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Two-dimensional axisymmetric and three-dimensional helical equilibrium
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Department of Physics, University of Wisconsin-Madison, 1150 University Avenue, Madison,
Wisconsin 53706, USA

(Received 16 March 2011; accepted 3 May 2011; published online 31 May 2011)

The line-tying condition at a conducting anode is shown to provide a localized modification to the

well-understood 1-D screw pinch equilibrium in the presence of bulk plasma diamagnetism.

Diamagnetic currents cannot flow near the conducting anode and are measured to disappear in a

localized boundary layer, causing a weak mirror configuration that breaks 1-D equilibrium and

causes large parallel pressure gradients suggestive of significant radial outflows. For sufficiently

large plasma currents, the paramagnetic nature of parallel current drives the equilibrium to

paramagnetism and destroys the mirror effect. At a critical plasma current, the axisymmetric

equilibrium is found to transition to a long-lived, rotating, helical 3-D equilibrium state. Internal

measurements of this state via multi-point correlation analysis techniques illustrate that it preserves

the flux surfaces and pressure profile of the axisymmetric equilibrium. Measurements indicate that

despite the fact that the flux surfaces wander at the anode, the line-tied boundary conditions are not

necessarily violated. VC 2011 American Institute of Physics. [doi:10.1063/1.3592998]

I. INTRODUCTION

The 1-D, radial magnetohydrodynamic (MHD) equilib-

rium of the screw pinch is one of the most fundamental and

well understood in magnetic confinement, with thorough

treatments in nearly all elementary textbooks.1 Interest has

been renewed in this configuration, however, due to its suit-

ability to the study of line-tied plasma columns. This geome-

try is relevant to a number of astrophysical systems such as

the prominences observed on the surface of the sun2,3 where

MHD instabilities are thought to be a possible cause of solar

flares and anomalous coronal heating.4 The line-tying condi-

tion requires the vanishing of electric fields tangent to a per-

fectly conducting surface, which in the ideal MHD limit

corresponds to zero plasma displacement as the plasma is

frozen into the magnetic field. Line-tying has been both

inferred5 and mechanically enforced6 in past experiments

using planar and conical conducting anodes, respectively.

Conducting anodes have also been shown to provide incom-

plete line-tying7 due to finite sheath resistivity at the anode

surface.8 In this study line-tying by a planar anode will be

directly measured for certain MHD equilibria. The line-tying

condition will be shown to break the assumptions of the ca-

nonical 1-D MHD force balance, requiring instead a 2-D

equilibrium treatment.

Beyond 1-D and 2-D equilibria, persistent helical states

in otherwise axisymmetric systems have been identified in

toroidal devices such as RFX-mod,9 JET,10 NSTX,11 and

MAST.12 These persistent states are thought to constitute

helical 3-D equilibria, requiring a fully 3-D treatment of

MHD force balance. Such states have also been theoretically

predicted for straight cylinders13 and computationally seen,14

despite the imposition or existence of an axisymmetric bound-

ary condition. This study reports the experimental observation

of such a 3-D helical state in the screw pinch.

MHD force balance is given in vector form by:15

rP ¼ ~J � ~B� q ~V � r~V
� �

; (1)

where ~V is the plasma flow, q is the mass density, ~J is the

current density, and ~B is the magnetic field. In the canonical

1-D cylindrical form (only gradients in r̂ allowed), Ampère’s

law r� ~B ¼ l0
~J

� �
expands Eq. (1) to become in the radial

direction:

@P
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z
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r
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where Vr = 0 is assumed, and Br¼ 0 by necessity. The pres-

sure gradient is supported by the H-pinch and Z-pinch term

[first and second term on the RHS of Eq. (2)]. The centrifu-

gal term [third term on the RHS of Eq. (2)] is often ignored,

though for large enough q or Vh it can lead to a meaningful

reduction of the pressure gradient. In 1-D equilibria, the

degree of pitch to the magnetic field is parameterized by the

safety factor q [=2prBz=ðLBhÞ], where L is the device length.

Expanding Eq. (1) into a 2-D equilibrium is achieved by

including gradients in ẑ which were neglected in Eq. (2),

yielding:
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;

(3)

where axial gradients can thus sustain or degrade the pres-

sure gradient. Vh � Vr is no longer enforced in Eq. (3), add-

ing an additional term for completeness.

This paper will utilize the canonical 1-D axisymmetric

equilibrium of Eq. (2) to describe the bulk plasma. However,

it will be shown that the 2-D form of Eq. (3) must be used to
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adequately describe a boundary layer at the anode where the

line-tying condition generates significant axial gradients. As

plasma current is increased, the axisymmetric equilibrium

transitions to a rotating, highly coherent, helical state.

