnm oDagnetic field strength? This and other
questions can only be answered with both a very detalled
understanding of the drift waves inovolved as well as with a cozplete

sonlinsar =zodel of the interaction of drift waves. Interestingly,
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the Jow freqﬁeucy aode does not occur at the difference frequency of
the two drift waves. Rather its frequency 1s mearly coustant as a
function of the magnetic field strength which wight lwply that it is
a2 usually stable movmal mode of the plasma vhich is drives unstable
when two modes are close enough together in freguency. This would
thes maks the present low freguency mode the same as the ome

observed by Grubbl tut drivem by a differeat mechanisz.
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APPENDIX

Chapter IV made referemce to the numerical solutiom of Egm.
(4.53)}. The following is a description of the compoter program used
to gemerate the solutlons aand 2 listing of the program itself.

The program begins by acceptimg the 15  experimental iaputs
necessary to compute the quantities listed in Table 4-1. These ate
T., Ty, Lo Tps K5 kg, B, 8, Ay (foo atonfc sumber), <awgn®™®
{average~electron neutral coliision rate for meon), vy {ExB drift
velocity}, Boossel {index for the Bessel function sum}, H, F,
(aeutral pressure}, and ip (mirrer cell lepgth). Siace many of
these quantities never change (for imstznce L) all of them are
defaulted to typical values at the start of the program. anmy, nooe,
or ail can be changed at each loop through the prograam.

Irn order to lnvestigate the effect of differeat terms in the
dispersion relatioa (in particular collisions) a ouxber of flags
were defined which enable or disable particular terzs fa the
dispersion rezlatioz. Any, all, or nome of the flags can be changed
at each loop through the prograa-

Once the inputs have beex entered a choice is made berveen
fipding a single 7Toot at one set of parameters, or salving the
dispersion relation functionally (for ircstance finding a root as a

function of the magzaetic field streagth). The single point mode is

gseful for 3just finding roots in the cozplex w-plane. OCnce ooe or
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sore roots have beeu found they serve as an imitialization data for
the functional mode.
1n the single point mode a call is first =made to PARAMS which

cozputes parameters {such as 0., Q. ...} for the current set of

a?
experizentzl values. Next z call to ROOTFIND Is aade. This 1is a
subprogras that uses a secant method ia the complex plane Lo
fteratively £ind a root to the dispersion relation.-

To find a root it is necessary te koow the functiom for which
one is trying to cowpute the Toot. The functiom, which in this case
ig the dispersfon relation, is contaized im the subprogram
TZ DISFER. in order to evaluate the dispersion rTelatiom st a
particular value of w, the complex freguency, a number of special
functions are rtequlred. The subprograz ZFUNC evaluates the plasma
dispersiocn fumction. BESMOD computes the Sn functions for index up
0 Bpaogel * S by means of analytic approximations to tke first twe
sodified Bessel fusctiocos, I; and 11, and through a Tecursicn
formula for higher order functioms. Is 2dditiecu, the Maxwelllan
average for the trapped electron rers zust be computed. This is
dome by MATAVE which uses a Gaussian quadrature formula rather than
2z Sizpson rule type evaluatien of the fategral. This Iz done for
sake of muperical efficiency. The quadrature formule requires 1D
fumction evaluations whereas the Sizmpsoa rule reguires ar least 100
funetrion evaluatioms to cozpute the iategral to the same accuracy.
Since MAXAVE 1s called oace at each iteration of 2O0TFIND,

efficiency at the lomer mest contalning MANAVE s important.

130

At the omser it was not knowa vhether the velocity dependenmt
electron-neutral collision cross section was Important with respect
to stability or anot. To spswer this question the velocity
dependence of the collision freguency was explicitly taken inte
account through the subprogram XEOW which ceatains a table of the
electron—neutral cross sectioun as a function of energy. At each
function evaluation in MATAVE, NEON is called. Additionally, MATAVE
aceounts for the velocity dependence of the curvature drift.

To compute the roots fumetionally all that is needed In
addition To the programs listed above is & routise to locrement the
variable. This is dose by the program VARYPARAM which allows the
choice of varying the mirror ratio, the magnetic field stremgth, of
the neutral pressure. The routine requires an initial guess (found
by use of the single point mode}. If the varlable step is kept
small enough the previously found root is sufficient fer am initial
guess after the parameter is incremented.

The last £ew subroutines are coucerned with ouputting data
generated by the program. PRINTALL lists the current value of all
finputs, flags, and parameters. FLOTC allows the plotting of graphs
(generated from the functional mode} on Tektronix 4000 series
terzinals. This requires lipkisg the =ain program to the Plot-10
software library available of the VAX computec. DUMP creates a data
file from functionally generated rools. This 1s wuseful ino
coniunction with the TOPDRAWER plot generating software package also

available om the VAX. TOPDRAWER is a very flexible package written



by physicists (at SLAC) for use by physiclsts to plot things
physticists 1ike to see pleotted. With TOPDRAWER it is possible with
z simple set of comands ts plet experimental data {with errer bars),
theory curves from data files, taxt {both Latia and OGreek
¢haracters), and comes complete with 2 set of special scientific
symbols.

