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The role of electron density in magnetic turbulence
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Eduardo Fernandez
Natural Sciences, Eckerd College, St. Petersburg, Florida 33711

(Received 26 July 2000; accepted 13 February 2001

Inertial range energy transfer, decorrelation, and energy spectra are studied analytically and
numerically for strongly anisotropic magnetohydrodynani¢HD) turbulence augmented by
electron density evolution. The model is relevant to interstellar turbulence and magnetic turbulence
in fusion devices. For long wavelengtbsompared to the ion gyroradiysnagnetic and kinetic
energies are equipartitioned through interactions that decorrelate on theislfvee scale. Internal
energy transfer is governed by advection and decorrelates on the eddy turnover time scale. For short
wavelengths, the roles of internal and kinetic energy reverse. Magnetic and internal energies are
equipartitioned by the kinetic Alfueinteraction, while kinetic energy evolves under a decoupled
fluid straining interaction. The spectral indices for magnetic, kinetic, and internal energieS/&e

—3/2, and—7/4 for long wavelengths, and 2, —5/3, and—2 for short wavelengths. @001
American Institute of Physics[DOI: 10.1063/1.1362531

I. INTRODUCTION probed by choosing the driving scale and the smaller scales
of the spectrum to lie in long or short wavelength limits, or

In long wavelength hydromagnetic turbulence, electron span hoth. Prior studit have been limited to the long

density fluctuations are advected passively, affecting neith%avelength regime, and established that the density becomes

magnetic field nor flow. At shorter wavelengths, approachinqncre‘,ismg|y passive as scales become larger. The counter

and extending beyond the scale of the ion gyroradius, the,a0ation of smaller scale Affai disturbances along

electron dgnsity bec.omes dynamically acthé feeds back larger scale fieldgAlfvén effect® was found to govern the

on magnetic fluctuations through the electron pressure, WhII'caiecorrelation between fluctuations of the magnetic field and

direct forcing of density flu_ctuat|on_s by t_he magnetic f'emﬂow, even when the turbulence is maximally anisotrope,
through parallel compression of field-aligned current be- o

. . when the wave number along the mean magnetic field goes
comes stronger than the advection of electron density by th

. . .  zero. This is because the turbulent magnetic field, as a
flow. In the spectrum of electron density fluctuations in the . .
. ; . multiscaled fluctuation, has smaller scale components that do
warm, diffuse component of the local interstellar medium

(ISM) these effects are confined to at best two decades neﬁpt align with the mear_l fieldwhich is dom!na'ted _by the
the inner scalé.This represents only the very smallest ob- a_lrgest scalesqr even with the Ioc_al magnetlg field N some
served scales of a spectrum that encompasses over $izable subregion of tr_le full domalﬁl.'he Iatter_ls dominated
decaded Notwithstanding, recent measurements of angulaPy the largest scales in the subregion. The field on a smaller
broadening of extragalactic radio sources indicates that aic/€ Points in some other directipiWhile the propagation
these scales the spectrum fall off steepens, consistent wifff Alfvén waves along the mean or local magnetic field can
the presence of new effedsShort wavelength magnetotur- °€ Suppressed by the vanishing of the wave number in either
bulence is relevant to the high frequency magnetic spectrurfif those directions, perpendicular motions support the propa-
measured in the Madison Symmetric Tor(dST).* The gation of Alfvenic disturbances along the Fourier compo-
spectrum also represents scales that are somewhat larger tH3Nts of the field ,at smaller scale. All such disturbances con-
the ion gyroradius, and, like the ISM spectrum, it decays at dfibute to the Alfven effect.
rate that is steeper than the3/2 power of magnetohydrody- The situation is illustrated in Fig. 1, which shows a field
namics (MHD).> Moreover, recent measurements suggestine that on scales less than a wavelength of the undulation
that electron density fluctuations are characterized not by afliffers locally from the mean field direction, which is verti-
advective response, but by a response that is compres8ionatal in the figure. A fluctuation anisotropy that eliminates
We examine these effects by considering a model foAlfvenic propagation with respect to the local field can be
hydromagnetic turbulence that incorporates density evolutiofepresented as phase fronts parallel to the local field. On a
and is valid in long and short wavelength regimes. Thougrsmaller scale than that of the local field, the field points in
not essential to the physics considered here, the model irpther directions, represented as an undulation superimposed
cludes drifts associated with mean gradients in current andn the local field. This field crosses phase fronts and thus
density and is therefore referred to as the drift-Aifimodel.  supports Alfvaic motion on yet a smaller scale. The figure
We consider inertial range dynamics in spectra driven at that best represents 2 decades of spatial variation. In a spec-
largest scale of the system. The role of electron density isrum like that of interstellar turbulence, with spatial variation
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Rather it shows that for the strongest possible anisotropy, the
B, Alfvén effect is present. We also emphasize that at the heu-
ristic level of Fig. 1 the Alfva effect is present, independent
of the reduced MHD approximation used to construct the
simulation model. The numerical measurement of a 5/3 spec-
// tral index in recent three-dimensional(3D) MHD

