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ABSTRACT

We show how a fluctuation-induced dynamo electromotive force (EMF) is responsible for a Kadomtsev-like, current-driven tokamak saw-
tooth cycle in zero-thermal-pressure, visco-resistive magnetohydrodynamics (MHD), via nonlinear simulations performed with the
NIMROD code. We observe a pulsing fluctuation-induced dynamo EMF that, synchronous with time-evolving fluid velocity and magnetic
fluctuation energies, arises naturally in the relaxation process, repeatedly driving the safety factor q profile within the q ¼ 1 surface from
below to above unity during the quasiperiodic crash-like relaxation events, each with a change in on-axis q of roughly Dq0 � 0:1. We show
how the structures of the velocity and magnetic fluctuations lead to the form of the dynamo EMF and how its structure changes during the
sawtooth cycle, consistent with its current profile flattening effect in the sawtooth crash. The process demonstrates the importance of the
inductive plasma response in balancing the dynamo in sawtooth activity. We also discuss higher-dissipation cases exhibiting steady helical
cores, whose quiescent dynamo EMF modifies the equilibrium profile in a way similar to sawtooth crash relaxation. This work expands the
description of the MHD dynamo’s importance beyond its role in maintaining quiescent core q profiles in sawtoothing or sawtooth-free toka-
mak states to its role in modulating the q profile during current-driven sawtooth activity.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0300072

I. INTRODUCTION

Tokamak sawtooth activity1,2 is an often observed feature of
modern experiments3–5 and is expected to affect planned burning
plasma operations.6,7 Sawtooth oscillations are named for the charac-
teristic shape of temporal waveforms of the quasiperiodic crashes in
measured core temperature typically activated when q0, the on-axis
value of the safety factor q, which is the ratio of toroidal to poloidal
transits for magnetic field lines, is sustained at or below unity.
Sawteeth have significant fusion performance-related effects,8–14 moti-
vating the development of methods of sawtooth control15–18 as well as
sawtooth avoidance via operation in advanced tokamak scenarios19

with q0 > 1, including the hybrid scenario.20–23 For present and future
operations relating to sawteeth, predictive capability via a more com-
prehensive understanding of their properties and dynamics is an
important overarching goal.

In the early and influential Kadomtsev conceptual model of the
sawtooth mechanism,24 as q0 is driven below unity by current drive, a
kink mode with poloidal m and toroidal n mode numbers ðm; nÞ
¼ ð1; 1Þ resonates at the q ¼ m=n ¼ 1 magnetic surface, creating a
magnetic island and instigating a sawtooth crash as a Sweet-Parker

resistive reconnection event. The island magnetic flux replaces the previ-
ous toroidally symmetric core, accompanied by magnetic stochasticity
and rapid outward thermal transport, as q0 > 1 is restored, and the cycle
repeats. A number of other conceptual models have been developed25–28

to address the gaps between the Kadomtsev model and a variety of
experimental observations,2,29–31 and the validation of sawtooth model-
ing in experiment remains an active topic.32–35 Sawtooth activity has
been investigated using numerical modeling of nonlinear magnetohydro-
dynamics (MHD) from various perspectives.28,29,32,33,35–50

One phenomenon of fundamental importance in the context of
both sawtoothing and hybrid tokamak plasmas is the fluctuation-
induced MHD “dynamo” electromotive force (EMF),51 previously inves-
tigated in the context of magnetic relaxation and equilibrium sustainment
in reversed-field pinches (RFPs),51–57 spheromaks,58–60 and spherical
tokamaks,61–63 and edge-localized modes64 and vertical displacement
events65 in tokamaks. This quantity is the nonlinear correlation
hð~V � ~BÞki between fluid velocity ~V and magnetic field ~B fluctuations
in the parallel mean-field single-fluid resistive MHDOhm’s law,

hEki þ hð~V � ~BÞki ¼ hgJki; (1)
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which exposes its possible current- or anti-current drive effects; here, E
is the electric field, g is the plasma resistivity, and J is the current
density.