& listing of the Fortrao grcéram follows.

45

s
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IMPLICLT ISTEGER {(I-X)

IMPLICIT DOUBLE PRECISION {A-H,0-2)

INTEGER STAXTFLAG,FLAGFLAG,FLAG, FLAGRESET

COMPLEX OMEGA,ZERD

BEAL RANGE,FREQ,CROWTE

DIMENSION ER{15),TLAG(8),RANGE(S),FREQ{402),GROWIE(402)

COMMON /5 48D F/ EX.FLAG

COMMONW fDISTARAMS/ BI0Y,CYCE,CYCL.EPSILON,ETA,GND EC,GNU EE,

GNU EL,CHU EN,GNU_ET,GNU_II,TAU,VTHE,VTHI,WDE,WDET,WDETL,WDEIZ,

WDIC,WBi - -

CoMMDN /VARIER/ RANGE,FREQ,SROWTE

DATA EX/6.0D0,0.1DC,-1.0D0,-1.2500,1.0DC,0.0300,100.0D0,5.0D10,
26.0p0,5.4D-08 ,0.0D%,1:000,1.1100,1.00-04,35.008/

DATA FLAG/1,1,1,1,%.%,1,1/

TYPE *, © DEFADLT IXPULS {= O) OR NEW INPUTS (= 1)7”

ACCEPT *, IDEFAULT

IF {IDEFAULT.EQ.1)} THEN

GOTO 45

ZLSE

STARTFLAG = 1

FLAGFLAG = 1

GOTO 20

END IF

STARTFLAG = 0

FLAGFLAG = 0

TYPE #, - ELECTRON TEMPERATURE:”

ACCEPT *, EX{1)

IF (STARTFLAG.NE.Q) GOTO 20

TYPE %, © ION TEMPERATURE:”

ACCEPT #, EX(2)}

IF (STARTFLAG.KE.O) GOTO 20

TYPE *, - DENSITY SCALE LENGTH:~

ACCEPT =, EX(3}

IF (STARTFLAG.NE.Q) GOTO 20

TYPE #, ~ TEMPERATURE SCALE LENGTH:”

ACCEPT *, EX(4)

IF (STARIFLAG.NE.O} GOTO 20

TYPE *, - PERPENDICULAR WAVENUMBER:”

ACCEPT *, EX(3)

IF (STARTFLAG.KE.O) GOTO 20

TYPE *, - PARALLEL WAVENUMBER: ™

ACCEPT %, EX(6)

IF (STARTFLAG.¥E.O) GOTO 20

TYPE *, - MAGNETIC FIELD STRINGTH:”

ACCEPT #, EX(T)

1F (STARIFLAG.NE.D} GO0 20

TYPE *, - PLASMA DENSITY:™

ACCEPT *, EX(8)

iF (STARTFLAG.NE.Q) GOTO 20

TYPE #, -~ ION ATOMIC NUMBER:”
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32

35

37

50
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ACTEPT *, EX(D)
1P (STARIFLAG.NE.O) G010 20
TYEE *, - AVERAGE ELECTRON WEUTRAL COLLISION RATE:"
ACCEPT *, EX{10) 51
$F {STARIFLAG.NE.O} GOTC 20
TYPE *, © £ X B DREFT VELOCITY:™
LCCEPT ®, EX(il)
17 (SIARTFLAG.NE.Q} GOTG 20 10
TYPE *, ~ INDEX FOR ION BESSTL FUNCTION StM:”
ACCEFT *, EX{12)
IF (STARTFLAG.KE.O) GOTO 20
TEPE *, - MIRROR RATIO:"
ACCEPT *, EX(13}
1F (STARTFLAG-NE.D) GOTO 20
TYPE #, ° MEUTRAL PRESSURE:”
ACCEPT %, EX{14}
IF (STARTFLAG.NE.D) $OTC 20
% %, ° MIRRCR CELL LENGTH:~
ACCEPT *, EX{13} 57
1P {STARTFLAG.NE.O} GOTO 20
STARIFLAG = 1
TYPE *, ~ CHANGE A PARAMETER? (0 = ¥G, 1-15 = PARAMETER TO CHANGE}™
ACCEPT %, IPARAX ¢
coTo (49,1,27,3,%4.5.6,7.8,9,10,11,12,13,15,13) IPARaMHI
IF {FLAGFLAG.EQ.1) GOTC 50
TYPE %, ° 1ON COLLISIONS 0¥ (1} OR OFF (0)7°
ACCEPT *, FLAG{L)
IF (FLAGFLAG.NE.Q} GOTO 50
TEPE %, - CIRCULATING ELECTRON COLLISIONS ON (1) OR OFF (0)77
ACCEPT *, FLAG{Z)
IF {FLAGFLAG.NE.0) &OTC 50
TYPE *, ° TRAPPED ELCTRON-NEUTRAL COLLISIONS ON (1} OR OFF (G)7°
ACCEPT *, FLAG(3)
IF (FLAGFLAG.NE.O} GOTO 50
TYPE %, ° TRAPPED ELEC. COULOMS COLLISIONS ON (1) OR OFF {Q)7”
ACCEPT *, FLAG{4}
IF (FLAGFLAG.N¥T .0} GOTO 59
TYPE *, ~ DENSITY CONSEIRVING COLLISION TIRMS ON (1) OR OFF ()77
ACCEPT *, FLAG(S)
17 (FLAGFLAG.N2.}) GOTO 50 65
TYSE #, ~ TRAPPED ELECTRON CURVATURE DRIFT OF (1) OR OFF {0)7°
ACCEPT *, FLAG(S}
IF (FLAGFLAG.-¥E.G) GOTO 50 ,
TYPE %, - TRAPPED ELEC. DENSITY CONS. TERMS O¥ (1) OR QFF (0)7°
ACCEPT *, FLAG(7) 56
IF (FLAGFLAG.¥E.D) GOTO 50
typE® | © TRAPPED ELECTRONS 0% {1} OR OFF (0)77
ACCEPT *, FLAG(3)
1f {FLAGFLAG.¥E.G) GOTO S0