Though mode onset may be consistent with a current-driven

kink mode, the non-linearly saturated state is shown to be a

fully 3-D helical equilibrium described by the vector form of

MHD force balance given by Eq. (1).

The organization of this paper is as follows: Sec. II

introduces the experimental device, the Rotating Wall

Machine,16 and discusses the diagnostics utilized for the

present study. Section III details 1-D equilibrium in the bulk

plasma, as well as the direct verification of the line-tying

condition at the anode and resultant 2-D modifications to the

equilibrium. Section IV discusses analysis of coherent fluctu-

ations and their interpretation as a 3-D helical equilibrium

present in the device. Section V provides additional discus-

sion of the aforementioned topics.

II. EXPERIMENTAL DEVICE AND ANALYSIS METHOD

The Rotating Wall Machine,16 shown in Fig. 1, is a

screw pinch magnetic geometry with an externally imposed

uniform axial guide field (Bz¼ 500 G) twisted by azimuthal

fields generated by the plasma current (IP¼ 1–7 kA). The

plasma is formed in a 1.2 m long and 20 cm diameter stain-

less steel cylinder with an exterior copper liner. The resistive

diffusion time (sres) of the compound wall is 4 ms, while the

pulse length is 20 ms. Plasma (hydrogen for this study) is

generated by a unique array of 19 washer-stabilized hollow

cathode electrostatic current injectors (guns),17,18 shown in

Fig. 1. The discharge begins by striking an arc within the

plasma gun nozzle thus creating a high density plasma. The

entire gun is then biased with respect to an external anode,

injecting space-charge limited currents into the device. Each

gun’s bias current is independently controlled by a high-

speed thyristor-based pulse width modulation system, which

allows spatially and temporally varying injected current pro-

files to be achieved in the device. This system also affords

the excellent shot-to-shot repeatability necessary for this

study. The plasma terminates on a bullseye-shaped seg-

mented anode. Measurement of the current to each anode

ring yields a coarse measurement of the current profile. The

anode is constructed of 4 cm thick copper with a sres of 200

ms, far longer than the discharge duration.

Measurements in the experiment are conducted by a vari-

ety of insertable probes and edge magnetic probe and fluxloop

arrays. An array of 80 Br fluxloops (8 axial by 10 azimuthal)

surrounds the entire volume of the plasma, and 30 Bh edge

probes are located inside the vacuum vessel at three distinct

axial locations. An additional 10 Bz edge probes are spaced

equally at one azimuthal location. The guide field solenoids

are energized several seconds before the plasma source

becomes active, yielding a temporal decoupling of the mag-

netic fluxes arising from the plasma and from the external sol-

enoids. All internal measurements described in this study are

done with an axially inserted probe, also shown in Fig. 1. The

probe travels axially on a rail at the edge of the vacuum vessel

and can move to any axial location within the vacuum vessel

to a precision of 0.5 mm. As the probe head is attached to a

90� articulating joint, rotation of the probe rail allows the

probe to sweep a trajectory in the ðr; h) plane through the cen-

ter of the plasma column. Though this system does not capture

full 3-D maps of the plasma column, it does resolve axisym-

metric and m¼ 1 phenomena. The probe head itself is inter-

changeable and for this study Mach, single-tip Langmuir, and

tri-axis B-dot probes are used.

Profiles in ðr; h; zÞ space are built up using extensive

shot-to-shot repeatability as the probe is fixed at a single

position during a discharge. Figs. 2(a) and 2(c) illustrate a

raw, integrated signal from a single B-dot probe coil at a cer-

tain spatial location, along with 1 ms-bin time average val-

ues. As shown, even discharges with strong fluctuation

levels have well-defined mean values from which radial pro-

files can be created. As all components of ~B are measured

[shown in Figs. 2(b) and (d)], a direct measurement of the

axial and azimuthal (approximately the parallel and perpen-

dicular) currents using Ampère’s law as well as the local

value of the safety factor q is possible. Using Eq. (2), local

spatial gradients in ~B are related to the plasma pressure gra-

dient which is then integrated to calculate a radial pressure

profile. This integration is carried out from the plasma edge

to the core from each direction, allowing a rough gauge of

the error by noting the degree of core pressure mismatch.

Pressure integration is valid for time scales longer than the

Alfvén time sA (�2 ls), a condition easily met by the 1 ms

time binning utilized.

