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The dielectric tensor of reversed field pin@RFP plasma is calculated near the magnetic axis for
cylindrical azimuthally symmetric equilibria in the limit, p, — 0. Particle orbits are calculated to

first order in the drift approximation near the axis such that geometrical corrections to gyrophase are
included. It is demonstrated that these corrections are important for evaluation of the plasma heating
rate near ion cyclotron resonance in RFPs while they can be neglected in tokamak modeling.
Geometrical effects of this kind become important in RFPs because the ratio of poloidal and toroidal
magnetic field components is substantially larger in RFPs relative to that in tokamaR80®
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Recent study of the possibility of ion majority heating at above-mentioned argument of the plasma dispersion function
the fundamental ion cyclotron frequency in reversed fieldnear the axis. Indeed, one can derive the dielectric tensor at
pinches(RFP$! showed that such heating can be effective inr =0 in Cartesian coordinatesyz in the limit k, p, —0 for
these low magnetic field devices. In this study, plasma heaiorbits of the zero order ey . The result containk, =k, in
ing near the magnetic axis was considered. It was found thahe argument of the plasma dispersion function related to the
the power absorption near the axis unexpectedly strongljon cyclotron heating by a left-handed wave.
depends on the model used. A brief description of the model  For an equilibrium with a toroidal current density on
follows. The RFP is approximated by a cylinder with plasmaaxis the ratio sirf,/r#0 whenr — 0, thereforek, of Eq. (1)
equilibrium of the Taylor stafe® which is uniform in axial s not equal tk, atr=0 for m#0. The two wave numbers
and azimuthal directions. The plasma dielectric response iraH; kul of Eq. (1) and kf=kz can give completely different
found from the linearized Vlasov equation. The unperturbedesults for the absorbed power in the cases of interest for
particle orbits are considered in a local reference frame corcentral heating. In the example used in Refrs — 1, k,a
nected with the direction of the static magnetic fi¢gtix =15 (a is the minor radiusthe two wave numbers are
frame). The local triad of this frame is defined before E8). kla=0.3 andk’a=1.5. The use of the first wave number
in the present paper. The orbits are considered in the driffesyits in no heating while the second one results in a strong
approximation to zero order in drift parametes=p, /L,  jon heating on axis.
wherep, is a typical Larmor radius antl is a characteristic Analysis in the present paper shows that the introduction
length of variation of the equilibrium magnetic field. Be- ¢ <orrections of first order ine, in the equation for the
cause the higher harmonics are not important for the f””dag'yrophase leads to corrections to wave numberin the
mental heating, the plasma dielectric tensor is derived in th%‘lrgument of the plasma dispersion function in the perpen-
limit k, p_—0. When rf fields are Fourier expandeddmnd  jic 1ar plasma response of the order &jfr. In the above-

z coordinates, the plasma dielectric tensor in the local frame, o4 models particle orbits are considered to zero order in

IS found to be the $tandard hot plasma dlele_ctnc te.nsor n %D. Since the difference between the wave numtkérand
uniform magnetic fieldsee, e.g., Ref.)4 considered in the

limit k 0. but with th b kf is also of the order of sify/r, these wave numbers are
Imit Kip—=0, u_WI € wave humber equally justified within the accuracy of the models. The
K =k B _msind, K above-noted example shows that the consideration of a par-
=ko== ,C0S6, 1 i : , i :