simulations? (implying the Alfvenic decorrelation is unim-
portan} may be an artifact of limited resolution. Noting that
the turbulence was reported to be “practically isotropit?”
the simplest explanation of the 5/3 exponent is that there
were insufficient modes to resolve a scale where Alfve
waves propagating on a larger scale field fluctuation can
achieve an Alfva frequency much bigger than an eddy turn-
over rate.
In this paper, nonlinear interactions of the drift-Alfve
i i o _model are analyzed using strong-turbulence statistical clo-
FIG. 1. Representation of a multiscaled turbulent magnetic field line with . : . .
fluctuation phase fronts that have zero wave number along the local field. ApUre theory and computation. It is not pOSSIble to consider
smaller scale the field crosses these phase fronts. Fluctuations on yetevery aspect of the model in a single work. We focus here on
smaller scale can propagate along this field as Aifwaves. nonlinear properties and leave other effects, including dissi-
pation, diamagnetic drifts, and kinetic effects, to future con-
sideration. These are important in interstellar turbulence and
over 12 decades, these arguments can be applied in fractile high frequency magnetic turbulence of MST. Hence this
fashion to ever smaller scales making it impossible to escapis a study of basic nonlinear properties more than a study of
Alfvénic decorrelation. Fluctuations deep in the inertial either application. Closure theory provides the characteristic
range can decorrelate faster via Alfile propagation along temporal responses of the dominant nonlinear interactions
field components whose scales are somewhat smaller thamd their associated eigenmodes. This analysis identifies the
the scales of the mean or local field than they can from eddgominant coupling at long wavelengths as Alfie and in-
straining, even though the field supporting the Affiedis-  dicates that there is an equipartition of kinetic and magnetic
turbance is weaker than the mean or local field. These statenergies, with internal energy decoupled from energy ex-
ments are valid with respect to either the mean or local fieldchanges between fields. At short wavelengths, an interaction
provided the turbulence is space filling and broadband, i.ehetween the magnetic field and density dominates the
the field is multiscaled everywhere. Alfvénic coupling. The new interaction resides in the nonlin-
The role of Alfvenic decorrelation in anisotropic turbu- ear coupling of magnetic field and density through the field-
lence has been quantified by measuring the long-wavelengtiligned pressure force and parallel compression of field-
turbulent response in simulations of the drift-Alfvenodel’  aligned current. The compressional coupling of electron
The model is based on reduced MHBhich can be derived density and magnetic field produces an Alivike oscilla-
as a expansion about the local magnetic field in some regiotion that propagates along the field and is the fluid realization
of interest. At the point of expansion the local field is equalof a fluctuation known as the kinetic Alfmewave. In turbu-
to the mean field defined by an average over that region. Ifence, kinetic Alfven disturbances propagate as nonlinear
the simulations, Alfvaic propagation along the local mag- wave packets along the perturbed field associated with each
netic field is wholly removed by setting the parallel wave scale in the spectrum. In the kinetic Alivalisturbance elec-
number to zero, yet the decorrelation rate is measured to kteon pressure fluctuations replace the flow in stretching mag-
Alfvénic. In contrast, the turbulent response of the densitynetic field lines. The result is an equipartition of magnetic
decays on the slower eddy straining time scale. The combiand internal energy, with flow assuming a subdominant role
nation of Alfvenic decorrelation in the magnetic and flow in the dynamics. As apparent from simulations, equipartition
evolution and fluid straining decorrelation in the density evo-of magnetic and internal energy occurs even when the sys-
lution leads to a spectral index for the electron density oftem is driven solely through the magnetic field and the den-
—7/4, in close agreement with the observed spectrum fosity is subjected to no external forcing. In such cases the
interstellar turbulence. These effects are evident in a statistkinetic energy is small compared to the magnetic and inter-
cal closure of the model equations, and are verified in nunal energies. When all three fields are externally forced,
merical simulation. They contradict the postulate of Gold-Kolmogorov-type analysis of the closure equations reveals a
reich and Sridhat? who posit that for fluctuations whose similarity range at short wavelength with equipartitioned
anisotropy is sufficient to make the AlfuiE decorrelation magnetic and internal energies.
rate of the mean magnetic field equal to or smaller than the In the short wavelength regime, the spectral index recov-
fluid straining rate, the fluid straining rate governs all turbu-ered for the power spectrum of electron density-i8. For
lent decorrelations. They also contradict a broader interprethe kinetic energy spectrum, the fluid straining of vorticity
tation of anisotropy that invokes the local fiéfdwe empha- by the flow dominates the Alfwdc interaction, leading to a
size that the reduced description used in reaching ouspectral index of—5/3. The spectral index for the power
conclusions cannot address the nature of the anisotropgpectrum of density is obviously very close to the value of
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—1.9 extracted from the measurements near the inner scalhere
of angular broadening of extragalactic radio sourc@he
a_\greement may be fortuitous and shou!d be \_/ie\_/ved_ with cau- V”:i +V1Ap>< 7.V, @)
tion. The present theory does not consider dissipation, which Jz
is also a potential explanation for the steepening of the ob- R
served spectrum. Furthermore, tke? density fluctuation J=vZ2y, 5)
power spectrum is an asymptotic short wavelength spectrum
valid when wavelengths become smaller than the gyroradiugnd = (Cs/c)eA, /T, is the normalized component of the
Before entering this regime there is complicated transitiorfl€ctromagnetic vector potential parallel to the mean mag-
subrange whose physics is not yet clear. netic field,¢p=(Cgs/Vp)ed/ T, is the normalized electrostatic
This paper is organized as follows. In Sec. Il the modelpotential, = (Cg/V)Ti/n, is the normalized electron den-
is introduced, and its properties are briefly discussed. Frorsity fluctuation,= (c?/4mVaps) 75, is the normalized resis-
its basic properties, a heuristic derivation of the spectra igivity with 7, the Spitzer resistivityn, is an inhomoge-
presented. Section Il details the closure calculation necegieous mean density, arzlis the direction of the mean
sary to justify the assumptions of the heuristic spectrum derimagnetic field. In the above equations, spatial scales are nor-
vation. Section 1V is devoted to similarity range spectra. Themalized tops=C¢/(); (the ion gyroradius evaluated at the
closure equations are analyzed to establish dominant baglectron temperatuyetime is normalized to the Alfuetime
ances through consistency checks, and power law spectrah=ps/Va, Cs=(Te/m;)Y2 is the ion acoustic velocity,
indices are obtained for the kinetic, magnetic, and internaVa=B/(4mming)¥? is the Alfven velocity, and Q;
energies in both the long and short wavelength limits. This=eB/m;c is the ion gyrofrequency. We have selected a nor-
paper is primarily analytical. However, Sec. V briefly pre- malization for which all nonlinearities have equal strength
sents results of numerical solutions that illustrate the basiwhen the normalized field amplitudes are equal. The order-
physics described in the earlier sections. Section VI contain#g scheme leading to Eq$l)—(5) makes no assumption

the conclusions. about fluctuation scale, i.e., the model applies to scales both
larger and smaller than the gyroradius.
Il. MODEL EQUATIONS Equations(1)—(3) readily reduce to other familiar sys-

tems. If the electron density is eliminated, E¢b. and (2)

evoIE :g:rgtég}/izg rr:r(]):ioed “r? ktsh';/lF::?)r\]',l/i':]z:Iegr%gt?::S'Eryhebecome reduced MHIDRMHD).® If the magnetic field fluc-
P g y €d ' tuations are negligible, and the density satisfies the Boltz-

electron pressure in Ohm’s law couples the density to the lat TS )
magnetic field evolution and the compression of electrormalnn riatlon =), Egs.(2) and(3) can b;e compfmed to
current along the mean magnetic field couples the magnetid€!d the Hasegawa-Mima —equation for drift wave

5 . . .
field to the density evolution. Formal derivations have bee grbulencé If the electrostatic potential becomes negli-
given by Hazeltin€® and Rahman and Weilartd.lt is pos- gible, Egs.(1) and (3) become the compressible electron

16 H
sible to approximate the system under reduced MHD orderMagnetoturbulencéCEMT) model:™ The dynamics of the

ing, appropriate to low beta and a spectrum in which varia—fu" system is naturally attrac_:ted_ to the dynamlcs_of these
tions along the local magnetic field are weaker than thos‘geduced systems under certain circumstances detailed below.
I particular, we consider the limit in which the diamagnetic

across the field. While beta, the ratio of plasma pressure t X f
magnetic field pressure, is order unity in the warm diffuselT€auency is smaller than the Alfmefrequency. Then, the

ISM, the fluctuations are generally represented as sheaféductions to RMHIwith density evolving as a passively
Alfvén disturbances, which do not involve finite beta. Re-2dvected scalarand CEMT (with flow as a decoupled self-

duced MHD ordering is based on a coordinate systerﬁ"dveCted fjelbi emerge in Iong and short wavelength'lim'its
aligned with the local field. The mean field and local fieldsUnder forcing that preferentially excites the magnetic field

are equal at the origin, which is an arbitrary point on the fieldfluctuations. _
line in some region of interest. The flow and the magnetic The ordering scheme used to derive E¢B~(5) as-

field can be expressed in terms of scalar stream function3'Mes that variations along the local field are weaker than

corresponding to the electrostatic potential and the Compot_hose across it. This restricts nonlinear couplmg to Q|rect|ons
across the field, and hence the spectrum is intrinsically an-

nent of the magnetic vector potential along the mean mag ) . furth ; .
netic field. The nonlinearities describe the interaction of fluc-SOropic. We impose a further anisotropy constraint by set-

tuations whose wave numbers lie in the plane perpendiculdind t0 zero the derivative with respect o This is tanta-
to the mean magnetic field. The model equations are mount to stipulating, as did Goldreich and Sridk4hat in a

three-dimensiona(3D) spectrum the opposing propagation

- A . Cs - of Alfvénic disturbances along the mean magnetic field play
Zt TVig=nd+Vn+ Vo Vixz-Vno, (D no role in the turbulent decorrelation. Consequently, our as-
sumptions approximate 3D turbulence lying within the criti-
cal balance envelope of Ref. 10, i.k,=k*3L ' whereL
is the outer scale. Note however, that the Aifvffect can in
N no way be considered as removed from Ea$-(5), because
a—n—V?pxz Vﬁ+V”3— &nalv&ﬁx z.Vne=0, (3 the_re _remains th_e fluctuating part of the _ m_agnetjc field,
ot Va which is perpendicular to the mean magnetic field. Affice

d N N N n
EVE¢—V¢XZ-VVJZ_¢=—VHJ, 2
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disturbances propagate on these field components as wigglester scale of the magnetic fluctuation spectrum. The equa-
on wiggles, competing with the fluid straining interaction in tions are written to isolate the interaction of nonlocal triplets
setting the turbulent decorrelation rate. Although the anisoinvolving modes ak, k,, andk —kg with ko<k. To better
tropic model used herein is consistent with the postulates ofee the wave number scalings of these nonlocal “Aitve
Ref. 10, the model, and the conclusions that follow therecouplings, we express Eq&)—(8) terms of the fieldgB,|
from, may not apply uniformly to 3D interstellar turbulence. =B,=k| | and|V,|=V,=k¢,. The equations then take
For example, interstellar turbulence may be intermittentthe heuristic form

having regions where the magnetic field is coherent and B

characterized by a single scale or narrow range of scales. For =k _ YaVi+ yakne=w, B, +kN,,, 9
the local field in such regions, the nonlinear Alfveffect of ot ¥ v
a multiscaled field discussed above is eliminated. However, N, N
such regions alone cannot reproduce the broad spectrum, and — + y,B,=—, (10
there must be other regions where the field is multiscaled and Ja K
the model of Egs(1)—(5) is applicable. an, B,