The dynamo effect is thought to be responsible for the experi-
mentally observed process in tokamaks called “flux pump-
ing.”21,35,57,66–68 In the flux-pumping hypothesis of Jardin et al.69,70 for
a hybrid-like scenario in finite-thermal-pressure MHD, a saturated
ð1; 1Þ interchange mode provides a steady anti-current dynamo EMF
maintaining q0 steadily just above unity, preventing sawtooth activity.
A similar dynamo model also accounts for sawtooth activity with a
quiescent q profile.28 Other recent finite-thermal-pressure MHD
tokamak simulations show dynamo effects to be fundamental to the
development and maintenance of sawtooth-free states.33,35 Recent
experiments on DIII-D71 have demonstrated the need for a
fluctuation-induced EMF to explain core electric field measurements
during tokamak sawtooth activity.72

In this paper, we show that a dynamo EMF due to resistive inter-
nal kink-like mode activity is active throughout current-driven,
Kadomtsev-style24 tokamak sawteeth in visco-resistive, single-fluid,
zero-thermal-pressure MHD, via nonlinear simulations in toroidal
geometry using the NIMROD code.73 Thus, we have intended to use a
relatively simple MHD model that produces sawteeth. We observe a
pulsing dynamo EMF that, synchronous with time-evolving velocity
and magnetic fluctuation energies, arises naturally in the relaxation
process, repeatedly driving the core q profile from below to above unity
during the crash-like relaxation events in a quasiperiodic sawtooth
cycle. In our simulations, the change in q0 at the sawtooth crash is
roughly Dq0 � 0:1. We show how the structures of the velocity and
magnetic field fluctuations lead to the dynamo EMF as well as how its
radial structure changes during the sawtooth cycle, in particular, the
crash phase. The dynamo EMF extends spatially from the magnetic
axis to just outside the q ¼ 1 surface, where its sense changes from
anti-current drive inside to current drive outside, consistent with local
flattening of an initially peaked current profile. We show the funda-
mental importance of the interaction between dynamo EMF and
plasma inductive response in driving the tokamak sawtooth dynamics.
We also perform simulations with higher dissipation parameters to
produce steady helical cores whose dynamo EMF has a similar effect
on the toroidally symmetric tokamak profiles to that of the crash in
the sawtoothing cases, demonstrating the foundational character of the
dynamo effect. Beyond the dynamo’s role in maintaining a relatively
quiescent core q profile in sawtoothing or sawtooth-free states, the
focus of previous related works using finite-thermal-pressure
MHD,28,33,35,69,70 this work emphasizes that the dynamo has a
continuous modulating effect on the q profile in the current-driven
sawtooth regime in zero-thermal-pressure MHD.

This paper is organized as follows. Section II describes how the
simulations are set up; the key results are described for sawtoothing
cases in Sec. III A and for steady-state cases in Sec. IIIB, and these are
discussed in Sec. IV.

II. SIMULATIONS

Our NIMROD73 simulations implement a zero-thermal-pressure,
incompressible, visco-resistive single-fluid MHD model in toroidal
geometry, including a momentum equation qdV=dt ¼ J � Bþ qr �
�rV and an Ohm’s law E þ V � B ¼ gJ, where V is the fluid veloc-
ity, J is the current density, B is the magnetic field, E is the electric
field, and q, �, and g are static scalars representing the uniform mass

density, the kinematic viscosity, and the electrical resistivity, respec-
tively. NIMROD uses Faraday’s law to evolve B and Amp�ere’s law to
calculate J. Further details on the NIMROD algorithm are available in
Ref. 73, including the boundary conditions on E, V , and B. In terms of
the computation domain, the simulated tokamak plasmas have aspect
ratio R0=a ¼ 3, where R0 is the major radius of the geometric mag-
netic axis and a is the midplane minor radius and elliptical cross sec-
tions with vertical elongation j ¼ 1:8. The value of Lundquist number
S � sres=sA at the magnetic axis is set approximately to S0 � 105,
where sres � l0a

2=g0 is the resistive diffusion time using the on-axis
resistivity g0, sA � a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0mind

p
=B0 is the core Alfvén time, l0 is the

vacuum magnetic permeability, mi is the ion mass, nd is the plasma
density, and B0 is the toroidally symmetric n ¼ 0 part of the magnetic
field strength at the magnetic axis. The magnetic Prandtl number
Pm � sres=svisc ¼ l0�=g is set to Pm ¼ 1 everywhere in the plasma,
where svisc � a2=� is the viscous diffusion time. Time values in the
simulations are normalized approximately to the Alfvén time by set-
ting a, l0, mi, and nd equal to 1 and arranging for B0 to be approxi-
mately equal to 1, such that sA � 1. Spatial resolution of the poloidal
plane is provided by an 80� 80 polar grid of 4� 4 (biquartic) finite
elements. The toroidal direction is spectrally resolved by toroidal mode
numbers n of 0 through 10.