FLAGFLAG = 1 100

1384

DO 51 L= 1,8

I® ({FLAG(I).EQ.0).OR.{FLAG(I}.EQ.1)} GOTC 51

FLAG(LY = 1

COXTINUE

TYPE %, ~ RESET ANY FLAGT (0 = ¥0, 1-8 FOR FLAG TO RESET)”
ACCEPT *, FLAGRESET

GOTO (30,31,32,33,34,35,36,37,38) FLAGRESTT+

TYPE %, ~ SOLVE DISP. REL. ONCE (= ©) OR FUMCTIOWALLY {= 1)7°
ACCEPT *, IMODE

ERR = 1.0D-03

IF {(IMODE.EQ.1) CGOTO 60

TYPE *, ~ ENTER RE AND IM PARTS OF INITIAL GUESS FOR ROOT:”
ACCEPT *, OMRE,OMIHM

OMEGA = CMPLY(OMRE,OMIM)

CALL PARAMS

CALL ROOTFIND(OMEGA,ERR,IMODE,ZIR0Y

TIPE *, ° THEE ROOT 1S:7,ZERG

CALL PRINTALL

TYPE *, ~ ANOTHSR CASE? (0 = NG, 1 = TES)™

ACCEPYT #_ ICASE

IF {ICASE.EQ.0) GOTO 10O

GGTG 20

TFFE *, 7 SOLVE DISPERSION RELATION AS A FUNCTION OF:”
TYPE *, ~ 1. HAGNETIC FIELD

TIPE *, 7 2. NEUTRAL PRESSURE”

TYPE *, ~ 3. MIRROR RATIOT

ACCEPT %, IFUNC
IF (IFUNC.EQ.1) THEN

WYARY = 7

ZLSE IF (IFUNC.EQ.Z) THEN
NVARY = 14

ELSE

NVARY = 13

END IF

CALL VARY PARAM{NVARY,IMODE)
CALL PRINTALL

TYPE %, © PLOT RESULTS? (£ = ¥
ACCEPT %, IPLOT

IF (IPLOT-NE-1) GOTO 66

CALL PLOTO{RANGE,FREQ)

CALL PLOTC(RANGE,GROWIH)

TYPE ®, ~ REFLOT? (0 = NO, 1 = TES)~

ACCEPT %, IREPLOT

tF (IREPLOT.EQ.1) GOTO 65

TYPE *, - SAVE FOR TOPDRAWER PLOTTING? (0 = WO, 1 = YES)~
ACCEPT %, ITD

I¥F (ITD.EQ.0) GOTO 67

CALL DUMP

GOTO 67

END

= YZ5)7
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SUBROUTINE PARAMS

THPLICIT INTEGER (I-N)

IMPLICIT DOUBLE PRECISION {a-%,0-2)

INTEGER FLAG

DIMENSION EX{15),FLAG(S)

Cop0n SOISPARAMS/ BIOW,CYCE,C¥CI,EPSILON,ETA,CNJ _EC,GXU EE,
GNU EI,GWU EN,GNY ET,GNU I1,Tall,VTHE,VIHI,WDE,wDET,WDET1,WDEYZ,
WDEC,WDL - -

COMMOE /E_AND F/ EX.FLAG

COMMON /MAR FIMS/ B2 ,83,H4,E5,WW,ETAL

SPSILON = (ZR(13)-0.%9999%9300)/ (EX(13)+1.0D0)