In the competition between Alfvec and eddy straining ot yak By = e +N,, (11

effects, the Alfvaic disturbances have the advantage of non-

Iocglity. At,ar.1y given inerti_al range wave numberthe mo_st where y,=koX z- k{pko| and w, =k,Cs/V4L,. The nonlo-
rapid Alfvenic decorrelation is produced by fluctuations .o alfvénic interactions have been grouped on the left hand
propagating in opposite directions along a large scale fieldjye- 41| other interactions are on the right hand side.

fluctuation. In contrast, the most rapid fluid straining decor-  From these equations we readily deduce the following
relation involves the interaction of eddies with scales com-

At ) """'general behavior:
parable tok. If the flow and magnetic fields are equiparti-
tioned atk, and the spectrum peaks at smiglthen the fluid (1) At long wavelengthgk;<k<1, wherek; is the driving
straining decorrelation is slower than the Alfile decorrela- scalg, the off-diagonal coupling o\, andBy (with cou-
tion because the large scale field on which the fluctuations Pling strengthy,) is the dominant nonlocal interaction.
propagate is larger than the local flow. To examine the char-  This is the standard Alfusic interaction of MHD. The
acter of the fastest nonlocal Alfu& interaction in expres- off-diagonal ~ character yields counter-propagating
sions for the turbulent inertial range fields, it is advantageous ~Alfvenic disturbances with equipartitioned magnetic and
to separate it from weaker, more local interactions. Fourier ~ flow fields. The frequency of propagation ig~kV
transforming Eqgs.(1)—(3) and introducing this separation ~kKot,-
yields (2) At short wavelengthsk>k;>1), the off-diagonal cou-
2 c pling of B, andn, (with coupling strengthya|k) is the
I _ koX Z- ki i, + Ko X Z- k'ﬁkoﬁk—ko—ikylﬁkﬁ dominant nonlocal interaction. This is the kinetic Alfve

at disturbance. It is similar to an Alfrewave because the
field coupling is off-diagonal, leading to counter propa-
= 2 (k’XZ'k)["z\bk"’z\skfk’_;ﬂkﬁkfk’]:szr (6) gating disturbances along the large scale fiwko,
k'#ko with equipartitioned density and magnetic field. The fre-

. quency of propagation igak~k?V, .
K—k 2t9¢>k—k0 K KD e (3) In both limits, both types of the interactions occur, but
(k=ko) gt TKoXZ- K the additional factor ok in the kinetic Alfven coupling
1 makes it dominant in the short wavelength regime and
__ - KX 2 K (K—Kk')2—K'21be- o or subdominant in tpe long wavelength regime.
2 %: ( i ) 19 b (4) Provided the Alfvaic disturbances govern the turbulent
1 decorrelation, the spectrum in the long wavelength re-
+ 5 2 (K Xz-K)[(k—K')2—Kk'?] lAﬂkrlAﬂk—krENqa, gime is the !roshnlkoy—Kralchnan spectrdrif. A heu-
k' #ko ristic derivation is easily obtained from the long wave-
length spectrum balances that are formed by casting Egs.

@) (9) and(10) as energy evolution equations and invoking
Ik o A C a Kolmogorov balance between a constant energy dissi-
pr 0—k0>< Z'klﬂ—kolﬁkkz—i(ky—kc)y)qﬁk—koﬁ pation ratee and the dominant nonlinearity. For mag-
AN netic energyB?, Eq. (9) yields
A 1 dB
=D (k' XZ-K) s Ay + > > (k'xz-k) ezBaEBkNl/,szZV, (12)
k' k' #k
o ’ while for kinetic energy?, Eq. (10) yields
X[(k=k")2=K"?]¢yr the— =Ny 8 dvV VN,
» _ e=V—=—"=kB, (13
In writing Egs. (6)—(8), kg is understood to represent not a dt K

single wave number but the wave numbers of a restricted where all fields are taken to lie in the vicinity of the
band corresponding to the most energetic modes near the inertial range wave numbee. We substitute singly for
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any one member of the tripl&2V from an inversion of The heuristic derivations above rely on the assumption
the appropriate amplitude equation and assume equipathat the nonlocal Alfvaic interactions propagating along the
tition of V andB. For example, the steady state inversionlong wavelength magnetic field fluctuations dominate the

of B is specified from Eq(10) as decorrelation of the triplet correlations governing spectral
N, kB2 transfer. This assumption is tested and validated by system-
B”a e (14 atically performing a statistical closure calculation for strong

turbulence, and assessing the relative role of the "Alfve

Note that, providedy, evolves slowly relative tiN,, B . L -
P a y ¢ and fluid straining interactions.

is driven by the turbulent interaction of the flow equa-
tion. The energy balances then becorae k?B%/ y,
=kB*V,. The spectra of the equipartitioned magnetic

and flow fields are thus [Il. CLOSURE CALCULATION

Ep(K)=Ex(k)= 612v/§’27, (15) We apply the eddy damped quasinormal Markovian
) k 5 (EDQNM) closure proceduré to the basic evolution equa-

whereEy (k)=Bj/k andEy(k)=Vi/k. tions in wave number space. The closure allows identifica-

(5) Asimilar derivation produces the short wavelength spectjon of the correlations and couplings that drive spectral
tra. The spectrum balances associated with the dominagtgnsfer in a system complicated by an active density re-
kinetic-Alfvén nonlinearities are sponse that becomes important at small wavelength. It also

dB 52 sorts out the interplay between the rapid Alie and the
e=B—-=BkN,=kBn, (16) . L S

dt slow fluid straining time scales. Which time scale governs

dn turbulent decorrelation has been a source of confusion even
e=n—=nN,=k’Bn. (17)  in the simpler situation where density is passive. The basic

dt equations are
We substitute singly for any one member of the trifgén e R R
using the appropriate amplitude equation and assume equi- — -~ @ad+ oAl —io =S, (20)
partition of B and n. For the short wavelength limit, the
steady state inversion & is specified from Eq(11) as ak%k A A
ot + Yk b+ DAY =S, (21)
N, k°B? 18
yak yak” Ay
s Yolk— @aK2 i —i 0, =Sy, (22

The energy balances then become=Kk*B* yk
=k?B*/V,. The spectra of the equipartitioned magnetic andwhere
density fields thus satisfy

sfg A il I (e = i) = e (o — ) 1,
(23)

Em(k)=E (k)= e/} %2, (19

where E,snﬁ/k. The slightly steeper decay law is the con-
sequence of the additional factor kfin the kinetic-Alfven s¢:2 Ak’,k[(k_k,)z_k,z]({ﬂk’;ﬂk—k’_(Aﬁk"?’k—k’): (24)
coupling. K/

The heuristic derivations in poin{d) and(5) above rely
on an inversion of the amplitude equations, given in Egss,= 2 Ay k{d’k’nkfk’_ﬁk’&kfk’
(14) and (18), to determine the correlation time of the non- K’
linear interactions. A similar step also occurs in more formal PPN
closure calculations, like that of the next section. In such HLk=k)2 =Ko i (25
inversions it is essential to account for the fact that dlstur-andAk, «=(1/2) (k' X z-K). The quantitieso, , &4, v,, and
bances at wave numbérdecorrelate on a time scaleVa  y, are complex-valued, amplitude dependent turbulent deco-
that is short relative to the time scale of the long wavelengthrelation rates whose form is to be derived self-consistently
field kofpk on which the disturbances propagate. Because thifom the closure calculation. The basic structure, with
long wavelength field forms a quasistationary background o@nda, as off-diagonal coupling coefficients, is motivated by
the time scale of inertial range correlations, the off-diagonathe nonlocal Alfvaic decorrelation discussed in the preced-
character of the nonlocal Alfviic coupling effectively mixes ing section. Those conS|derat|ons, lead to the prediction that
the turbulent sourceso thatB is driven byN, or N, asin ~ @a~®a~7ya~kBy . The two Alfvenic decorrelation rates
Eqg. (14) or (18)]. It is difficult to account for this mixing w, anda, allow for possible differences in the responses of
unless the time scale separation is explicitly treated by sepdhe vorticity and density relative to that of the magnetic po-
rating the local and nonlocal interactions as done in Egstential. The ratey, andy, are fluid straining decorrelations
(6)—(8). The time scale separation holds provided the specassociated with the advection of vorticity and density by the
trum peaks at long wavelength. flow. These are treated in the usual manner as diagonal dif-
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fusivities. Dimensional considerations and the locality of thesity is proportional tokfﬁo and is therefore in equipartition

fluid straining decorrelatidhlead to a prediction thaty  \with the magnetic field. The potentidi, is smaller thanj,
=~ 7n“k_vk- _ ) ) by the factork ! (V is smaller tharB by the same factor It