r ticle’s trajectories of the zero order in the drift parameter

B

used in place ok,. In Eq.(1) 6, is the angle betweeB and ~ results in a poor accuracy of modeling of the plasma dielec-
z direction, andm andk, are the azimuthal and axial wave tric response in RFP when heating nesr w; is examined.
numbers. In Ref. 1 it was noted that the Stix frame is not inertial—it
Such modeling of the plasma dielectric properties enfotates when a particle moves along a magnetic field line.
counters a difficulty relating to the accuracy of calculation ofk,=k, from the model in inertial Cartesian coordinategz
the absorbed power. The question is which wave nurkper atr=0 was chosen as a more appropriate wave number for
one should use in the argument of the plasma dispersiothe estimates of heating rates near the axis. The present study
function (v — w;)/| kvt for the calculation of the absorbed shows that such a choice of an inertial reference frame is a
power near the axis. The above-noted model predictsf  step in the right direction toward the accurate result based on
Eq. (1). This wave number is often used in the rf modeling of particle trajectories calculated to the first order in drift pa-
tokamak plasmasgsee later discussipnOn the other hand rameter.
since B||z at r=0, one should expect th&,=k, in the In the present study we accurately calculate the dielectric
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properties of the plasma near the axis by considering particléhan in tokamakspoloidal and toroidal components of mag-
orbits to first order in drift parameter. The first-order correc-netic field in RFPs are comparale As follows from our
tions account for magnetic field geometry and compensatearlier discussion the geometrical corrections to the gy-
the rotation of the reference frame. We derive the properophase in RFPs are important and they have to be included
dielectric tensor analytically in the limk, p, —0. Because in RFP modeling for a proper evaluation of power absorption
the effects due to trapped particles are minimal near the magpear ion cyclotron resonance. Our calculation is different
netic axis, such a model accurately approximates the diele¢drom the analysis in Refs. 12 and 13 in the following. We
tric properties of RFP in this region. consider the region near magnetic axis where particle orbits
The Stix frame, connected with the local direction of theare simplified such that an explicit analytical result is pos-
equilibrium magnetic field, is not inertial for a moving par- sible. In these references a general formulation in tokamak
ticle. The difference between the Stix frame and an inertiapeometry is made such that analytical results are possible
frame leads to a correction in the equation for gyrophas@nly in limiting cases. This formulation is not valid near the
when the particle’s motion is considered in the drift approxi-axis because for the basis used in Ref. 12, the expansion over
mation (see the discussion by Littlejohrand Ref. 6. An-  the drift parametek, diverges ag —0 (see the remark in
other correction to the gyrophase is more directly related téhe following. Thus our result is not the limiting case of
the magnetic field geometry. It is due to nutati@n tilting  expressions obtained in the above-mentioned references. We
back and forth of the value ofb (b=B/B) as it is seen by now briefly outline the derivation of the corrected plasma
the gyrating particlé.We refer to both these corrections as dielectric response.
geometrical corrections to the gyrophase. Such corrections We derive the dielectric tensor by integration of the lin-
belong to first-order terms ieg . In the rf modeling of to-  earized Vlasov equation considering simplified particle orbits
kamak plasmas with the poloidal magnetic field, emphasis i@nd taking the limitk, py —0. We modify the standard cal-
placed on accounting for the large parallel gradient in theculations performed in the case of a uniform magnetic field
equilibrium magnetic field. The parallel gradient of the mag-(see, e.g., Ref. 150 our case of twisted field lines in the
netic field introduces significant numerical complication RFP. The plasma current is obtained in terms of an integral
even in the case when the unperturbed particle orbits aralong the unperturbed particle orbifs,
calculated to zero order iy . For this reason, the higher n e? t IF
Jvdvf dt’ E(r',t') —r

2

accuracy particle orbits are not considered in practical full j(r,t)=—2 nc,: YA
wave simulations, see Refs. 7 an@r&IK, TORIC codes and * “«
Refs. 9 and 1GALCYON code. On the other hand, the rota- Where« denotes iongwith Z,=1) or electronsy’, v’ are
tional transform in tokamaks is relatively small. As will be the solution of the equations of motion in equilibrium mag-
seen from the analysis in this paper, the correctioktof ~ netic field satisfying the “final” conditionsv’(t'=t)=v,

Eq. (1) in the perpendicular plasma response due to the ged- (t'=t)=r. The positioning of the density, outside the
metrical corrections to the gyrophase issinéy/r with integral is justified in the limit of zero Larmor radius. In our
sin6,=B,/B. The ratioB,/B is small in tokamaks, which derivation the unperturbed distribution functiér is a nor-
probably justifies the neglect of the effects due to geometrimalized Maxwellian. Similar calculations can be carried out
cal corrections to the gyrophase in rf modeling of tokamakfor non-Maxwellian distribution functions as well.

plasmas. The equilibrium magnetic field has componeBtgr),

In a recent formulation of the constitutive relation of Bx(r) (B,=0). The local triad of unit vectors of the Stix
axisymmetric toroidal plasmas by Bramblitahe particle’s frame ise; , €, e;, wheree;||B ande;=e;Xe, . We consider
gyrophase is calculated in the Stix frame to zero ordeqjn ~ Vectorsj, E, v, v’ in the Stix frame. Assuming time depen-
Thus the geometrical corrections to particle’s gyrophase aréencexexp(-iot) for j andE, we perform a Fourier trans-
not included in this formulation. In a detailed analysis of theform of Eqg.(2) in ¢ andz coordinates. We obtain
rf response of tokamak plasmas made by Laratlee drift n,e? f .