BION = 1.0L5&DE*IX{2Y=EX{9)*(EX{53)/EX {7} )**2.0D0

WDE = -1 .0DOB¥ER(S)FEX(1)/{EX(7I*EL(3Y)

TAD = EX(1)/EX(2}

VTEL = 1.385DOGESQRT(EX(2}/EX{31)

VIEE = 5.935DO7*SORT(ER(LYD

CECE = 1.75VSRO7*EX(V}

CYCY = 9.5727D03*EN{7)/ER(S)

DEE_EEU = 3.Z18DIG¥EX(14)

A

4

CxU_ER = DIN_NEUSER(10}
COUIGL = 23 100 - SDO*LOG{EX{2)%%3 .00 /EX(8))
COULGE = 23.1D0+0.SDORLOG(EL{1)*%3 .OD0/ZX{8))

4
'

= 1 ?13? —O5=TE{BIRCOTLGTS (EX{1L)*%L.5D0)

= 3.005D-06%ZX{BY*COULGE f(EX{1)%%*1 .50}

= 7_01&D-0B2TX(B)#COULCL/ (EX{Z)*SQRT{EX{2*TX(T2 )}
GRU EWNHGRU EESGHD EL

= G\J_BH—(G\U ‘“+G\u E13/{2.C00*TPS1ILON)

4
R
#

WDET = WDES{1.0D0-EZTAS2.0D0}

WDI = EX(S5)*EX{1il)

WDEC =~ WoI

WDETL = Wol

WDETZ = 3.1415%26535D0%EPS LONXEL{S)SVTHE*VTHE/(CICE®EX(13))
B2 = WDETL/WDE

H3 = WDII2/WDE

#4 = 0.327D-16*DEN NEUHVTHE/WDE

H3 = (GNU_EE+GNU_EI T3/{2.0D0*EPSILONSKDE)

W = WDE

RETURN

IND

SUBROUTIND ROOTFIND(GUESS, IRROR,MODI,R00T)
IMPLICLIT INTEGER {I-%}

IMPLICIT SCUBLE PRECISTION (A-H,0-Z)
INTEGER FTLAD

COMPLEX GUZSS,RO0T,G1,62,D1,02,6TMP
DIMERNSION EX{15),FLAG(8}

™

o
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COMMON fE AND T/ EX,FLAC

CALL TE DISPER(GUESS,DL}

G1 = GUESS

G2 = 1.05D0*GUESS

DG 1 NLOOP = 1,20

CALL TE DISPER{G2,D2}

IF ({aB5({1.000-GZ/G1)}.LE.ERROR) GOTO 2

GTEMP = G2

IF (MODE.EQ.1} GOTC 5

TYPE ®_ G2,D2

G2 = {Gl*D2-G2*D1}/{D2-D1}

Gl = GTEMP

D= D2

TYPE %, © DID ¥OT CONVERGED.”

IF (MODE.EG.1)} GOTO &

TYPE *, ~ MORE ITERATIORS? (0 = HO, 1 = YE5)7
SCCEPT *, IREIT

IF (IEEIT-EQ.1) GOTC 3

IF {MODE.EQ.1) GOTO &
TYPE *, ” ERROR =  ,ERROR,”
sCCEPT #, I CHG ERR

IF {I_CHG ERR.FE.1) GOTO 4
TYPE #, - ENTER EEW ERROR~
ACCEPT *, ERROR

GOTO 3

ROOT = €2

RETURN

END

HANGE ERRORT (L = HO, 1 = TES)”

SUBROUTINE TE DISPER(QM,DEE}

IMPLICIT INTEGER (I-H)

IMPLICIT DOUSLE PRECISION (A~H,0-Z)

INTEGER FLAG

COMPLER O, DEE, IMIT,C13,014,016,019,020,C21 ,28,2EDER, 21, ZTDER,
CET,TET,IT,AVEL,AVEZ ,SUM

DIMENSION EX(15),FLAG(8) ,51{(D:3)

LUVMDH /DISPARAMS/ BION,CYCE,CYCI,EPSILON,ETA,GNU ZC,GNU ZE,
G¥y EI,GNU_EN,GNU ET, sru II,TAU,YTHE,¥THI,wDE,WDET ;nbil,ﬁnzrz
WDEC EDI -

COMMON /E AND P/ EX,FLAG

URIT = CMPLX(0.0DO,1.0D0}

C1Z = EX{5)*VTHE

C13 = UNITSFLAG(Z)*GNU EC/Ci2

Clé = CL3+(OM-WDEC)/C1Z

C15 = ETA*WDE/(Z2.0DO*C12)

Ci6 = CLIXFLAG(S)}#(OM-WDET)/CL2

CALL ZFUNC{Cl4,ZE,ZEDER)