To identify and extract the time scales and couplings ofig clear that when the frequency of Alfvie interactions
the fundamental interactions in Eq20)—(22) we consider changes fromw, to w,k, the dominant coupling changes
the eigenmodes of the left hand side of these equations. Wigsy one in which the energy exchange drives equipartition
anticipate that the decorrelation ra®g, @, yn, @dy,  of B andV to one in which the8 andn become equiparti-
are spectrum averaged quantities that evolve in a sAtationar[yoned. This reflects the change from the shear Adfirger-
state on a slower time scale than the mode amplitules  action at long wavelength to the kinetic Alfwénteraction at
fbk, andfn, . Hence the rates can be treated as constants ashort wavelength. The eigenvector of the fluid straining
the faster time scale, even though they are functions of ambranch is most simply illustrated fas, negligible:
plitude. For a normal mode respongg= xoexp(—iwt),
wherey, is any of the fluctuation amplitudes, the character- =0, (32)
istic equation of the left hand side of Eq0)—(22) is

0> =10 (ypt v~ iwy) — [ @adA(1+K?) + ¥pyy b= WA - _G’A(l"‘kz)zb (33
SN o= — 0>
—i0, (Yot 70) 1 T 0ADA(Y T 7gk?) 1T e Y=Y
— 0, (wpdA+ Y774)=0. (26) O —@ak? . wa(L+KD) . 24
A=+ = .
Assuming an orderingowa~ ®p> v~ v4~ 0, , the three K iwz—vn vo Y~ Yo Yo

roots are given by

27) For this branchi, and ¢, are equal and larger thaf, . If
fluid straining were the dominant nonlinear decorrelation, the

w3=—i[ Yot ¥4k?]— w, [(1+ k?)+0(y¥wy). (28)  amplitudes could be expected to partition according to Egs.

' L _ (32)—(34). Indeed this is the characteristic partition of elec-
The paired rootsv, , represent the Alfveic interaction, cor-  trostatic drift wave turbulence.

responding to disturbances propagating in opposite direc- e proceed with the closure, forming spectrum energy
tions along the Iargg scale magnetic field_flugtuation. Folquations from Eqg€20)—(22) by multiplying each equation,
short_wavelengths this branch clearly remains Aﬁmebut respectively, by ., ¢_., andi_,, and taking the com-
the eigenfrequency changes fram to kw, . The third root lex conjugate

w3 represents a decorrelation process tied to the fluid :strair{3 '

ing or eddy turnover time scale. This branch is designated as , . ,

the arbiter of turbulent decorrelation rate in theories whos&k | 2K2 Re[wA<<?>kt} k>—wA<ﬁklAﬂ N

w17= *[wadA(1+KA) Y2+ 0(yy),

spectral index is given by 5. In actuality, the spectral at

transfer rates are a mixture of the three eigenmodes associ- ) -

ated with the eigenfrequencies, w,, andws. Only if the =2k*Re[(Syih—], (35
mixture has a negligible contribution from the Alivie

branches will the fluid straining rate set the decorrelationok?| ¢, |?

rate. Measurement of this mixture in long wavelength simu—; 2 Ré — VoK% il 2= dAK P -i)]

lations has established that the nonlinearities of the magnetic

and electrostatic potential equations are dominated by the =2 Re{(S¢<2>_k)], (36)

Alfvénic eigenmode$.Consequently the Alfugic decorrela-

tion dominates the spectral transfer. FIE A
The eigenvectors corresponding to the AHie roots 2 Re — yn| A2+ @akZ dh ) ]=2 R (SR _ )]

w1, of Eq. (27) are 37)
Y=o, (29 . - : .

To determine the lifetime of the source correlations making
N op ~ on vz up the last terms of Eq$35)—(37), the turbulent evolution
=1 @‘/’O +'[ (1+k?) Yo, (30 equation for each fluctuation appearing in those correlations
' must be iteratively solved. Anticipating the iteration, the

L wak®s _ YN RN source correlations take the form
ng=1 w1, ¢O g | mz—) k ¢O- (31)

For k<1 these eigenvectors have comparable amplitudes itS,¢_ )= >, Ac ( {2( (62— A ) B — 202

¥ and ¢, (and hence andV), and reflect the equipartition K’

of Alfvénic turbulence. The densify is smaller thanj, and X(hrr = ) W)+ [ e (Pr—ier — Pre—ier)

fﬁk by a factork? (smaller tharB andV by a factork). For . . .

k>1, the eigenmode partition changes noticeably. The den- — i (o= M) 120}, (39
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(Seb-0=3 AP R0 kN gk,
~ 2 B b1 —SP(k—K"), (42)
[P e — br-i P 1620}, 69 po B,

(S == Ac 20 B =i gt e AT B
“ =S2(k—k"), (43)

FL(k=K)2=K 2 g 210 + ([ e A
KTk SRR where the superscriptdenotes the evaluation of functions of

— Py N 1A wave number ak—k’, and

+[(k=k")2 =K' 2| o DD}, (40 SP(k—K')=2A0 {[ I Dt =N 1)~ 10 (D],
where the fluctuations with the superscrigj are those for (44)
which inversions of the amplitude equations, EQ§)—(22), o L
are substituted. The inversions are performed formally, withS;? (k—k")=2Ay: (kK" 2=K?)[ ghih_ o — i1, (45

the right hand sides treated as sources. Moreover, the Fourier
modes contributing to each source in E(&3)—(25) are re- SP(k—K')= = 2Ak W e _r — Dy
stricted to the directly interacting triplets which close fourth '
order correlations as products of second order correlations. +(K'2=K2) h_ i ] (46)
Thus the fields){®,,, 2., andA{?,, satisfy _ _ _ _
Consistent with the Markovian assumption of EDQNM

5 (2 . . L
alﬁ(k_)kr_w” 32 LW q® g 5 we seek a steady state inversion of E@SL)—_(43). Thisis
at ATk=k' T TA K=K’ * Tk—k' valid provided the spectrum evolves on a time scale that is
2 , long compared to the correlation times of the turbulent fluc-
=S, (k=K"), (41 tuations. Dropping the time derivatives, E¢$1)—(43) yield

S (k=K —[k=K 1y, (k—k)

~5(2) 2
P ~ + L]
N (e L e g LA B “0
S (k—k)+SP(k—k') = (ypl ) S (k—K')
~(2) O n Yl Wp) Sy 2
—k' " ’ " +O( /(1) )1 (48)
ik [y (k—K)2] Yl i
S (k—k")+SP(k—k')+ (v w™)[k—k']2S? (k—k")
A== _ ol +O(ynlwd), (49