III. AXISYMMETRIC EQUILIBRIUM

A. High-q diamagnetic equilibrium

Weakly biasing the plasma guns (Idischarge > Ip) gener-

ates a strongly diamagnetic, high q (�3–4) plasma in which

the pressure gradient is primarily supported by the @
@r

B2
z

2l0

� 	

FIG. 1. (Color online) Cross section of the Rotating Wall Machine in the

configuration used for this study: The plasma is generated at the plasma

source array and is confined by four solenoids. Biasing the source with

respect to the anode drives current throughout the discharge forming the

screw pinch equilibrium. Qualitatively illustrated discretized plasmas are

observed to merge within 1=3rd of the distance to the anode, through a pro-

cess beyond the scope of this study.
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term of Eq. (2), as shown in Fig. 3. Equivalently, the contribu-

tion to J? is primarily from Jh over Jz. This indicates that the

equilibrium is H-pinch like, and as such is robustly stable to

MHD instabilities. The large diamagnetism (dBz � Bz;guide�
Bz;observed < 0) also lowers the q profile by reducing the local

Bz, and this effect can be significant at weak guide fields. The

magnitude of the pressure gradient is also large, yielding a

core b (� 2l0P0

B2
z

) of 15%, illustrating that the usual force-free

approximation used to describe screw-pinch equilibria is not

applicable to this plasma. The absence of a force-free current

profile can be easily understood by noting that though the cur-

rent profile is stationary in time, it is strongly sourced and

sinked by the guns and anode, respectively.

B. Two-dimensional equilibrium and anode mirroring

The large dBz of the high-q equilibrium shown in Fig. 3

also allows a unique and direct confirmation of anode line-

tying to be performed. At the highly conducting anode sur-

face, any DBz in time interval Dt < sres is forbidden as the

line-tying condition requires Et¼ 0. It would thus be

expected that dBz ¼ 0 at the anode surface, leading to a

weak magnetic mirror. Experimental observations, shown in

Fig. 4, clearly display this behavior, though measurements at

the exact surface of the anode are impossible due to finite

probe size. This constitutes a direct measurement of mag-

netic fieldline tying in a plasma by a conducting anode and

illustrates that its effects are highly localized. This scale

length is set by the competition between advection and diffu-

sion of the magnetic field as axial flows (Vz) present in the

device tend to advect field perturbations downstream while

diffusion allows perturbations to move upstream. The paral-

lel magnetic field diffusion coefficent (D ¼ g=l0) using a

past measurement19 of g is 120 m2=s. From the induction

equation, D � ðDZÞVz, where measured Vz �6 km=s sets a

scale length (DZ) of �2 cm, consistent with the observed

scale length.

The nature of MHD radial force balance is significantly

altered in a narrow anode boundary layer (ABL) as the domi-

nant contribution to Eq. (2) [the @
@r

B2
z

2l0

� 	
term] is much reduced.

This requires a transition from the 1-D form of Eq. (2) to the

2-D form of Eq. (3) in the ABL. To analyze the 2-D equilib-

rium in this region, measured plasma parameters are presented

in Fig. 5. The B-dot probe is capable of directly measuring the

magnetic field terms of Eqs. (2) and (3), and results are shown

in Figs. 6(a)–6(c). Measurements at Z¼ 115 cm are in the

bulk plasma, where Eq. (2) is expected to hold, while meas-

urements at Z¼ 121 cm are partway into the ABL, and the an-

ode is at Z¼ 123 cm. The reduction in dBz leads to a large

reduction in the @
@r

B2
z

2l0

� 	
term in the ABL. This imbalance

must be compensated for by other terms in Eq. (3). The
Bh
l0r

@
@r rBhð Þ term is unaffected by the transition into the ABL.

The Br

l0

@Bz

@z term, not present in Eq. (2), is present in the ABL,

but is insufficient to account for the force imbalance in the

FIG. 2. (Color online) Raw (integrated) signal from the B-dot probe under (a) quiescent and (c) fluctuating conditions. The crosses are 1 ms-bin time-averages

of the signal, which are well-defined despite the large fluctuations present. Radial profiles of 1 ms-bin time-averages are displayed in (b) for the quiescent and

(d) for the fluctuating case, along with the relative fluctuation amplitude, illustrating the ability of shot-to-shot repeatability at the millisecond level to resolve

well-defined spatial information.
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ABL. Thus, the total magnetic body force is reduced and must

be compensated for by either reducing the pressure gradient or

generating large flows or both.