Thus, an n spectrum is inherent in the output field data for each
poloidal grid location, while a poloidal mode number m spectrum for
an output field quantity would need to be calculated post hoc, which
we have not done in this work. Note that in the analysis described later,
we use curly brackets as in “ xf g” for the toroidal average of a field
quantity x, defined at each poloidal point, and then its flux-surface
average hxi, written with angle brackets, is the average of xf g around a
poloidal flux surface.

We use two sawtoothing simulation cases in which the tokamak
equilibria are numerically set up and sustained in different ways to
investigate how this might affect sawtooth evolution dynamics. As a
result, we find that both cases show very similar dynamo EMF behav-
ior in the sawtooth cycle. Each case has a peaked current profile and

FIG. 1. Initial (t ¼ 0) equilibrium q structure for the Ohmic and non-Ohmic saw-
toothing cases in blue and orange, respectively. (a) q vs (outboard) major radius R,
with respective q ¼ 1 locations marked with diagonal crosses. (b) q ¼ 1 surfaces
in the poloidal plane vs major radius R and vertical position Z, with fixed plasma
boundary in gray. In both plots, dots indicate the respective magnetic axes.
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hollow q profile with outboard midplane q ¼ 1 radius of � a=2, as
summarized in Fig. 1.

One sawtoothing case, labeled as “Ohmic,” is motivated by an
experimental scenario in which a certain plasma current is targeted
with variable, feedback-controlled Ohmic loop voltage Vloop. The
plasma is initialized with a background toroidal magnetic field, zero
plasma current, and a spatially fixed hollow g profile, to which Vloop is

applied. The g profile is given by g0½1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
dvac

p � 1
� �

qdexp�2, where
q is the boundary-normalized logical radial variable, the boundary
value is dvac ¼ 400, and the exponent is dexp ¼ 6. At first, only
n ¼ 0 dynamical evolution is enabled in the NIMROD time advance,
and the plasma evolves via loop voltage feedback to a steady state with
the preset target current and q0 ¼ 0:93, after which point n > 0 fluc-
tuations are also enabled at a nominal time of t ¼ 0, and nonlinear
evolution proceeds.

The other sawtoothing case, labeled as “non-Ohmic,” is based on
another way to set up the NIMROD time advance reminiscent of an
experimental scenario that includes non-inductive current drive. The
plasma is initialized with a preset Grad–Shafranov equilibrium with
q0 ¼ 0:85 using the NIMEQ equilibrium solver74 with a Grad–
Shafranov FðwnormÞ profile f openþ f1 closedð1� wnormÞ
þ 4� f2 closed� wnormðwnorm � 1Þ, where wnorm is the normal-
ized poloidal flux, f open ¼ 3:0, f1 closed ¼ 0:285, and
f2 closed ¼ 0:07125. In this case, there is no explicit loop voltage
applied, and the resistivity is uniform at the value g0. Starting at t ¼ 0,
NIMROD advances the nonlinear time evolution of n 	 0 perturba-
tions from this steady state, such that the instantaneous n ¼ 0 compo-
nent is the sum of the initial equilibrium, which is not time-advanced,
and the time-varying n ¼ 0 component. We note that this simulation
workflow is simpler than for the Ohmic case, in that here, there is no
need to first evolve an equilibrium using the time advance.

Thus, the key difference between the two sawtoothing cases is
that in the Ohmic case, loop voltage induction of the bulk current pro-
file is included in the time advance, and in the non-Ohmic case, it is
not. The input energy is explicit in the Ohmic case and implicit in the
non-Ohmic case, but in both cases, fluctuations and nonlinear interac-
tions between them drive the dynamics, and the resulting dynamics,
including the fluctuation-induced EMF, are very similar, as we will
show later.