CL7 = FLAG(B)*5(RT(2.0DO*EPSILON)
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CET = (1.0D0-C17)*{1.0D0+CIE*ZE+CISHCI4#ZEDER)
CET = CET/{1.0DO#CL3*FLAG(3)*ZZ)

CALL MAXAVE(OM,AVEL,AVEZ}

TET = CL7#{1.0D0-A¥E1}/(1.0DO-AVE2)

NBES = EX(12)

St = 0.0D0

NITE = ZENBESHL

€18 = EX(E)*VTHL

£1% = UNLT*TLAG(I)*GRI_II/C1E

520 = CLO9%FLAG(3)*{OM+WDE/TAG)/CLE
€21 = CIOH{OM-WDI-EX(1Z)}*CYCI)/C18
22 = CYCI/CLE8

CALL BESMOD{BION,5%}

ND = NBES+H

D0 2 WH = 1,HIEE

CALL TFUNC(C2Y,ZI,ZIDER)

STH = SUMFSI{ARS{ND-NH}}*ZI

€21 = £21+£22

IT = TAG®(1.QD0+CR0*SIA}/ (L. ODOHCLOATLAG]{S)* SIN)
DEE = ITHTETHET

LETURN

=D

SUSROUTING MAZAVE{OME,AVL,4¥2)
DFLICIT INTEGER {1~}

T4PLICIT DOUBLE PRECISION {A-8,0-1)
INTEQER FLAG

COMPLEX OME,AVL,AVZ AVLL DEN,TOPL,WL,EL,B6,UNIY

DIMERSION E{10},¥{10},EX{15},FLAC(S)
COMMON /MAX NUMS/ H2,93,H4,B5.WW,ETAl
CoMMON /E AND F/ EX.TLAG

DATA X/ 0L137793&70540D0, 0.72955456950300, 1.B0835250174000,
3.L601433697855D0, 5.55249514006400, 8.330132745764D0,
11.863785837900D0 ,16.279257831378D0,21.9%355385581198100,

2%.920697012274DC/7

DATA W/ 3.08441115765D-01,4.0111%9291550-01,2.180682876120-01,
6.20874360%87D-02,9.501516%75180-03,7 . 5300835885880 -04,
2 _BZ592334950D0~6G5 4. 24931 3985360-07 (1. 8395548239800,

9.911827219610-13/
AL = 1.1283791670%3512D0
NIT = CMPLE(0.0DO.).0D0)
41 o= OME/WW
NLAST » 1
516 = 1.0D0
AV11 = 0.0DO
AVZ = {1.0D0
20 1 IIT = 1,10
s = X(ILL)

b B

Wk b
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$5 = SQRT(S)

IF (FLAG(3).EQ.0) GOTO 2

CALL NEON{S,NLAST,SIG,NL}
NLAST = NL

B6 = UNLT*({FLAG{3)}*BA*SIG)+FLAG(L)*H5/(5%5))*85
DEN = HI-H2-S¥E3*FLAC(6)+ES
TOE1l = Bl-1-0DO-ETA1%(5-1.5D3)
Wl = SS*W(II1)/DEN

AV2 = AVIHEGAWL

A¥11 = AVII+TOPLRRL

AV2 = ALFFLAG{S)®FLAG(7}24v2
AVI = AVZ24AVILI®AL

RETURN

END

SUBRODTINE NEON(EX,NOLD,SIGHA,NEW)
IMPLIGCET INTEGER (I~H}
{MPLICIT DOUBLE PRECISION (a-F,0-Z)
INTEGER FLAG
DIMENSION EX{13),FLAG(8),ENTBL(25),CRSSEC(25)
COMMON /E AND F/ EX,FLAG
DATA ENT2L/3.0D0,4.0DC, 6.0D¢, 8.000, 10.0DD, 12.0D0, 14.0D9,
16.000, 15.0D0, 20.0D0, 30.000, 40.0DG, 50.000,
§0.000, 70.0DC, 80.0D0, 90.0D0,100.0D0, 150.0D0,
200.000, 300 .60, 400000, 500.0D0,700.0DC, 1660 . 008/
DATA CRSSEC/2.300G,%.56D0,2.88D0,3.1600,3.33D0,3.45D0,3.5500,
3.6000,3.67D0,3.5300,3.56D0,3.5800,3.7400,
3.7390,3.69D0,3.62D0,3.5400,3-4400,2.7300,
2.35D0,1.99D0,1.6300,1.41D0,1.14D0,0.57D0/

OT0 1
SE3DCHSQRT{EN )0 . 086 3D0*EINYLOG{EN}-0. 346DO*ER
3B

= G

Z K& = NOLD,25

IF ({ENTBL{%A)-LT-E¥)-AND.(ENIBL{NA+1).GZ.EX}) G010 3
NEW = X4

1F (WEW.EQ.1} THEN

NTAE = 1

TLSE IF (NEW.EQ.24) THEX
NTABR = -1

ELSE IP (NEW.EQ.25) THEX
NTAR = -2

IND IF

Nl = NEW+NTAB

NO = N1-1
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®2 = Rl+i

B3 = NI42

%0 = EN-ENTBL(NO)