vdv

approximation is used to first order &, inclusively and the (1)=—>

geometrical corrections to the gyrophase are included in a

general description. In the following comparison of different t JF, : , , ,
theoretical models made by Laméflét was identified that X | dUE(r) e (Moo Helmz) met O],
the correction to the gyrophase due to the curvature and twist

of the magnetic field lines is not included in the full wave )

simulations in tokamaks. The emphasis in this comparison islow the components gfandE are the Fourier harmonics of
made on the proper modeling of the parallel gradient of mageorresponding components of rf current and electric field
netic field, while the geometrical corrections to the gy-with the azimuthal and axial wave numbensandk, . In Eq.
rophase are not included in the main points of comparison(3) we assumed that' =r due to the limitk, p, —0.
Thus we may conclude that such geometrical effects are con- To find the orbits with improved accuracy one should
sidered as not important in present day rf modeling of tokaconsider particle’s equations of motion in drift approxima-
maks, which seems to be appropriate in view of our remarkion to first order in the parametes,, see, e.g., Ref. 6.
about the smallness of the corresponding correction for tokaAccurate treatment of these equations leads to a relatively
mak magnetic field. complicated calculation of plasma dielectric response. Such
In RFPs, however, the ratiB,/B is substantially larger calculation for the helical magnetic field is made by

Downloaded 10 Jan 2005 to 128.104.223.90. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



4394 Phys. Plasmas, Vol. 9, No. 10, October 2002 V. A. Svidzinski

Mikhailovskii.'® In this calculation the geometrical correc- wherev=\v?+uv?. In Eq. (7) % is a dummy variable of
tions to the gyrophase are neglected while other effects of thimtegration in velocity spaceve changeds= ¢ — 6). Within
helical magnetic field are retained. We accurately calculatéhe considered accuracy one can substitute the coordinates of
the plasma dielectric response near the axis; in this regiothe guiding center in place @ andz’ in Eq. (7), such that

the drift contributions are small and the equations of motion

are significantly simplified. , v Siné, .
Near the axis the velocity components in the Stix frame 0'=0-——(=t), ®
are considered in the form
z'=z—vcosby(t—t’). 9)

V3=V, v,=v, code—6), vy=v, sin(¢—0) (4 o _ _ _
The use of guiding center coordinates in Ef). instead of

and the time evolution is described by the exact particle coordinates is justified due to the follow-
ing. The correction to the coordinate due to finite Larmor
v;=0, v,=0, (5) radius is a small parameter which can be neglected in the

limit k, p. —0. The same condition holds for thecoordi-
nate whenrs>p,, but it is not valid whenr~p, . From

L U .
P77 W™ e (VX&) relations betweek, , E, andE,, E, we find that ag —0,

vy[ ,  singycosb _ .
_wca—E( ot | (6) E+:Ef+'E9:EX+'Eyefio’ 10
V2 v2
In EqQ. (4) 6is the particle’s azimuthal position in cylindrical
coordinategnot the position of the guiding cenjerhile the E,—iE, E —IE, ”
right-hand side of Eq(6) is evaluated at the location of the E_-= W = 3 € 11

guiding center. The prime in E¢6) denotes the derivative

with respect ta. ¢ in Egs.(4) and(6) can be considered as \yhich means thaE, (r=0)#0 only form=—1 andE_(r

a gyrophase defined in a quasi-inertial frathe., free from =0)#0 only for m=1. Similarly E5(r =0)#0 only for m

the singularity of the Stix frameThe geometrical correction — (g Thus we can deduce that for small radi p, the 0—6’

to the gyrophase in E(6) is due to the nutation df as seen  jependence vanishes in Ea@) for the realistic electric fields
by the gyrating particle. The correction due to twisting of theyhjch validates Eq(8) in this region as well.