[t (k=K%Y

where an expansion based an>y,~v4> w0, has been fluctuations are driven b$, with an Alfvenic decorrelation.
carried out and only the lowest two ordei®(y,*) and The sourceS,,, which is diagonal in the magnetic equation,
O(w,}l)] have been retained. These solutions reflect the basan only enter through a coupling on the fluid straining time
sic structure of drift-Alfve turbulence. The Alfueic inter-  scale. Therefore, there is contribution in the magnetic
action is off-diagonal, whereas the fluid straining interactionsequation. Finally,n® and ¢? are equal to lowest order.
are diagonal. Consequently the sourcgs and S, are  This means than® and ¢(*) cancel to lowest order in Eq.
grouped in Eqs(47)—(49). The driving of magnetic fluctua- (38) for (S,#_y). Since the decorrelation af?) takes place
tions ¢ by S, andS,; is off-diagonal; hence it decorrelates On the fast time scale only, the magnetic equation, of which
on the Alfvenic time scale. The fluctuatiom$? and¢® are  (Sy¥/-) is the source, has no decay on the fluid straining
driven byS,, andS, through a diagonal coupling; hence their time scale. This feature is readily apparent in &) below.
decorrelation is on the fluid straining time scale. Becebise The final form of the energy evolution equations are ob-
and S, have magnetic componenfsee Egs.(44)—(46)], tained by substituting Eqg47)—(49) into Egs. (38)—(40),
these must cancel out of the diagonal fluid straining termalong with the corresponding inversions 9f), #%), and
indicating thatS, andS;, appear in the density and potential A2, which have the same form as Eq#7)—(49) with
equations as a sum. Additionally, potential and density ar&k—k’——k. The sources S)(—k), SP(—k), and
coupled off-diagonally by the magnetic interaction, so theses{?)(—k) are given by Eqs(44)—(46), with k' —k—k’ and
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k— —k'. Under the above substitutions, the source correla-
tions given by Eqs(38)—(40) now contain the Alfvaic and

Terry, McKay, and Fernandez

The energy evolution equations are given by

fluid straining decorrelation terms explicitly displayed in 5k2|{pk|2 )
Egs.(35—(37). Consequently the energy evolution equations a2 Rez 4A, (KA Ga(k,K")
are simply k
K| I |2 A —Gag(—K',—K)+Gan(—k',—k)
:2k2 Re(Swz//_k>, _ ’ A _ ! !
at +Gpp(—k+K' K')=Gan(—k+K' k"),
N 50)
Ik il? - (
=2 RES,d ),
~ k2| gy |?
P k|2 — =2 ReX, 2A; [(k—k')?—k'?]
=2 ReSyN_y). K
The right hand side of these equations will be examined to X{ZGA¢(k,k’)+2G¢¢(k,k’)
extract those terms having the structure of the Atfeeand
fluid straining decorrelation terms in Eq&5)—(37). This +Gyp(—K' k=k')=Gy(—k',k=K")
procedure then yields the expressions dqy, @,, y,, and
| ; P iR Yn(=Kk)
Y4 In carrying out the substitutions, we note thal and — 5
A® [Egs. (48) and (49)] each contain terms of order ! [7a(—K) +Ky4(—K)]
and a term of ordet, that is proportional to5{?. Nor-
mally the terms of ordem ! are higher order and can be XGA(—k',k—k’)], (53)
neglected. However in E(q38) the lowest order components
of @ andi® cancel, and the higher order terms must be P
retained to recover the form of the Alfuie decorrelation K =2 Re 2 2Ak, (2G¢(kvk,)+26nn(k-k,)
wp . This necessitates the inclusion of the higher order terms Jt
in Egs. (39 and (40) to .maintain energy conservatipn. The —2G,(— K k=K )+[(k—K')2—K'?]
energy evolution equations have a rich mathematical struc-
ture. They are valid in both the long and short wavelength KK’ K Kk’
limits. The exchanges of energy between these equations de- —2Gan(k k') +Gy(—k' k=k)
pends on six separate correlations representing, respectively, 5
the magnetic, kinetic, and internal spectral energy densities _ k=ye(—K) Ga(—K’ k_k,)H
k2| gn?, k?| p|?, and|f|?, and cross correlationghcd ), [yn(—K) +KEyu(—K)] A ’ '
(hh_y), and(Aep_,). These exchanges mix the individual (52)
energy densities in a process that combines the long time
scale and short time scale responses of E2i8.and(28). where
|
! ! n ! ! - ’ 2 n
Gk k') = (|¢k| [k ther) = (Ao o) 1= e [P it i) = (Pl k>]) 53
A
G (k k/): ’y:‘,l(klz_kz) ( |;r;/k’|2<(}5 kl’;[/k> <€b k’;[/k’>|(’2)k|2>
AP T aR(k—k')? [yn+(k=k)?v}]
(K"2=K2) | e |2 Wb i)+ (Ao e ) il 2= (i) (o )
~n 2 n ) (54)
WA [ynt (k=K' vyl
G (kK )_ 7 (K=K ( | |5y = (D1t ) D10
An A// (k k)2 [}/ﬁ+(k k)2 //]
((k'z K2) | g | 2P i) = (D o YAl 24 (A bie) (e AL k’>) (55
o [ynt (k=K' )2¥4]
k k 2 k,2 ! ! ! ! +2 In ! ! !
Gy~ K k)= ([( ) 110 e (D l//|2< )1 2(d Ao )P B >) (56)
[7(—K) + K y4(—K)]
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o _(krz_kzx(’l\skﬁk><ﬁk’(’l\5k’>+<ﬁk’a’k’>|ﬁk|2_<a’kﬁk>|ﬁk’|2)
S )_( [+ (k—K)27)] | ©7
o (k'z—k2)|;ﬁk|z|a’k'|2+<ﬁk'<}'>k'>|<}5k|2—<a’kﬁk>|;f’k/|2)
Coullek )‘( 7 (k=K' )27 / %9
(k,z_k2)<:ﬁkﬁk>|(’bk’|2+<ﬁk’a)k’><gbkﬁk>_|ﬁk|2|$k’|2)
k,k")= .
Sl ( 7 (k=K )27} %9

Equations (500—(52) conserve the total energy kinetic energy equation that depends solely on the potential
S (K?| g2+ k2| i+ | i/?). The magnetic, kinetic, and in- autocorrelation. This term is involved in the spectral transfer
ternal energies are not conserved separately. Consequentf)f, kinetic energy without conversion to other energy forms.
the conservative nature of Eq&0)—(52) is manifest when The kinetic and internal energy eyolutlon equations have
the three equations are summed and a summationloier terms that decay on both the Alfvie and fluid straining
performed. The terms of the magnetic equatiGn,, Gy, time scales. In the kinetic energy equation the Afficeterm
and G,,, sum to zero only with their counterparts in the dominates except near the inner scale. In the internal energy
kinetic and internal energy equations. These terms decorr&duation the inverse is true and the fluid straining term domi-
late on the Alfvaic time scale. They only conserve energy nates except near the inner scale. The details of these bal-

across equations, reflecting the fact that the Alfeenterac-  2"¢®S re_?_;‘]!re the forrr;s th,A’ WA Vo land 74 and the |
tions convert energy from one fortmagnetic, kinetic, inter- spectra. This aspect of the energy evolution equations wi

nal) to another. The two term&,, in the kinetic energy thers\jore be diier'red unti these ?ua?rfltleds are dlert|.ved. t
equation add to zero upon summation okefThe same is € nhow obtain expressions Tor e decorretation rates

also true for the term&,, in the internal energy equation. ©A’ @A Yn. andy, . From Eq.(36), K°a, can be extracted

. L . from Eq. (51) as the sum of all factors multiplying the cor-
These terms decorrelate on the fluid straining time scale. ~ 77X 5
They conserve energy within single equations, reflecting th&€/ation(¥ié ). Howeverk“a, can also be extracted from
fact that the fluid straining interaction can transfer energyEd: (52) as the sum of factors multiplying/f ). Consis-
spectrally from one scale to another without converting thd®ncy with Eq.(27) demands that only those factors that
form of energy. There is one fluid straining ter@,,, that yield _th_e same result cqntrlbute to the definitionagf. The
involves conversion between the kinetic and internal enerf€maining factors contribute to spectral transfer, but not as a
gies. The termG, from the density equation vanishes di- coherent deca_y in(_:orpora_ted on the left hand side of Egs.
rectly upon summation ovée The terms in which the wave (36) and(37). Likewise, w, is extracted f“im EQ('E’O) as the
number dependence is indicated by the paik(,k—k') do ~ Sum of factors multiplying the correlatiofy) ¢ that also
not depend on any correlation or spectral energy density a&ppear as factors multiplying (/_f,). Starting with the
the wave numbek. These terms are often referred to askinetic energy, Eq(51), we obtain
incoherent, or as turbulence production terms. They are re- AP2, (k=K' )2—K'2)(K'2— K?)| fho |2
quired for conservative spectral transfer of energy. This type k2= k'K - 5 K .
of term enters in both Alfseic and fluid straining terms, K wp(k—k")
indicating that both carry energy from one scale to another. (60)