Il = EN-ENTBL(N1)

X2 = EX-ENTBL(NZ)

X3 = EN-ENTBL{N3)

01 = II-E0

302 = Z2-X0

03 = I3-ID

Z2-31

i13-31

£3-12

Y0 = IIFRIFXI/(XOLAE02Z¥E03)
71 = —X2*X3¥I0/(XLZ*XII*XOL)
T2 = E3NTOETLS(IZ3AI02*XL2)
T3 = -ZOFZ1RE2/(Z0ISE132Z23)
SIGMA = TOHCRSSEC(NOMYL*CRSSEC (NI JHT2*CRSSEC(N2)+
T3%CRSSEC(X3)

SIGMa = SLIGMASO.323D0

BETTER
XD

SUBROTTING VARY PARAM(WIN,NHODE)
I¥PLICIT INTEGER {I~¥)
IMPLICIT DOUBLE PRECISION {a-§.0-Z)
INTEGER FLAG
COMPLEX OMEG,ANSER
REAL RANGE,FREQ,SROWTE
DIMERSION EX(15),FLAG{8) ,RANGE{4),FREQ(402},5ROWTH{402)
CoOWMO% /P AWD P/ TX.FLAC
Core40N  FYARIER/ RANGE,FREQ,CROWTE
THOPL = 6. 283185307 1795864749D0

=%

&

TYPE %, © ENTER LOWER AND UFPIR LIMITS O VARIAZLE:”
LCCEPT #, VDR, VUP
TYPE %, ° ENTER VARIABLE INCREMENT:”

ACCEPT ®, VINCR

NOUT = 1+{TUP-VDN)/VIKCR

TI{WIX) = VDN

TYPE %, © ENTER RE AND [M PaRT$ OF INITIAL ROOT:”
ACCEPT *, AAA,BBB

oMES = CMPLE{AAN,BEB)

I220 = 1.0D-03

25 88 IV = 2,N0LT+1

PASAMS

L ROOTFIND{OMEG,ERRQ,NMODI, ANSIR)
_‘EQ’EV) - R:AL(arsaa}frua?z

[

C?‘i_:,C = 335ER

88

pot

[

EX(NIN) = EX(NINYVINCR
RANGE(1) = ~1.0
RARGE{2) = NOUT
RANGE(3) = VDN
RANCE(4) = VINCR
FREG{1) = WOUT
GROWTH(1) = NOUT
RETURN

END

STBROUTINE BESMOD(FLR,ESS) .

MPLICIT DOUBLE PRECISION (A-E,D-Z)

IMPLICLT INTEGER (I-%)

DIMENSICN ESS(0:5),ESSP{0:3}

F (FLR.NE.Q.QDO) GOTO 1

2 I=20,5

£55(1) = 0.000

£38(0) = 1.0D0

RETURN

Z55(0) = BESMODG(FLR)

£55(1) = BESMODLI(FLR}

DO 3 H = 2,5

NN = X

ESS{N) = EISS(¥-2}-2.0D0*(ENN-1.0D0)*

RETURN

IND

FUNCTION BESHODO(FLR)

1wpLICIT DOUELE PRECISION (A-K,0-1Z)

IMPLICIT INTEGER {I-N}

DIMENSICN POLYL{Y},POLYZ(M

DATA POLYL/ .0045813D0, 035076800,
3.0899424D0,3.5156229D0,1.000000000

DATA POLYZ/ -003%2377D0,-.01647633D0, 0263533704,

—.02057706D0, .D0916281D0,-.0D157565D0,

.00225319D0, 0132859200, .395%4228D0/

t = FLR/3.7500

iF (T.GE.1.00D0) GOTO L

= T*T

SMODO = POLYL{1}

ae 21 =2,7

sHOPa = BLS“ODO*TZ*POLV1( 3

$MODD = BESKODO*DEXP(-FLR)

0 3

X¥ = 1.00DO/T

SMODO = POLYZ(1)

e § o= 2,9

3TSHMODO = BESMODOATINVHPOLYZ(3)

3E5M0D0 = BESMODO/DSQRT(FLR;

=SS (¥-1)/FLR

.265%732D0,1.2067492D0,

200
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FUNCTIOX BESMODL{FLR)

I¥PLICIT DOUSBLE PRECISION (4-H,0-Z)

IMPLICIT INTEGER (3-¥)

DIMENSION POLYL(7},POLIZ(S)