The t ¼ 0 equilibrium radial q profiles for both cases are shown
in Fig. 1(a), and the q ¼ 1 magnetic flux surfaces in the poloidal plane
are shown in Fig. 1(b), with the fixed plasma boundary indicated in
gray. Note in Fig. 1(b) that the q ¼ 1 surface is slightly more oblate for
the Ohmic case than for the non-Ohmic case.

In order to compare with the main characteristics of the dynamo
EMF in the sawtoothing cases, we also perform another set of simula-
tions with plasma dissipation increased sufficiently for the tokamak to
reach a steady state, with a helically distorted core which generates a
quiescent dynamo EMF. This program has been carried out previously
in MHD simulations of RFP46,54,55,75 and tokamak45,46 plasmas, and
the resulting state is reminiscent of other quiescent helical states in
finite-thermal-pressure MHD tokamak simulations33,35,69 and in
experiments,57 though as it originates here simply from an ad hoc
increase in scalar dissipation, it does not necessarily correspond closely
with them physically.

The increased-dissipation case which we present has the same
initial equilibrium, spatially flat resistivity g, and S ¼ 105 value as the

non-Ohmic sawtoothing case discussed earlier, while the kinematic
viscosity � is increased to make Pm ¼ l0�=g ¼ 103, so that the
Hartmann number H � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sressvisc
p

=sA ¼ S=
ffiffiffiffiffiffi
Pm

p
, which is the deter-

minative MHD dissipation parameter for negligible inertia,75 is
H � 3� 103, compared toH ¼ 105 for the sawtoothing cases.

III. RESULTS
A. Sawtoothing

Both of the sawtooth simulation cases exhibit nonlinear oscilla-
tion behavior corresponding to Kadomtsev sawteeth, as shown in the
form of magnetic fluctuation energies vs time in Fig. 2. After initial
stages of linear mode growth and nonlinear settling, the n ¼ 1 mag-
netic energies are dominant for most of the regular sawtooth cycles in
each case, though in the non-Ohmic case, the n ¼ 2 briefly becomes as
large as the n ¼ 1 around the time of the crash (rapid decrease) in
n ¼ 1 amplitude. The observed spread in fluctuation energies from
n ¼ 1 to 10 is at least a few orders of magnitude at all times during the
regular sawtooth cycles, indicating that these simulations have suffi-
cient toroidal resolution.41 For each case in Fig. 2, the black vertical
line near the respective sawtooth crash time for n ¼ 1 energy during a
single sawtooth cycle (t ¼ 16 264:959 and t ¼ 16 735:391, respec-
tively) indicates the time chosen for a single-time Ohm’s law balance
analysis, described later, at which the dynamo EMF is approximately
at its maximum amplitude for the sawtooth cycle. The shaded
time window in Fig. 2(b) (14 865 
 t 
 18 745) will also be examined
later on.

The spatial structures of the constituent fields generating the
dynamo EMF in the non-Ohmic sawtoothing case are shown in Fig. 3
for the single-time point indicated in Fig. 2(b). The corresponding
results for the Ohmic case are similar, not shown here for brevity.
Characteristic of a resistive internal kink-like mode, these fields are
mainly located near and within the q ¼ 1 surface. The velocity fluctua-
tion ~V in Figs. 3(a) and 3(b) has a large vortical, interchange-like struc-
ture, while the magnetic fluctuation ~B in Figs. 3(c) and 3(d) has a

FIG. 2. Logarithms of magnetic fluctuation energies Wmag vs time t for toroidal
modes n shown in different colors. (a) Ohmic sawtoothing case: black vertical line is
at t ¼ 16 264:959, the time point shown in Fig. 4(a). (b) Non-Ohmic sawtoothing
case: black vertical line is at t ¼ 16 735:391, the time point shown in Figs. 3, 4(b),
and 8(a); shaded area has 14 865 
 t 
 18 745, the time window shown in Fig. 5.
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helically localized tearing-like pattern. Their cross product ~V � ~B in
Figs. 3(e) and 3(f) has a complicated helical shape, with a toroidal aver-
age ~V � ~Bf g in Fig. 3(g) that is much more poloidally symmetric.
Figure 3(h) shows the poloidal flux-surface average of the component
of ~V � ~Bf g parallel to the n ¼ 0 Bf g field, which is the dynamo EMF
hð~V � ~BÞki appearing as the last term on the left side of Eq. (1). The
dynamo EMF is acting as negative or anti-current drive against
the n ¼ 0 current density in the region between the magnetic axis and
the q ¼ 1 surface and as positive current drive outside of the q ¼ 1
surface, flattening the q profile.