An approximate analysis is carried out in the ABL by

first neglecting the flow terms of Eq. (3) and integrating the

resultant pressure profile (PMHD), shown in Fig. 6(c). For the

bulk plasma, PMHD is a very good approximation to the true

pressure as Vr, Br¼ 0 is expected and the inferred values of

Vh from E�B drifts16 [Fig. 6(d] indicate that the q
V2

h
2

term is

negligible at the anode. For the ABL, it is not possible to a

priori neglect the Vr terms, though as they contribute to sus-

taining the pressure gradient; the Z¼ 121 cm PMHD profile is

thus a lower limit, though it is consistent with the decrease of

ne shown in Fig. 5(a). PMHD thus exhibits a strong parallel

pressure gradient and loss of plasma particles from Z¼ 115

cm to 121 cm. As Te is measured to be spatially uniform, the

spatial variation in PMHD arises from density gradients and

these gradients are used to calculate the Vr necessary to satisfy

the incompressible continuity equation without particle sour-

ces or sinks, where Vz is measured [shown in Fig. 5(c)]. This

limiting case Vr is then used to compute the remaining flow

terms in Eq. (3), which are shown to be small [Fig. 5(f)].

As the PMHD profile utilized is a lower limit and as Vr arises

from this pressure decreases, the Vr limit is thus an upper one

and the neglect of the flow terms is thus justified in the origi-

nal approximation. Confirmation of these estimates naturally

requires a direct measurement of the radial flow (Vr) profile,

as the assumption of incompressibility may be inaccurate.

Particle sources and sinks, however, are not thought to play an

important role as the mean free paths of ionization and recom-

bination are much larger than the spatial scales relevant to the

ABL. Furthermore, measurements are limited to Z¼ 121 cm

by the spatial scale of the probe. It is expected that the force

imbalance of Fig. 5(a) will become more pronounced closer to

FIG. 3. (Color online) 1-D screw-pinch equilibrium under a low plasma cur-

rent operation, illustrating the strongly diamagnetic nature of the equilibrium.

(a) dBz is the perturbation to the axial guide field by (b) currents internal to

the plasma. (c) The pressure gradient is supported primarily by diamagnetic

currents, with the resultant equilibrium similar to that of a H-pinch. The

boundary condition is provided by edge probe array measurements.

FIG. 4. (Color online) The perturbation to the guide field (dBz) by diamag-

netic currents exists throughout the bulk of the plasma. Near the anode, the

line-tying condition prevents dBz from penetrating. The scale length of this

phenomena is seen to be 	 5 cm, the resolution of which is limited by the fi-

nite axial spacing of the probe sweeps. Due to the strong guide field, field-

line deflection is not large, though a weak magnetic mirror results. Dashed

lines indicate the axial location of probe sweeps of 21 radial points.

FIG. 5. Profiles of key plasma parameters in the device. Plasma density ne

(measured using ion saturation current to an electrostatic probe) is found to

be large and collimated radially, with weak variation axially until near the

anode. Te is measured to be uniformly 3.5 6 0.5 eV (not shown) using a sin-

gle-tip Langmuir probe. The cathode (plasma gun face) is at Z¼ 0 cm, while

the anode is at Z¼ 123 cm and is indicated by dashed lines. Vz is measured

using a Mach probe head. A monotonic slowing down is seen as the plasma

traverses the column. The physical mechanism of the flow and its axial pro-

file is beyond the scope of this study. Vh is the E�B motion inferred from

plasma potential gradients measured by the single-tip Langmuir probe. Ra-

dial profiles are made at the midplane while axial profiles are at the geomet-

ric axis.
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the anode, leading to larger axial gradients. It is further specu-

lated that the observed lack of density pile-up at the anode de-

spite the large Vz is due to the pumping effect of Vr. If

particles retain radial momentum after recombination, neutral

and plasma particles alike would be driven into expansion vol-

umes at the anode end.

C. Transition to paramagnetic equilibrium

As more Jjj (/ IP) is injected into the plasma by increas-

ing the bias voltage on the plasma guns, the diamagnetic

equilibrium transitions to paramagnetism and the anode

boundary layer effect is lost. This is because the magnetic

field unit vector exhibits a greater pitch thus giving a sole-

noidal component to Jjj and contributing positive (paramag-

netic) dBz to the core. This effect is counter to the Jh currents

produced by the plasma gun itself. Thus, increasing IP transi-

tions the core plasma from diamagnetic to paramagnetic in

nature, and eliminates the anode mirror effect described in

Sec. III B. The nature of the canonical 1-D radial MHD-force

balance of Eq. (2) is also altered by the paramagnetic effect,

with the JzBh drive becoming dominant over the JhBz term,

as shown in Fig. 7. This geometric effect is well known20 but

is rarely demonstrated experimentally due to the fact that

dBz 
 Bz0 in most devices.