However, the Alfveic terms do so by converting energy, This expression is valid in both the long and short wave-
whereas the fluid straining terms need not produce convelength limits. It has the typical structure for decorrelation
sion. From statistical mechanics considerations, the spectrghtes in EDQNM and other statistical closures, with the rate
energy transfer is from large scale to small scale. appearing recursively as a decorrelation within a spectrum
As indicated earlier, spectral transfer in the magneticsum on the right hand side of its defining equation. The
energy equation is governed solely by Alfie interactions;  nonlocality of the Alfvaic decorrelation allows the approxi-
no term in this equation decorrelates with fluid straining ratesnationk’ <k, under which,~ &, and
¥n OF v, (the fluid straining factors iG55, and G, effec-
tively cancel. For strongly nonlocal triads, the terms @y (&’A)ZE_Z (k' X z- k)2|{/,k,|2. (61)
proportional to|#,/? cancel with corresponding terms in K’
Gas and Gp,, indicating that these terms favor spectral This expression is dimensionally equivalent to the heuristic
transfer that is local in wave number space. Indeed localreatment of the Alfvaic decorrelation introduced in the pre-
energy transfer is favored by Eq50)—(52). Note that every ceding sectior{e.g., in Egs.(9)—(11)] but differs in three
term in the magnetic equation depends on at least one crossucial ways. First, from Eq61), @, is imaginary, indicat-
correlation. This again reflects the fact that magnetic energing thatw, in fact describes a decorrelation process and is
passes from one scale to another only through a conversiamt a coherent oscillation. Second the fluctuation enters the
to other energy forms. In contrast, there is a term in theight hand side of Eq(61) as the absolute value squared,
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reflecting the well known fact that oppositely propagatingEg. (66) is limited to local triads wittk~k’. Dimensionally,
Alfvénic disturbances are required for decorrelation. Finally,y, k2¢k which is an eddy turnover rate. Fke1, k27¢
the spectrum sum indicates that the magnetic field on whiclk-, | and Eq.(64) yields
these disturbances propagate is a superposition of Fourier .
components. Provided the spectral index for the magnetic  , - 4Ak,yk[(k—k’)z—|<’2](k’2—k2)|¢k,|2
energy is less thar 1 this sum is dominated by the smallest Yo~ 5 (k—k')zyé '
wave numbers. The internal energy evolution equation also (67)
yields an expression for @,k?, obtained as the factor mul-
tiplying the correlation( s A_,). The expression is identical
to Eq. (60).

The Alfvenic decorrelation of the magnetic equation
—&xk? is found from factors in Eq(50) proportional to

(h_), which also appear as factors proportional tolV. SPECTRAL LAWS

with y,~ y¢/k2. This expression is subject to the same triad
restriction as that of Eq(66), and leads to a decorrelation
rate that is also an eddy turnover rate.

(i) From the scalings of the spectrum equations, Es@—
|¢k 2 y gl a)k,ﬁ o) (51), we can obtain inertial range power laws for the spectral
—wpk?= E 4AZ, K ——— = ¢ 5 . energy densities. Following Obukov, we solve simple
@A ALYnt (k=K' %yy0] 62) asymptotic balances between scale-independent dissipation

rates and the dominant spectral transfer rate of each equation.
From the expressions for,, and y, derived below, the sec- The dissipation rate is equal to an energy input rate created
ond term is negligible. ConsequentlzyA wf\ and wa= by external forcing at the outer scale. In accordance with the
*&a . For the lower branch, notion of spectral energy transfer that is local in wave num-
ber space we take~k'. Forwa, @a, vn, andy, we use
the values obtained in the preceding section, with the
which is the form of the Alfvaic decorrelation in the three- Alfvénic rates governed by magnetic fluctuations near the
wave interaction model of Eq$6)—(8) when ko<k. This  outer scaleky<k. Where equipartition is indicated by the
symmetry of the basic equations dictates the choice of thgonlinear eigenmodes, we assume that the dissipation rate is
lower branch. equal in the two equations whose energies are in equiparti-
The fluid straining decorrelation rates are obtained in dion. The equipartition assumption is then verifizgboste-
similar fashion. They apply to diagonal terms, or spectralriori from the balances, which must yield identical power
energy densities, rather than cross correlations. Theygte laws for the two energy densities. To determine which term
is obtained from Eq(51) as the factor multiplying the kinetic dominates from the right hand side of each energy equation,

oA=—Bp= @}, (63

energy density<2|fj>k|2, we exa_mine asymptotic limits fd{ﬁo andk—o. A bal-
) , , ance with any selected term establishes power law dependen-
5 4Ak,,k[(k—k’) —k'] cies for each energy, or equivalently, for each fluctuation
k 7’¢:§ [vi+ (k—k)2y)] amplitude. These dependencies can be substituted into the
remaining terms. Only if the remaining terms vanish in the
—(K"2=K?) Y o 1) PR, appropriate 'asymptotic limit, is the balance with the selected
(k") ZarL +(k'*=k?)| by | term a dominant balance.

We begin with the long wavelength limit, and verify the
R power laws previously predicted from a heuristic analysis
+(¢k,ﬁ_k,>] . (64) like that of Sec. I We consider first the magnetic equation,
Eq. (50), and note that withy,> vy, , we must consider terms
The ratey, is obtained from Eq(52) as the factor multiply-  that go ask®4°¢, kéyp3, k84, andk®yp2A. We ignore
ing the internal energy density,|?, the phase content of the correlations in E§0) and deal
AA2 b2 only with amplitudes. For the Alfugic eigAenmodAe in the
Y= L k2 . (65 long wavelength regiméEgs. (29—(31)],  and ¢ have
o [Ynt (K=K)%yg] equal amplitude, reducing the balances to two. The balance

These equations must be evaluated jointly in either the lon§volving ¢ and ¢ is dominant, as will be apparent oneés
or short wavelength limit. Fok<1, 7¢k2<7n, and Eq.(65) determined from the internal energy equation. Therefore,

ields - A
y 2 L UelX e dow) KBV
2 ~ 2 E:Ak, kk m ~ y (68)
4Ak',k|¢k’| ’ wp By,
M= (66) .
k' n where BkozkodxkO:VA. Under equipartition, By,~V,,
with y,~ k?y,. Equation(66) is a typical eddy damping yielding
expression in EDQNM. Because the nonlocal coupling of 5 _l2ple
X i . : L B2 € By
disparate-sized eddies corresponds to a distortion-free E (k):_k: 0 69)
sweeping of small eddies by large eddies, the summation in ™ k K2
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In the kinetic energy equation we must confront the possibil- B2
ity of competition between spectral transfer rates governed E, (k)= M

by the Alfvenic decorrelation(involving G4 and G,) and
those governed by the fluid straining decorrelatiorolving
G, andG ). The former go agi¢®/ &, , while the latter go
ask?¢*/y,. For equipartition ofyr and ¢ the ratio of the
former to the latter isy,, /k?®, . For the dominant balance of
Eq. (68), y,/wa~(klko) Y4 and is small in an inertial

The role of electron density in magnetic turbulence 2717
61/25%)2
= k2 (74)

In passing from long to short wavelengths the magnetic spec-
trum steepens fromk %2 to k=2, The assumption of equi-
partition can be verified by calculating the spectrumﬁéf
from the density equation. Repeating the arguments used for
the magnetic equation, of the terms of E§2) that decorre-

range. Howeverk 2 can be very large for a spectrum whose late on the Alfvaic time scale, those that go g8/, are
outer scale is 12 orders of magnitude larger than the iotargest. Of the terms that decorrelate on the fluid straining

gyroradius. Consequently, the Alfwie terms dominate,
leading to a balance

(K"2=K?) || X(Per b i)
(k—k')? W)

e=A;, [(k—k')?—k'?]