The key features of the mean-field parallel Ohm’s law balance are
markedly similar in the Ohmic and non-Ohmic sawtoothing cases, as
shown in Fig. 4. The Ohm’s law (1) is rewritten in terms of the quanti-
ties derived from the NIMROD output data as

hEvacki � h@tAki þ hð~V � ~BÞki ¼ hgJki; (2)

and these quantities are plotted in Fig. 4 for the respective times
indicated by the black vertical lines in Fig. 2 vs major radius R at
midplane, i.e., at vertical position Z ¼ 0. Using the NIMROD data,
we calculate the n ¼ 0 electric field E as composed of two parts: the
applied vacuum toroidal electric field present in the Ohmic case in
Fig. 4(a) (purple), with magnitude EvacðRÞ ¼ Vloop=R, where Vloop

is the feedback-controlled value, and �@tA (blue), where A is the
vector potential derived from the time-advanced n ¼ 0 magnetic
field B, corresponding to the inductive n ¼ 0 dynamics in either
the Ohmic or non-Ohmic cases. The potential AðR;ZÞ has toroidal

component wðR;ZÞ=R, where wðR;ZÞ is the poloidal magnetic flux
per radian, and, given a toroidally symmetric B ¼ r� A, a poloi-
dal component given by elliptic integral expressions from Ref. 76
integrated over the toroidal magnetic field B/ðR;ZÞ after the
proper substitutions,

ARðR;ZÞ ¼
ð ðZ � Z0Þ

2pR
m

4RR0

� �1=2

B/ðR0;Z0Þ

� 2�m
2� 2m

EðmÞ � KðmÞ
� �

dR0dZ0;

AZðR;ZÞ ¼
ð
1
2p

m
4RR0

� �1=2

B/ðR0;Z0Þ

� mR0 � ð2�mÞR
ð2� 2mÞR EðmÞ þ KðmÞ

� �
dR0dZ0;

where the argument of the elliptic integrals EðmÞ and KðmÞ is
m ¼ 4RR0=½ðZ � Z0Þ2 þ ðRþ R0Þ2�. As the result satisfies r � A ¼ 0,
this can be categorized as a Coulomb gauge calculation. The dynamo
EMF term hð~V � ~BÞki is plotted in orange. For the Ohmic case in
Fig. 4(a), the hgJki term (green) reflects the hollow g profile and
peaked n ¼ 0 J profile. In the non-Ohmic case in Fig. 4(b), however,
the initial equilibrium J profile is not time-advanced, and the hgJki rep-
resents only the smaller time-varying n ¼ 0 component of J. To show
that this analysis balances the simulated Ohm’s law in either the
Ohmic or non-Ohmic case, the Ohm’s law residual, i.e., the difference
of left and right sides of Eq. (2), is also shown in Figs. 4(a) and 4(b)
(red).

As seen in Fig. 4(a) for the Ohmic sawtoothing case, hgJki [right
side of Eq. (2)] is mostly balanced by hEvacki [left side of Eq. (2)], and

FIG. 3. Structures of velocity and magnetic field fluctuations in poloidal cross sec-
tion leading to the dynamo EMF for the non-Ohmic sawtoothing case at the time
point indicated by the black vertical line in Fig. 2(b). The major radius is R, and the
vertical position is Z. (a) and (b) Velocity fluctuation ~V at toroidal phase angle / of
0 and p=2, respectively. (c) and (d) Magnetic field fluctuation ~B at / of 0 and p=2.
(e) and (f) ~V � ~B at / of 0 and p=2. (g) Toroidal average ~V � ~Bf g. (h) Parallel
flux-surface average hð~V � ~BÞki, i.e., the dynamo EMF, where the q ¼ 1 surface
region is shown in gray between the red and blue regions. In all panels, blue repre-
sents positive and red negative numerical values, with darker color values for larger
numerical magnitudes. For vector fields in (a) through (g), color refers to the toroidal
component and arrows to components in the poloidal plane. Numerical scales vary
in each panel.