D. Confinement scaling of axisymmetric equilibria

Figure 8 illustrates that increasing the plasma current

(IP) and guide field (Bz) found to both lead to higher core

pressure (P0) though differing effects on b ¼ hPi=ðB2
z=2l0Þ

are seen. The large amount of Ohmic heating from IP / Jjj
results in a very high value of b, both in a peak and volume

averaged sense. A linear dependence of volume-averaged b
on IP is seen, though Ohmic power P / gI2

P (where g is the

resistivity and is / T
�3

2
e ) and measurements indicate Te and

thus g are insensitive to IP. This is reconciled by noting that

for open ended devices, particle flux C (and thus power loss)

is overwhelmingly directed to the end plates giving

C / neCs, where Cs is the sound speed and is / T
1
2
e. Past

measurements16 have shown that ne / IP, while Te is insensi-

tive to IP. Thus, while P / I2
P, C / IP, resulting in the

observed b / IP scaling. In the limit of zero IP (unbiased

plasma), the plasma guns still produce plasma, which leaks

along the guide field while maintaining ambipolarity yield-

ing the finite b values observed. Core b deviates from linear-

ity with Ip due to diamagnetism significantly modifying Bz in

the core. Guide field scaling (Bz / hPi) illustrates that

reduced Larmor radii are effective in increasing confinement

even in open ended devices, though the B�2
z dependence in

the definition of b yields a b / B�1
z final b scaling.

IV. HELICAL EQUILIBRIUM STATE

The lower q (�1–2), higher (IP) equilibria discussed

in Sec. III C are also characterized by the appearance of

FIG. 7. (Color online) 1-D equilibrium magnetic fields during high current

operation. (a) The diamagnetism is shown to be greatly reduced in this case

as (b) increasing Jjj is strongly paramagnetic. (c) The pressure gradient is

primarily balanced by gradients in Bh, unlike the low current discharge of

Sec. IV A, and the resulting equilibrium is Z-pinch like.

FIG. 6. (Color online) Analysis of Eq. (3) in the boundary layer where the

line-tied condition breaks the 1-D form of radial MHD equilibrium. Meas-

urements at Z¼ 115 cm are in the bulk plasma region, where Eq. (2) is

expected to hold, while measurements at Z¼ 121 cm are partway into the

anode boundary layer, and the anode is at Z¼ 123 cm. (a) The diamagnetic

term is much reduced in the boundary layer while (b) the Z-pinch term is

unaffected. (c) The 2-D nature introduces a new term into radial force bal-

ance. (d) Pressure profiles from the integration of the J � B forces illustrate

the reduced pressure from the weakened diamagnetic term, which is partially

offset by the new axial term. (e) Radial flow Vr approximated from the

incompressible continuity equation using the PMHD profiles. (f) The remain-

ing flow terms of Eq. (3) using the Vr of (e) are shown to be small.
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long-lived coherent fluctuations in the magnetic and kinetic

profiles. Typical magnetic field measurements for this mode

are shown in Fig. 9. It is exceptionally coherent and domi-

nantly m = 1 with a helical twist. The mode is global, but

with the largest amplitudes observed at the anode end. It is

also a global mode of the device with a single frequency

present throughout. Detailed internal measurements illustrate

that mode is a helical equilibrium state, as will be discussed

in the following sections.

A. Scaling and onset

Coherent mode scaling with IP and Bz is complex, as

shown in Figs. 10(a)–10(d). Onset occurs at a critical plasma

current IP (equivalent to a critical Jjj), though this critical

current is seen to vary weakly with the axial magnetic field

Bz. This is inconsistent with a critical safety factor (q) for ex-

citation expected by external kink theories.21,22 Furthermore,

the mode can be excited by increasing the guide field (Bz),

which would tend to be stabilizing to the external kink

mode. The current profile is modified and becomes some-

what more peaked as Bz is increased, but measurements

using the segmented anode (not shown) indicate that the

q / Bz nonetheless. The frequency of the mode is increased

as IP or Bz is increased, but this dependence is weak with Bz.

The growth rate (c) for the mode in the exponential phase

[shown in Fig. 9(c)] is found to be in the 6–10 kHz range. A

weak c / IP scaling is observed, while no dependence on Bz

is seen. As the experimental scatter in c is great due to the

short duration of the exponential phase, no analysis of this

scaling is presented.