~ kVgBy
By, '

(70

and a spectrunEg(k)=Ey (k). The equipartition of the

time scale, the first terms &, andG,, are the largest. With
its multiplicative factors, the former goes a8k2¢24?/y,
while the latter go a®\?Vi?. OnceV, is determined these
terms will be found to be smaller thakfk?A/ @, . Hence
the dominant balance is

(K'2=K?) || X Do)

(k—k")? W '

e=A’, K2 (75)

Assuming the partition of the Alfudc eigenvectorkys

gigenmode is thus qutified by the spectrum balances. The p, | this balance yield&, (k) = Ey;(k), confirming the eg-
internal energy equation also has a competition between thgipartition assumption. In Eq(75), the density enters in a

Alfvénic and fluid straining decorrelation rates. Here terms

correlation withfpk. As with all cross correlations there is a

whose decorrelation is governed by the former have an eXtrﬁhase angle. However, from the Alivie eigenvector, the

factor of k?. Consequently the fluid straining terms domi-
nate, leading to the balance

2
k’ k

|ﬁk'|2|;l>k'|2: k2Ving

3 =KV, n2.
Yl ka k'k

(71)

€=

The fluid straining terms with a single factor of go as

k?A3/V,, and are found to be subdominant when checked

with the scaling of Eq(71). The balance of Eq71) is that
of a passive scalar. The spectrum is

ni €
El(k):?:

A TA T &041(7/4 : (72)

K
The density decays more steeply than the other two spectra. Ex(k)= K33

Despite assertions to the contrafa passive scalar has the

same spectral index as the advecting flow only for the speci

case of—5/3.

We consider now the short wavelength regime, startin
with the magnetic equation. From the preceding sectign
> vy, in this limit. All denominators 0fG,, andGa, go as

kzy’(;, making all terms small except the first of the terms

proportional tOy;Q,/&)A in each ofG,, andG,,. These go as
PP pl@, and §Pild, . The four terms ofG, also have one
or the other of these forms. The dominant termyf&/ o
because fewer factors &fare absorbed to convetf, to B,
and &k to V. The dominance can be verified posteriori

once ., &, and i, are determined. Appealing to the
Alfvénic eigenvector in the highk limit, we assume equipar-
tition of A, andBy. Thus, from the dominant balance

ARSI

W

k’Bin, k?Bj
By, By’

0

(73

E:AE,’kkz
0

the spectrum is

cosine of the angle is unity. Turning to the kinetic energy
equation, we note that the terms@y,, G, andG,, with
a factor of k’'2—k?) or [(k—k’)2—k'?] are larger than the

other terms. These terms go 82y dl s, A%y,
andA%k2$2y?ly,. The second term dominates, yielding

1212\ 1512 |2
EKZAi,’k[(k—k’)z—k’Z](k k%) [ || | ]

k=KD"
=kV3. (76)
This is the balance of the Kolmogorov spectrum, from which
62/3
(77)

aE]Jnder this dependence, it is readily verified that the sub-

ominant terms are indeed smaller. There is clearly a dra-

atic change in the way in which kinetic energy is cascaded
n the long and short wavelength limits. In the former it is
cascaded principally through the Alfvie coupling, under-
going a continuous conversion and reconversion process
with the magnetic energy. In the short wavelength regime,
self-advection of flow dominates, and kinetic energy is trans-
ferred between scales with negligible coupling to the mag-
netic field.

The spectral laws of the long wavelength regime cease
to hold at a critical wave number that is less than unity.
Returning to the discussion immediately following E9),
the Alfvenic and fluid straining terms in the kinetic energy
equation become equal when /k?@,=1. Solving this ex-
pression fork yields the critical wave numbeg,;=L ",
wherelL is the outer scale normalized to the ion gyroradius.
If the outer scale is 12 decades removed from the scale of the
gyroradius, as in the ISM, the critical wave numberkis;
=103 At this wave number fluid straining takes over in

Downloaded 28 Oct 2011 to 128.104.165.246. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



2718 Phys. Plasmas, Vol. 8, No. 6, June 2001 Terry, McKay, and Fernandez

the kinetic energy equation. Becaugeremains smaller than rium gradient, the density will be excited only through the
v the fluid straining term in the energy balance has an adAlfvénic coupling ofG,,. This coupling is weak fok<1,
ditional factor ofk? relative to the balance a@>1. This  while the turbulent advection, which depletes internal energy
produces a steep decay of kinetic energy VEf(k)~k 3. by cascading it to dissipated scales, is strong. Consequently,
Provided the fluid straining term of the internal energy equathe internal energy will be small compared to the magnetic
tion remains dominant, the internal energy decay levels ofand kinetic energies. In the short wavelength regime the
until the Alfvenic term becomes important. This behavior roles of kinetic and internal energy reverse. The Atfice
allows the internal energy to become larger than the kineticoupling ofn andB throughG,,, andG, now dominates the
energy. Once this happens, the magnetic energy drops mogelvection of density, and the internal energy is nonlinearly
sharply, allowing equipartition with the internal energy. The excited to equipartition with the magnetic field. For kinetic
physics of this transition subrange is clearly complicatedenergy the Alfvaic coupling throughG,, and G, is now

and many terms from Eq$50)—(52) potentially come into weaker than self-advection, which acts to deplete kinetic en-
play. Analysis of this subrange will be undertaken in a futureergy by cascading it to dissipated scales. Hence, the kinetic
publication. The wave number at which the>1 spectral energy falls to a level that is below that of magnetic and
laws begin to emerge depends on the details of the transitiointernal energies. The decoupling of kinetic energy and the
subrange. strong interaction of magnetic field and density through ki-

Given the complexities of the nonlinear inertial interac- netic Alfven disturbances, is precisely the situation described
tions probed in this paper, we have not included dissipatioy the CEMT model of earlier studié§?
in the analysis. Yet for applications such as interstellar tur-
bulgnce i't is worth consi.dering at what wave number dissi—v_ NUMERICAL ILLUSTRATIONS
pation might occur relative to other features such as those
discussed above. Recently, Leamaral. have inferred the The general behavior described in the preceding sections
threshold wave number of the dissipation range in interplanis evident from numerical results using a spectral code to
etary turbulence at one A%.The issue has its own com- solve the basic dynamical equations. The same code was
plexities, particularly since the apparent isotropy of the dis-used in Ref. 7 to measure the turbulent response, or charac-
sipation range strongly suggests kinetic processes, includintgristic decorrelation rates, associated with nonlinearities of
cyclotron resonance damping, ion and electron Landathe model. Details of the code are given in that reference.
damping, and kinetic Alfye wave excitation. The onset of From those studies, the basic energy balances of the long
the dissipation range is seen as a break in the spectral indexavelength regime, Eq$68), (70), and (71), were verified
of thefrequencyspectrum from a value-1.67 to—2.91. The  numerically. The simulations did not have sufficient spatial
corresponding wave number is placed betw&ern0.2 and resolution to measure spectral indices. Even in high resolu-
0.3. The critical wave number derived in the preceding paration simulations it is difficult to distinguish between the in-
graph for the transition from Alfugic to fluid straining dices that differ only slightly, e.gk~®? vs k~°2. However,
decorrelation in the kinetic energy equation falls at a somefrom large ensembles tracking the temporal response to per-
what lower wave number df.;;=0.04. Consequently it is turbations, it was possible to clearly distinguish the fluid
possible that the inertialnonlineay kinetic Alfvén wave straining rate in the denominator of E@71) from the
physics presented in this paper enters the cascade before difvénic rates in the denominators of Eq&8) and (70).
sipation. However, these critical wave numbers are suffiThese methods established that the Atiieeand fluid strain-
ciently close that, given uncertainties, both processes may liag decorrelation rates are given, to good accuracy, by Egs.
involved in the interstellar index of-1.9, which after all, is  (61) and (66), and that the characteristic frequencies of re-
much less steep than the interplanetary index-d.9. sponses are based on the decorrelation rates according to
Clearly the role of dissipation in nonlinear interactions nearEqgs.(27) and(28). Moreover, these studies verified the struc-
the inner scale is an important issue for future consideratiorture of the response function eigenvectors, Eg9)—(34).