FIG. 4. Parallel flux-surface-average Ohm’s law quantities as in Eq. (2) vs major
radius R at midplane for the sawtoothing cases at the respective time points
indicated by the black vertical lines in Fig. 2. The inductive �h@tAki is shown in
blue, the dynamo EMF hð~V � ~BÞki is in orange, the hgJki curve is in green, and
the Ohm’s law residual, i.e., the difference of left and right sides of Eq. (2), is in red.
(a) Ohmic case with the vacuum electric field hEvacki is shown in purple. The hgJki
curve shows a small amount of noise in the edge regions thought to be due to the
flux-surface-averaging algorithm. (b) Non-Ohmic case for which the hgJki curve
represents only the time-varying part of the n ¼ 0 current density J. Dash-dotted,
dashed, and dotted orange curves are the n ¼ 1, n ¼ 2, and n ¼ 3 components of
the dynamo EMF, respectively.
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this pairing, only present for the Ohmic case, exhibits the key algorith-
mic difference between Ohmic and non-Ohmic cases. In both cases,
the smaller inductive �h@tAki and dynamo EMF hð~V � ~BÞki terms
evidently balance the remainder of hgJki in the core. We note that the
dynamo EMF opposes the inductive n ¼ 0 response �h@tAki at
the times represented in both cases. We also observe in both cases that
the dynamo EMF is dominated by its n ¼ 1 component, as shown in
Fig. 4(b) for the non-Ohmic case along with the smaller n ¼ 2 and
n ¼ 3 components, with higher n components even smaller. We have
not calculated poloidal mode numbers m for these data, but we do
note that, as might be expected for fluctuations associated with a
q ¼ m=n ¼ 1 resonance, the n ¼ 1 has finite amplitude on the mag-
netic axis, while the higher-n components do not, which suggests
m ¼ n, in thatm > 1 components would vanish on the axis.

To show the full Ohm’s law dynamics and demonstrate how the
fluctuation-induced dynamo EMF modulates the n ¼ 0 profile in the
sawtooth cycle, we show two full sawtooth cycles in time for the non-
Ohmic case in Fig. 5, corresponding to the time window indicated in
Fig. 2(b). Dynamics closely matching these are also present in the
Ohmic case, which is not shown here for brevity. In Figs. 5(a) and
5(b), the magneticWmag and kineticWkin fluctuation energies are plot-
ted. As seen earlier forWmag and shown here for bothWmag andWkin,
these are dominated by n ¼ 1 and to a lesser degree by n ¼ 2. The
Wmag waveforms, especially for the dominant n, are more complex
than the Wkin, e.g., in the temporal nonmonotonicity of Wmag around
the crash time for n ¼ 1 and n ¼ 2, and they tend to become more
complex for higher n. The remaining panels of Fig. 5 show flux-surface
quantities on the midplane. The core n ¼ 0 q profile is shown in
Fig. 5(c), evidencing Kadomtsev-style sawteeth as it oscillates about 1
with an amplitude on axis of roughly 0.05 (i.e., Dq0 � 0:1 at the crash).
This activity is driven by the dynamo EMF hð~V � ~BÞki shown in
Fig. 5(d) as modulated by the inductive response �h@tAki shown in
Fig. 5(e). Starting at around t � 1:6E4, with q0 � 0:95, as Wmag and
Wkin grow, hð~V � ~BÞki does as well, growing more negative on axis
and more positive near the q ¼ 1 surface, tending to flatten the current
profile and drive q back above 1, which is the sawtooth crash. Note the
black vertical lines indicating this crash time at the time point shown
in Figs. 3, 4(b), and 8(a). During the crash, the inductive response
opposes the dynamo EMF, as it qualitatively tends to do throughout
the sawtooth cycle, highlighting the fundamental character of this
dynamical feature. We observe that the minor radial boundary
between positive and negative dynamo EMF propagates outward with
time during the crash. After the crash, the q profile returns below 1,
though that is also opposed by the �h@tAki inductive response, as the
fluctuation energy is dissipating and the total n ¼ 0 profile approaches
its t ¼ 0 condition. Note that during this sawtooth activity in this non-
Ohmic case, the time-varying hgJki term shown in Fig. 5(f) is consis-
tently negative on axis, as the fluctuation-regulated MHD prevents the
n ¼ 0 current profile from again reaching its more peaked t ¼ 0 state.