The observed mode frequency (fmode) at a single coil is

simply that of the Doppler shift of the rotating m¼ 1

FIG. 9. (Color online) (a) Edge Bh probes illustrate the presence of an m = 1

perturbation that has a helical twist. (b) B-dot probe signals illustrating the

exceptional coherence and single-harmonic structure of the fluctuation. The

directions of the signals refer to the probe frame, which is distinct from the

cylindrical frame as seen in Fig. 1. An edge Bh probe is also shown (ref),

which is used as a clock to correlate signals from separate discharges and

build up internal profiles as discussed in Sec. IV B. (c) High-pass filtered

edge Bh coil illustrates that onset of the perturbation is characterized by an

exponential growth phase, followed by a linear growth phase indicating non-

linear interactions, until a saturation amplitude is reached.

FIG. 10. (Color online) (a) The coherent mode of Sec. IV is shown in (a) to

linearly increase in frequency as plasma current (IP) is increased. (b) Fre-

quency dependence on Bz is increasing at lower IP but static at higher IP. (c)

Mode amplitude ( ~B) increases linearly with IP, and the critical current for

excitation is not found to occur at a single value of safety factor q. (d) ~B also

counter-intuitively increases with increasing Bz. (e) Axial structure of the

E�B frequency and ~B for the 500 G, 3.5 kA case. Mode amplitude is largest

where fmode < fExB. (f) Significant radial shear in fExB also exists, requiring a

mode-weighted volume average to relate fExB to fmode.

FIG. 8. (Color online) Scaling of peak and volume averaged plasma

b ¼ P=ðB2
z=2l0Þ with plasma current IP and guide field Bz. The plasma cre-

ated by the plasma gun array is exceptionally high b, due to the large

amounts of Ohmic power (up to 1 MW) deposited in the bulk plasma. (a) A

linear dependence on IP is seen for volume averaged b which breaks down in

the limit of zero IP, while diamagnetism in Bz breaks this trend for core b. (b)

Bz / P as Bz increases confinement, though the B�2
z dependence in the defini-

tion of b yields a b / B�1
z final scaling. Simple trendlines are also shown. P0

and hPi are computed by integrating the 1-D radial force balance of Eq. (2).
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perturbation. fmode is large enough that the conducting vacuum

vessel appears ideal and thus ~Br ¼ 0 at the wall. Analysis dis-

cussed in Sec. IV B will show that the typical radial scale size

of the oscillation is � 5 cm, which allows conversion from

fmode (13 kHz for the Sec. III B case) to a mode azimuthal ve-

locity (vmode), which is found to be � 4 km=s, and directed in

the E�B direction. This velocity is sub-Alfvénic and sub-

sonic as these speeds are� 75 and 25 km=s, respectively.

Figure 10(e–f) illustrates that an axially and radially

sheared E�B flow (vE) profile likely exists in the device, as

radial electric fields (Er) are measured16 without significant

radial currents thus requiring v � vE to balance Ohm’s law.

Despite the sheared vE profile, a single, global fmode is

observed, shown by the dotted lines in Figs. 10(e)–10(f).

Though the process by which a global mode frequency is

selected in a sheared flow is relatively unexplored analyti-

cally and computationally, it can be intuitively inferred that

a volume-weighted average is taken to select the mode ve-

locity. With this hypothesis, scaling with IP is easily under-

stood as vE / Er / Ez / IP, though scaling with Bz is more

complex. Mode axial extent increases towards the cathode

with increasing Bz (and IP) and begins to inhabit regions of

larger vE. Thus, as the volume-weighting includes regions of

larger vE, larger frequencies would be observed, consistent

with observations. Mode amplitude is the largest when

vmode > vE, indicating that vE may be setting the axial scale

size of the mode in addition to its frequency.

B. Internal analysis

The exceptional coherence of the raw magnetic signals

[samples shown in Figs. 2(a), 2(c), and 9(b)] allows the use

of a reference signal (an edge Bh coil) to clock signals across

different discharges, thus enabling internal profiles of the

fluctuating field to be constructed. Each magnetic field com-

ponent has a well-defined phase shift (d/) from the reference

signal, and d/ can be measured at different spatial locations.

In this way, utilizing shot-to-shot repeatability, radial and

axial profiles of d/ can be obtained, as shown in Fig. 11(b).

A fast Fourier transform (FFT) based algorithm is used, as

cross-correlation techniques are unnecessary due to the dom-

inantly single-mode time-dependence. Mode amplitudes are

trivially extracted from the FFT, as shown in Fig. 11(a).