The spectral indices derived above are meaningful only Here we examine the energy transfer dynamics and par-
if there is a sufficiently large spectral subrange in which thetitions that characterize long and short wavelength limits as
balances can become dominant. However, even in the alifustrations of the physics presented in earlier sections. In
sence of such a subrange, the asymptotic balances indicatee numerical solutions the magnetic field was the only fluc-
which interactions tend to dominate, and the approximateuation with forcing, creating the situation described at the
outcome in terms of energy partitions. The analysis assumemnd of the preceding section where the kinetic and internal
appropriate forcing in all three equations, but it can be use@nergies are excited solely by coupling across fields. The
to infer what happens when a single field is forced, as is donércing was accomplished through a linear instability drive
in the simulations described in the next section. For exampldantroduced into the magnetic energy equation. Unstable
if the magnetic fluctuation is the only field that is externally modes were typically restricted to a single wave number at
forced, it can be expected that the field to which it coupledong wavelength. Hyper dissipative damping was used in all
Alfvénically will be nonlinearly excited, and its energy will three fields to dissipate energy at the smallest scales. The
be brought into equipartition with the magnetic energy. Thussolutions were run until the instability was saturated by non-
in the long wavelength regime, the kinetic energy will belinear spectral transfer, and a steady state was reached. At
forced into an equipartition with the magnetic energy. With-this point an energy transfer diagnostic was turned on. The
out external forcing or an advective source from an equilib-energy transfer diagnostic records the rate of energy transfer
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Cross field transfer (from the unstable magnetic o=1
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FIG. 2. Percent of energy transfer from the magnetic equation going toFIG. 4. Wave number spectrum for turbulence in which all scales lie in the
fluctuations of flow(circles and density(squares as a function ofa. The short wavelength regimex(=1). Kinetic energy is much smaller than mag-

. . . netic and internal energies, which are equipartitioned.
parametera sweeps wavelength regimes, with<1 representing a spec-
trum in the long wavelength regime arg=1 representing a short wave-
length spectrum. e .
of energy. The favored form is kinetic energy, in accordance

with the Alfvenic interaction at long wavelengths. Around
into and out of annular bands in the two-dimensional space = 0.01 there is the beginning of significant energy transfer
of k, andk, for the three forms of energymagnetic, kinetic, {0 the internal energy equation; kt=1, nearly all of the
and internal. The procedure was repeated for spectral range§nergy is transferred to the internal energy equation and al-
lying entirely within long and short wavelength subranges, ofost none is transferred to the kinetic energy equation. This
in the transition region between the subranges. The samplinigure clearly shows how the kinetic and internal energies
of these subranges was varied continuously with the paranf€verse roles in going from long to short wavelengths, as
etera defined from the normalization used in Ref. 12 for the Predicted from the results of the spectrum analysis. Figures
basic model equations. The parametes the wave number 3—5 show steady state spectra for three values obrre-
squared of the longest wavelength mode normalized to th&Ponding to regimes with long, short, and intermediate wave-
ion gyroradius squared. Far=10"5, the smallest value 'engths. In Fig. 3x=10"°, and there is an equipartition of
used in the computations, all modes were well within themagnetic and kinetic energies away from the unstable mag-
long wavelength subrange. Far=0.1, the longest wave- netic mode ak=5. The internal energy is orders of magni-
length modes were marginally in the long wavelength retude lower for all wave numbers. In contrast, Fig. 4 shows
gime, while shorter wavelength modes Had 1. Fora=1  the situation fore=1 where the magnetic and internal ener-
the entire spectrum hakd> 1. gies reach equipartition abode=5. The kinetic energy is

Figure 2 shows the energy transferred from the magnetiévo orders of magnitude smaller. Figure 5 shows the inter-

equation, broken down into the percentage transferred to th@ediate case ofr=0.01. The spectrum is clearly in a tran-
kinetic and internal energy equations, as a functionaof ~Sition subrange, and all three fields are in rough equiparti-
Below =102 nearly all of the energy transferred by the tion. These results clearly illustrate the behavior predicted in
magnetic energy equation passes to the kinetic energy equéi prior sections: in the long wavelength regime the mag-
tion. This indicates that magnetic energy cannot pass frorietic field and flow strongly couple through the Alfve
one scale to another without being converted to another forrfiteraction, and density is a passive advectant; in the short

wavelength regime the magnetic field and density strongly
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FIG. 3. Wave number spectrum for turbulence in which all scales lie in the

long wavelength regimea=10"%). The system is forced by a linear insta- FIG. 5. Wave number spectrum for turbulence in an intermediate regime

bility in the magnetic equation witk=5. Internal energy is much smaller between long and short wavelengths<0.01). All three energies are com-
than magnetic and kinetic energies, which are equipartitioned. parable.
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interact through the kinetic Alfwewave, and flow becomes character, and the necessity of oppositely propagating distur-
decoupled. The numerical results have not verified the valuesances. Magnetic energy is seen to cascade from one scale to
derived for spectral indices, but they have verified the physanother through conversion to kinetic or internal energy and

ics and balances that uniquely lead to those values. reconversion back to magnetic energy. This process is gov-
erned by the cross correlatiotig¢) and(yf). The relative
VI. CONCLUSIONS phase of these correlations is set by the nonlocal ‘Altve

interaction, which has the character of a shear Alfweave

We have considered here anisotropic magnetic turbuin the long wavelength regime, and a kinetic Alfveiave in
lence in a model that reproduces in the long wavelength limithe short wavelength regime. Fluid straining interactions are
the salient features of turbulence in the warm diffuse ionizedeen to govern the cascade of internal energy at long wave-
component of the interstellar medium. As the wavelengthengths, and kinetic energy at short wavelengths. The closure
approaches the ion gyroradius the electron density goes froequations also contain a complicated transition region around
passive to active. To understand the dynamics associatégd=1. The rich and complicated interplay between Atfiee
with the coupling of electron density fluctuations to magneticand fluid straining processes revealed by consideration of a
turbulence we have investigated both long and short wavespectrum containing both long and short wavelength limits
length regimes. While the asymptotic short wavelength redispels the overly simple notion that a single decorrelation
gime is below the inner scale of the observed spectrum ofate applies to all interactions. Moreover, the energy partition
interstellar turbulence, the physics of an active density isstructure directly reflects the role of Alfa& versus fluid
expected to play a role near the inner scale. We caution thatraining motions in the nonlinear energy transfer. This sug-
other effects not considered here, such as dissipation, mayests that the observed Alfvie equipartition of flow and
enter at these scales, affecting the direct applicability of thenagnetic field fluctuations in simulations is incompatible
present results to interstellar turbulence. The model is basegith a decorrelation that is not Alfvec.
on reduced MHD with electron density fluctuations incorpo- This study indicates that the spectral laws of the long
rated through the electron pressure in Ohm'’s law and parallabavelength subrange do not extend all the wayktol.
compression of electron density in the electron continuityThus, provided dissipation does not cut off the spectrum of
equation. We have taken the limit of strong anisotropy, ininterstellar turbulence at the inner scale, the smallest scales
which the wave number along the local magnetic field islikely reflect a transition to the regime of active density.
negligible. Because there is a transition subrange before the short wave-

On the basis of a systematic statistical closure of thdength spectral laws come into play, it is not clear if the
energy evolution equations, we find that even for strong anmeasured index of-1.9 for angular broadening of extraga-
isotropy, Alfvenic decorrelatioralonemediates energy trans- |actic radio sources reflects the short wavelength index or
fer in the equation for the magnetic field. Alfvie interac-  other physical processes such as dissipation. A magnetic en-
tions couple magnetic field to the flow at long wavelengthsergy spectrum that is steeper than the MHD resuk of? is
and magnetic field to density at short wavelengths. The cousbserved in MST, which also makes the steeper spectrum of
pling, which drives equipartition between the coupled fieldsk =2 derived herein appealing. However, in laboratory plas-
decorrelates on the Alfvetime scale. The fluid straining mas the spectrum is limited in extent, covering only a few
decorrelation, or eddy turnover rate, affects only the cascadgecades. In this situation the gradient of mean density plays
of internal energy at long wavelengths, and the cascade &f greater role than that likely for interstellar turbulence.
kinetic energy at short wavelengths. The spectra associatetherefore, consideration of the role of the diamagnetic fre-
with these processes have distinct features in the two reguencyw, should be undertaken for more detailed compari-
gimes. For long wavelengths the spectral indices-aB$2  son with MST.
for magnetic and kinetic energy, and7/4 for internal en-
ergy. For short wavelengths the spectral indices-aefor ~ ACKNOWLEDGMENTS
magnetic and internal energy, antb/3 for kinetic energy.
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