B. Steady state

The previous development shows how the spatiotemporal inter-
play between the fluctuation-induced dynamo EMF and the plasma’s
inductive response strongly influences the sawtooth cycle dynamics. In
contrast, by increasing the plasma dissipation relative to that of the
non-Ohmic sawtoothing case, in particular, the viscosity �, thereby
increasing the magnetic Prandtl number Pm / �=g and decreasing the

Hartmann number H / 1=
ffiffiffiffiffi
g�

p
, we simulate a tokamak that evolves

into a steady state whose helical core nonetheless generates a dynamo
EMF and resulting effect on the n ¼ 0 current profile which we find to
be similar to that for the sawtoothing case. The parameters for the case
presented in this section are Pm ¼ 103 andH � 3� 103.

FIG. 5. Two sawtooth cycles vs time t for the non-Ohmic case in the time window
indicated in Fig. 2(b). Logarithms of fluctuation energies for toroidal mode numbers
n are shown in different colors, and the contour maps show flux-surface quantities
vs R at midplane, zoomed in to show detail. Black vertical line is at t ¼ 16 735:391,
the time point shown in Figs. 3, 4(b), and 8(a). (a) Magnetic fluctuation energies. (b)
Kinetic fluctuation energies. (c) Safety factor q, with q ¼ 1 shown as a black con-
tour. (d) Dynamo EMF hð~V � ~BÞki. (e) Inductive electric field �h@tAki. (f) The
time-varying part of hgJki.
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The magnetic and kinetic fluctuation energies for the increased-
dissipation case are shown in Fig. 6. Here, unlike the sawtoothing
cases, after the initial linear growth stage, temporal oscillations in fluc-
tuation amplitudes are damped by the increased viscosity and become
static in time, resulting in a steady state with a finite n 	 1 helical
distortion.

The helical distortion produces a steady n ¼ 0 dynamo EMF that
alone balances the resistive term in the parallel flux-surface-average
Ohm’s law, as shown in Fig. 7(a), a plot of the terms in Eq. (2) on
midplane vs R. Comparing to Fig. 4(b) for the non-Ohmic sawtoothing
case, here, the (blue) inductive term �h@tAki has vanished in this
steady state, and the (orange) dynamo EMF hð~V � ~BÞki arising from
the steady helical distortion is solely responsible for driving the

equilibrium n ¼ 0 current profile distortion reflected in the resistive
term hgJki (green). This steady dynamo EMF has the same basic spa-
tial profile and a similar magnitude to that in the sawtoothing case.

Figure 7(b) shows the corresponding n ¼ 0 safety factor q profile
(blue) on midplane vs R compared to the initial equilibrium profile
(orange). Thus, the steady-state dynamo EMF does push the core q
profile toward unity from below as it does in the sawtoothing case, but
here, the increased dissipation suppresses its effect in comparison,
such that the core q remains below unity.

The on-axis value of the static safety factor in Fig. 7(b) for this
H � 3� 103 case is about q0 ¼ 0:94. We also performed simulations
with higherH values (i.e., lower dissipation), estimating an upper limit
on the H value clearly resulting in a steady helical core of about
H� 7:5� 103, for which q0 ¼ 0:98. At H ¼ 104, the simulated toka-
mak fluctuation energies strongly oscillate at first and then damp
slowly, and determining whether they would eventually achieve a
steady state would require more simulation time than completed to
date. At H � 3� 104, we again observe sawtoothing as in the cases
above, which haveH ¼ 105.

As indicated earlier, the spatial structures of the dynamo EMF are
similar in the sawtoothing and steady-state cases, which is exhibited in
more detail in the Poincaré plots in Fig. 8. These show the projections
of the respective helical distortions in terms of magnetic field line
puncture points on poloidal planes, and in each case, there is a clear
poloidal mode number m ¼ 1 structure composed of a pair of helical
magnetic axes. The key qualitative difference appears to be the overall
smoother spatial format of the steady-state structure in Fig. 8(b) com-
pared to the sawtoothing case in Fig. 8(a), perhaps due to the
increased-dissipation parameter. This aspect of these q � 1 structures
also appears to be reflected in the toroidal mode spectral width, which
is more narrowly peaked at n ¼ 1 in the steady-state case (as in Fig. 6)
than in the sawtoothing case at the crash time [indicated by the black
vertical line in Figs. 2(b) or 5(a)]. Note that the toroidal phase / ¼ 0
for the magnetic field shown in both cases matches that in Fig. 3 for
the sawtoothing case. Both of these results recall the “m ¼ 1

FIG. 6. Logarithms of fluctuation energies vs time t for toroidal modes n shown in
different colors for increased-dissipation case (Pm ¼ 103, H � 3� 103). (a)
Magnetic fluctuation energies Wmag. (b) Kinetic fluctuation energies Wkin.