Full 3-D maps of each component of the fluctuating

magnetic field can be constructed using the decomposition,

~Bðr; h; z; tÞ ¼ ~Bðr; zÞ cos xt� mh� d/ðr; zÞ
� �

; (4)

where global mode frequency (x) is taken to be an average

for all discharges in the series (dx=x � 2% over the > 100

discharges used to create a map). The azimuthal mode num-

ber (m) is taken to be 1 throughout the profile based on edge

measurements by the Bh array shown in Fig. 9(a). The phase

shift (d/) is also a function of probe position and desired

component, as is the fluctuation amplitude ( ~B). As all param-

eters in Eq. (4) are known, the 3-D ðr; h; zÞ space can be

populated. For the following measurements, the measure-

ment grid is 5–7 axial locations by 11 radial locations, corre-

sponding to a spacing of � 20 cm and 5 mm, respectively.

The 3-D fields constructed using Eq. (4) illustrate that

the mode is global in nature, existing throughout the plasma

core and with significant internal structure. All parameters

are decomposed into mean-field and fluctuating components,

using the notation ~B ¼ B0 þ ~B. Ampère’s law is similarly

decomposed, with Figs. 12(a) and 12(d) illustrating fluctuat-

ing contributions and Figs. 12(b) and 12(e) illustrating total,

instantaneous fields. The fluctuating axial current ~Jz exhibits

a peak at r = 5 cm, which when summed to the equilibrium

Jz0 causes a rigid shift in the current channel, shown in Figs.

12(b) and 12(d). Time dependence is a simple rigid rotation

of the fluctuating profiles shown in Figs. 12(a) and 12(b).

As 1=sA 
 x, radial MHD force balance is still upheld

throughout the oscillation. Equation (1) is also decomposed

into mean-field and fluctuating components, yielding

J0 � B0 þ J0 � ~Bþ ~J � B0 þ ~J � ~B ¼ rPþr ~P; (5)

where flow has been ignored as measurements are taken

away from the anode boundary layer of Sec. III B. As shown

in Figs. 12(c) and 12(f), summing all terms in Eq. (5) yields

a force profile that is dominantly radial, while each individ-

ual contribution from Eq. (5) is not. Furthermore, the force

null is now offset from the geometric axis of the device. The

contribution to this perturbed force profile is equally shared

between the second and third terms of Eq. (5) and the Max-

well stress is found to be vanishingly small due to fluctuation

coherence. This is also true of the Hall dynamo term in

Ohm’s law. This force profile can be integrated and gener-

ally circular pressure contours are found, shown in Figs.

12(c) and 12(f). As with Figs. 12(b) and 12(e), a rigid shift is

seen of the pressure maximum. Thus, the fluctuating currents

and fields act to offset the plasma centroid while maintaining

its overall structure. Figure 13 illustrates using fieldline map-

ping that the flux surfaces are also maintained throughout the

plasma, consistent with equilibrium being maintained. The

FIG. 11. (Color online) Using an edge Bh signal as a reference (or click),

relative phase shifts from different discharges can be directly compared and

radial profiles built of both fluctuation amplitude ( ~B) and relative phase (d/)

using simple FFT based algorithms. This method relies on the exceptional

coherence of the signals and on the shot-to-shot reproducibility of the

discharge.
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flux surfaces are also seen to be offset at the anode and are

found to trace a circular pattern around the geometric axis.

The validity of the line-tying condition in this context will

be discussed in Sec. V.

V. DISCUSSION

The direct observation of the line-tying of magnetic field-

lines by a conducting anode discussed in Sec. III B is in con-

trast to other results in which sheath resistance is found to

break the line-tying condition at a conducting boundary.7,23

This not inconsistent with a recent theory8 as the non-dimen-

sional j parameter [Eq. (49) in Ref. 8] which gauges the im-

portance of sheath resistance (where j� 1 indicates strong

sheath effects) is found to be � 0.05 as opposed to j � 15

cited for an experiment in which significant sheath effects are

observed.7,23 Physically, this corresponds to a lower total

sheath resistance due to larger plasma density and conse-

quently smaller sheath axial dimensions (electron and ion

Debye lengths are 0.2 and 0.9 lm, respectively).