DATA POLYL /.0003241100,.00301532D0,.0Z65873300,

.15084934D0, . 5149886900, .BT8%0594D0, . 5000060000/

DATA POLYZ /—-.00420059D0, .01787654D0,~.0288531200,

.0728296700,-.0L0315550C, .00163801D0,

- .60362018D0,~.0398802400, .398%942Z8D0/

T = FLR/3I.75D0

IF {7.-GE.1.0D0) GOTO i
T2 = TET

BZ3MODL = POLYI(1)

Do 2L =2,7

BESMODL = BESMODL#T24POLTI(I}
BESMODL = SESMODI*DEXF(-FLR)AFLR
GoTa 3

TIKY = 1-0DO/T

BESMODL = POLY2(1)

DOE T =2,9

BESMODL = BESMODL*TINV+POLIZ(L)
BESMODL = BES¥ODL/DSGRT(FLR)

END

SUBRODTINE ZFUNC{ARG,ZEE,ZEEP)

IMPLICIT DOUBLE PRECISION {(a-R,0-Z)

IMPLICLIT I¥TEGER (I~}

DIMENSION ABSCIS(1D),WEIGET(10}

£OMPLEX ARG ,ZTE,ZEEP,ARGL,UNIT,W,AZ ,AZZ, 5UM,TERM,GADSS,
FHCL,TKC2

DATA ABSCIS/ 9.2453507083009D0,0.7374737285454D0 ,
1.2340762153951D0 ,1.7385377121166D0,2.256974002089300,

2 . 78E806058428130,3.3678345673832D0,3.2647640401156D0,

4 .6536824495507D0,5.387480850011205/

DATA WEIGHT/ 4 .6224356960050-01,2-866755053628D-01 ,
5.090172060200D-01 ,2.481052088746D-02,3.243773342238D-03,
2.283186360153D-04 ,7.8025564785320~06,1.06606%3707630-07,
4.3993408922730-10,2.229383645534D~13/

ROOTPL = 1.7724538509D0

PI = 3.14159265358979300

UNIT = CMPLX(D.0D9,1.030)

AR # ABSREAL{ARG))

AL = A3S(AIMAG(ARG)Y)

ARG = CMPLI(AR,AI)

IF ({(AR.GE£.7.0D0).AND.(AR.LE.3.9D0)).AND.{AT.LE.3.0D-01))
COTO 12

J0UND = (AR/Z2.6D0)*82.0D0+H{AT/2.0D0)*%2.000

W

10
11

IF (BOUWD.LE.Ll.0DO)Y GOT0 1

IF {(4R.GE.3.9D0}.0R.{AL-GE.3.000)) GOTC 2
COEF = 13.3D0

¥ = ARGI~14.0D0O

03I K= 1,27

¥ = ARG1-COEF/W

COEF = COEF-.3D0

¥ = UNIT/{¥¥ROOTPL}

GOTO &

AZ = ARGL#*ARGI

H = .4613133D0/{42-.1301635D0)

= Wr.09999216D0/(A£2-1.784482703)

¥ = ¥+.002883894D0/(AZ~5.5253437DD)

= WEUNIT®ARGL

GOTQ 4

GAUSS = 03.0D0

DG 13 L = 1,10

FHCl = 1.0DO/(ARGL-ABSCIS{L))

FNC2Z = 1.0D0O/{ARGL+ABSCIS(L})

GAUSS = GAUSSHWEIGET{L)®{FRCLFEHL2)

W = GAUSS*UNIT/PL

GOTO &

A2 = —ARGI®*ARGI

22 = 2.0D0%42

SUM = CMPLE(1.0D0,C.0D0)

TERM = CMPLX(1.0D0,0.0B0)

D33 J = 1,30

TERM = TERM*A2Z/(2.0D0%3+1.000)

SUM = SIMFTERM

TR = REAL{TERY)

T1 = AIMAG(TERM}

THOD = DSQRI{TR®*TR+TIL*TL}

IF {T¥0D.LE.1.0D-06) GO0 6

CORTINUE

PRINT 7

FORMAT {~ SERIES FOR W NOT CONVERZENT™)
SUM = Z.0DOFSUMFINITSARGL/ROCTPI

W o= EXP(A2)HSUM

AQR = REAL(ARG)

AQL = AIMAG{ARS)}

IF {(AQR.LE.0.ODQ).AND.(AQI.GE.2.0D0)) GOTD 8
IF ({AQR.LE.0.0D0O}.AND.(AQL.LE.D.CDOY} GOI0 §
IF {{AQR.GE.Q.0DO}.AND.(AQI.LE.O.CDO)) $OTO 10
GOTO L1

W o= CONJG{W)

GOTO 11

W = 2.0DO*EXP{-ARG1*ARG1}-¥

GOTO 1t

W o= CONJIG(2.0D0O*EXP(-ARGL*ARGL)-%}

ZEE = ROQTPI*UNIT®W

=



78
51

203

ZEEP = -2.0D0*{1.0DO+ARG*ZEE)
RETURN
XD

SUBROTTINE DUMP

IMPLICIT INTEGER {I~¥)