Stix frame is incorporated in E@4). A direct substitution of We substitute orbits of Eq$8) and(9) ande—¢’ result-
particle velocity of Eqs(4)—(6) into the equations of motion ing from Eq. (6) into Eq. (7). We compare the resulting in-
shows that the inaccuracy in these equations is of the ordgggral with the corresponding integral in a uniform plasma
of epsindy when sinfy=ep or ey when sinfp=<ep. This  ith magnetic field inz direction. The terms in the resulting
inaccuracy is reduced by the factor giyrelative to the case jntegral are obtained from the corresponding terms for the
when geometrical corrections to the gyrophase are not ingniform magnetic field by substitutiok,—k;" in the term

cluded. Thus the orbits of Eqé4)—(6) provide an adequate jth E, | k,— k; in the term withE_ and k,—k; in the
accuracy for the calculation of resonant rf plasma responsgym with E5, where

near the axis. It should be noted that the orbits of Ed)s-

(6) are not obtained from the standard form of the drift ap- m sin 6,

proximation (Ref. 6. Because of the divergence §Xe; kj=———+kgcosby,

whenr—0 the Stix reference frame is not appropriate for

formulatl_ng the drift apprOX|ma_t|0n near _the_ axis. _ K=k +ketke, ki =k—ks—ke, (12)
The integral over the particle velocity in Eq. (3) is

performed in cylindrical coordinates connected with the Stix 1 sin 6, cosé, siné,

frame. Particle velocity at a mometit is calculated in the ks=§( 0o+ f) k.= g

Stix frame connected with the point at which particle is lo-

cated. We introduce left- and right-handed F?erf’endicu"”"‘I’herefore the dielectric tensor in our geometry can be found
field components, andE_ such thatE. = (E,£IE})/V2.  fom the dielectric tensor in the uniform magnetic field by
Taking into account Eq(4) the time integral in EA(3) be-  he appropriate substitution of wave numbkfs, k; , k; in

comes place ofk,. The correctiorks is due to the nutation ob
within gyro-orbit (or due to the shear of magnetic figlthe
J’t dt,{v_i E_+e,i[(mﬂ)(g,(,r),w,g,r)],i;p correctionk is due to the twisting of the local coordinate
o ) frame.
The resulting conductivity tensor in our geometry is
LU B iimen- o) -+ i o ,
v V2 . :Jr+|15:i Wpy © (w_wca)E
Ui imo—0y | OFe itoz-2)-wt-t’ T T a0 K o K o)
+ ;E;e im(6—6") We i[k(z—=2")—o(t—t )], (7) (13)
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T 2 ®
j_:Jr IJGZLE wpza _(1) (1)—_’_(1)(;0( N PabSZS_E*'TA.E
v2 4mi T 0 kore Ky loTa .

(14) over a magnetic surfacesee Ref. 1b Regarding the esti-
. l2m w \2 mates of the absorbed power near ax?s in Refinlwhich
j3=— HE " (|k o ) Z' k[0 )E;, (15 left-handedm= —1 component is considergdve can note
« T I T that one should use =k, + 6}, in the argument of the plasma
where vr,=\2T,/M,, ®p,, . are ther dependent dispersion function instead &6 =k,— 65 of Eq. (1) or k?
plasma and cyclotron frequend®, is the plasma dispersion =Kk, (used in Ref. 1 The correctiond, to kf would some-
function,k;, k;”, andk; are defined by Eqg12). The con- ~ what improve wave absorption near the axis in the examples
ductivity tensor defined by these equations contains differenin Ref. 1. Because of the relatively low value of the safety
wave numbers for different wave polarizations when0.  factor in RFPs,6; can be a noticeable correction kg of
From Egs.(10) and(11) it follows that them=1 component realistic antennas in the ion cyclotron frequency range. We
is purely right-handed and the=—1 component is purely can conclude that the geometrical corrections to the gy-
left-handed on axis. This is a general property of fields infophase and probably other corrections to particle orbits of
cylindrical coordinates. Therefore the conductivity tensor orfirst order in ep (which appear starting from midradius
axis is calculated with wave numblef =k,+ks=k,+ 6, for ~ where sinfp~1) have to be included in accurate modeling of
left-handed circular polarizationk, =k,—ks=k,— 6 for plasma dielectric properties in RFPs near ion cyclotron reso-
right-handed polarization, ankl,=k, for parallel electric ~nance. Such corrections are probably less important in rf
field. Such difference between parallel wave numbers is dugodeling of tokamak plasmas in this frequency range.
to the helical structure of magnetic field. The corrections to
parallel wave number further separate the plasma dielectric
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