As with the axisymmetric case, a dramatic reduction ineBz and dBz very near the anode is observed for the helical

equilibrium of Sec. IV. In contrast, ~Br;h reaches its maximum

amplitude at the anode, a result which (in addition to an off-

axis emissivity maximum) has been previously interpreted as

imperfect line-tying.6,24 Although measurements reported in

this study do not preclude imperfect line-tying, an alternate

explanation that maintains the line-tying boundary condition

yet allows fieldline (and thus flux surface) wandering is pre-

sented. As discussed in Sec. III B, the flux surfaces are seen

to trace out a circular motion with a radial excursion of � 1

cm. However, as eBz � 0 at the anode, the flux surfaces are

no longer helical as they were in the bulk plasma but are nor-

mal to the anode surface. In the presence of axial flow,

plasma sourced at the cathode will follow the flux surface

trajectory until it strikes a point on the anode consistent with

the flux surface strike point. Flux surface and plasma tangen-

tial excursions from their upstream (cathode) launch point

are thus the result of perturbations in the bulk plasma due to

the helical equilibrium state. At a later time, a different map-

ping takes place, and plasma sourced at the same upstream

launch point will strike a different location of the anode, but

again with velocity and current purely normal to the anode

surface. Between these two instants in time, the apparent

motion of the flux surface can be mistaken to be a tangential

velocity though in fact what is being observed is time-de-

pendence in the normal component, which does not violate

the line-tying condition. Notwithstanding, as Et is not meas-

ured at the anode surface, existing measurements cannot con-

clusively determine if line-tying is upheld in the helical

equilibrium state.

Furthermore, several reasons are provided to argue that

the best framework for understanding the fluctuations of Sec.

IV is that of a true equilibrium state. First, the exceptional co-

herence of all fluctuation measurements indicates that in the

frame of the moving plasma there is no time dependence. Sec-

ond, the equilibrium state is observed to be persistent for the

entire discharge over hundreds of oscillations. Third, fieldline

mapping indicates that good, circular flux surfaces are main-

tained throughout the plasma, as shown in Fig. 13. There is no

FIG. 12. (Color online) Fluctuating and

total contributions to Ampère’s Law and

radial MHD force balance for the helical

equilibrium state at two axial locations

to indicate the helical twist. (a) and (d)

illustrate the fluctuating fields leading to

a rigid shift in the current centroids,

shown in (b) and (e). Integrating ~J � ~B
also indicates the pressure centroid is

shifted, shown in (c) and (f). All parame-

ters are decomposed into mean-field and

fluctuating components, using the nota-

tion ~B ¼ B0 þ ~B.

FIG. 13. (Color online) Helical equilibrium fieldline and flux surface map-

ping throughout the device, illustrating that circular flux surfaces are main-

tained. The inset illustrates the offset of the circular flux surfaces between

cathode and anode, indicating that flux surfaces wander at the anode.
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evidence for X-points or island-like structures in the instanta-

neous magnetic field. Fourth, the fluctuations exhibit both

external and internal structure, indicating a truly global effect

is being observed. Fifth, analysis of the perturbed radial force

balance [Eq. (5)] shows that time-dependent (in the lab frame)

J � B forces cause the pressure isosurfaces to rigidly displace

while maintaining their structure.

It is possible that the current-driven kink instability ini-

tiates the transition from the axisymmetric to helical state. In

this sense, an alternative framework for understanding the

helical equilibrium of Sec. IV is that of a saturated kink. Not-

withstanding, observations of the helical state onset indicate

that there is no critical safety factor q at which the helical

equilibrium is found, in contrast to established external kink

theory.25,26 Internal kinks, however, have no such critical q
(Ref. 25), nor presumably would cases in which the distinc-

tion between internal and external kinks is inappropriate due

to a poorly defined plasma boundary. Furthermore, onset as

described in Sec. IV A is also consistent with a pressure-

driven onset, as P / IP, Bz, and both were found to be desta-

bilizing. A b driven onset is not consistent with the observa-

tions, however. As the topic of pressure-driven modes in the

finite length screw-pinch is largely unexplored, no compari-

son to theoretical predictions is attempted.

An observation of global fluctuations interpreted as a

long lifetime saturated kink instability27 exhibits several dif-

ferences from the present measurements, indicating signifi-

cantly different physics despite the fact that both modes

were seen in linear devices utilizing similar plasma sources

and exhibiting comparable flow profiles.28 Most notably, the

direction of rotation is opposite between the two modes. The

long lifetime kink has been reported27 to travel in the ion

diamagnetic direction and against the E�B velocity (vE)

while the mode observed here rotates in the electron diamag-

netic direction and with vE. Some ambiguity exists, however,

due to axial shear in the vE. As shown in Fig. 10(e), the heli-

cal equilibrium may rotate against vE for a small range of its

extent. Furthermore, a theory of external kinks in the pres-

ence of axial flow8 expects decreasing real frequency with

increasing Bz while a weakly increasing scaling is observed,

and the magnitude of the real frequency is underpredicted by

an order of magnitude. These contrasts are likely due to the

weaker role of sheath resistance and stronger role of vE in

this device.
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