IMPLICIT REAL (A-8,5-Z)

DIMENSION RANGE(4),FREQ(E02Y,GROWTH{402)
COMMON /VARIER/ RANGE,FREQ,CROWIH
NDEL = RANGE(2)/25

OPEN {UNIT=1 NAME="RBIGDISP ", TYPE="WEVW"
CARRIAGECONTROL="LIST ™)

DO 77 LL = 2,RARGE(2)+1,X¥DEL

= RANGE{3)+{LL~2)%RANGE(S)

WRITE (1,31} A,FREQ{LL)

DC 78 M = 2,RANCE(Z)+1,N¥DEL

B = RANGE{I}(IH-2)*RANGE(L)

YRITE (1,51) 3,CROWTH{LM)

FORMAT (8F1G.2)

CLOSE (IWIT=1}

D

>

e

SUBROUTINE PLOTO(ID,¥D)
IMENSION TD{&),TD(402}
CALL INTITT(480)

CALL BINITT

CALL CHECK{XD,ID)

CALL DSPLAY(XD,YD)

CALL TINPUT(L)

RETURN

END

SUBROUTINE PRINTALL

IMPLICIT INTEGER (I~-N)

IMPLICIT DOUBLE PRECISION (4-%,0-Z)
INTEGER FLAG

DIMENSION EX{13),FLAG(8}

COMMON JE_AND F/ EX,FLAG

COMMON /DISPARAMS/ BION,CYCE,CY¥CI,EPSIL
GNU EI,GNU EN,GNU ET,GNU II,TAl,V7HE,VT:
WDEC,WDI - -

COMMON /MAX NUMS/ H2 H3 04 HS,W4,ETAL
TYPE *, “LIST INPUTS AND PARAMETERS? (8 = N0, 1= YZS5)~
ACCEPT *, ILIST

204

IF¥ (ILIST.EQ.O) GOTO 99

PRINT 1, (FLAG{J),J=1,8)

FOBRMAT (~ FLAGS ARE:”,1012,/)

PRINT 2, E&A(1},EX{2),EX(3}

FORMAT (~ OTHER INPUTS:”,/,/,” ELEC TEMP =" ,D11.3,
- IOH TEMP =" ,D11.3,” DEN SCALE =" ,Dil.3)

PRINT 3, EX{£},EX{53},EX(&)

FORMAT ¢~ TMP SCALE =" ,Pi11.3,” K PERP =" .D11.3,
K PARALLE =",B1l.3)

PRINT &, EX(7),EX(8),EX(9)}
FORMAT {© MAG FIELD =~ ,D11.3,7
T ION ATOM =7 BLl1._3%

PRINT 5, ES{10},EX(11)},EX{12) -
FOEMAT {~ EX COL BT =",Dil.3,” VB VELOC =",B11.3,
“ ¥ BESSEL =7,D1i.3}

PRINT 6, EX{13),EX(14}.EX{1l:}

FORMAT (7 MIR RATIO =",Dil.3,” NEUT PRES =~ ,DLl1.3,
“  MIRR LEGT =".D11.3,/)
PRINT 8, EPSILON,BION,WDE
TORMAT {7 PARAMIERS: ,/,/,”
T FLR PARAM ="Bil.3,7
PRINT 9, TAD,VIEE,VIZI
FORMAY (~ TAH =",DL1.3,” E THM VEL =",D11.3,
1 THEM VEL =" ,D11.3)

PRINT 10, CYCE,CYCI

PLAS DENS =",D11.3,

EPSILON =" ,B11.3,
DIMG FREQ =" ,DI1.3}

FORMAT (- E CYC FRQ =~ ,Dil.3,” I C¥C FRG = ,D1i.3)
PRINT 11, GNU EN,GHU EI,GNU EE

FORMAT (' EN COL FQ = ,D11.3,” EI COL 7Q =",D11.3
“ EE COL FQ =7,Dil.3)

PRINT 12, GWU IX,GNU} EC GNU ET

FORMAT (' i CoL FQ =7,Di3.3,7 EC COL FQ =7 ,D1l.3,
- g7 CoL FQ =7,D11.3)

PRINT 13, ETA,WDET.WDL

FORMAT {~ ET =", D11.3,7 T DMG FRQ =7,D11.3,
“ 1 DRFT FQ =" ,Dii.3)

PRINT 14, WDEC,WDETR, WDET2

FORMAT (‘ £C DFT FQ =°,bl1.3,” II DF FQI =" ,Dl1.3,
- ET OF FQ2 =~ ,D11.3./3

PRINT 15, ©2,H3,H6,85
FORMAT {~ NIMBERS LAS
apiLl.3,/f)

RETURN

END

T PASSED 7O MAYAVE: W2, H3, H4, 537,/./,