FIG. 7. Profiles vs major radius R at midplane for increased-dissipation case. (a)
Steady-state parallel flux-surface-average Ohm’s law quantities as in Eq. (2). The
inductive �h@tAki is in blue, the dynamo EMF hð~V � ~BÞki is in orange, the hgJki
curve is in green, and the Ohm’s law residual is in red. Note that the dynamo EMF
and the hgJki curve overlap. (b) Initial (t ¼ 0) equilibrium q profile in orange and
steady-state profile in blue. Dashed line indicates q ¼ 1.

FIG. 8. Poincaré plots showing magnetic structure at toroidal phase / ¼ 0 for (a)
the non-Ohmic sawtoothing case at the time point indicated by the black vertical
line in Figs. 2(b) or 5(a) and for (b) the increased-dissipation case in its steady
state. The major radius is R, and the vertical position is Z.
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convection cell” structure identified in early MHD simulations of toka-
mak sawteeth.37

IV. DISCUSSION

In summary, via NIMROD simulations of tokamak plasmas, we
have shown how the hð~V � ~BÞki dynamo EMF arises from the non-
linear interactions of fluctuations in a relatively simple zero-thermal-
pressure, visco-resistive MHD model and modulates the n ¼ 0 profile
in a Kadomtsev-like sawtooth cycle. The basic dynamics and form of
the dynamo effect are the same regardless of whether the simulation
has an explicitly applied external loop voltage. We have shown the
helical structure of the fluctuations leading to the EMF, that its compo-
sition is dominated by n ¼ 1 fluctuations, and how its structure
evolves radially as it drives the n ¼ 0 evolution, flattening the current
profile during the sawtooth crash, in tandem with the plasma’s induc-
tive response, which typically evolves in opposition to the dynamo.
This coupling between dynamo EMF and inductive response, also
observed previously in simulations of RFPs,55 appears to be a key
dynamical feature of tokamak sawteeth. Using otherwise identical
tokamak simulation cases with increased scalar viscosity, i.e., decreased
Hartmann number, we also show steady-state dynamo EMF structures
produced by the resulting quiescent helical cores, finding them to be
similar to the sawtooth cases at the crash. Thus, we can distinguish
two fundamental properties of the core dynamo EMF in tokamak
MHD: (1) its interaction with the plasma’s inductive response in driv-
ing the sawtooth cycle and (2) its effect on the equilibrium profiles
with or without a sawtooth cycle.

This work expands the description of the dynamo’s central
importance beyond its role in sawtoothing or sawtooth-free tokamak
states with relatively quiescent core q profiles in finite-thermal-
pressure MHD28,33,35,69,70 to a detailed examination of its role in the
continuous modulation of the q profile during the sawtooth cycle in
zero-thermal-pressure MHD. As a corollary, in tandem with some
other works in the context of specific tokamak phenomena,64,65 the
present analysis points to consideration of the dynamo effect in
analyzing any MHD fluctuation activity correlated with current
profile modification.

As future work, we foresee connections between MHD simula-
tions like ours with experimental efforts (e.g., Ref. 72) to uncover the
structure and evolution of fluctuation-induced EMF effects and, in
particular, how they may interact with other key tokamak phenomena
including tearing-mode triggering and transport.8–14 We have noted
earlier the apparent complexity of the magnetic fluctuation energies in
our simulations, reminiscent of the compound character of sawteeth
observed in other recent MHD simulations,42 and further investigation
of similar cases might elucidate this as well as possible wider effects.
The simulations we presented involve a relatively simple MHD model
compared to other recent efforts, and it would be interesting to exam-
ine how the addition of thermal pressure, two-fluid effects, and higher
Lundquist number contribute to the fundamental aspects of the
dynamo EMF described here.
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